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Abstract

This online supplement is composed of three sections. Sections A and B provide the proofs of the main

results in Sections 3 and 4, respectively. Section C provides the proof of the technical lemmas in Appendix

A.

A Proofs of the Main Results in Section 3

This appendix provides the proofs of the main results in Section 3. We need some technical lemmas whose

proofs are available in Appendix C.

Recall that V̂
(r)
NT denotes the diagonal matrix of the first R largest eigenvalues of (NT )

−1∑N
i=1(Y

(r)
i −

X
(r)
i β̂r)(Y

(r)
i −X

(r)
i β̂r)

′ arranged in decreasing order along its main diagonal line andH(r) = (N−1Λ′rΛr)(T
−1F (r)′

F̂ (r))V̂
(r)−1
NT . Let VNT denote the diagonal matrix of the first R largest eigenvalues of (NT )

−1∑N
i=1(Yi −

Xiβ̃)(Yi −Xiβ̃)′ arranged in decreasing order along its main diagonal line and H = (N−1Λ′Λ)(T−1F
′
F̃ )V −1

NT .

Let CNT = min{
√
Th,
√
N, h−2} and C0NT = min{

√
T ,
√
N}. Recall that we use X

(r)
p to denote the pth sheet

of the T × N × P matrix X(r) and X
(r)
i = (X

(r)
i1 , ..., X

(r)
iT )′. With a little bit of abuse of notation, we also

write X
(r)
t = (X

(r)
1t , ..., X

(r)
Nt )
′. Similarly, let X

(r)
p , X

(r)
i , and X

(r)
t denote the non-kernel weighted version of

Xp, Xi, and Xt which are respectively, T × N, T × P , and N × P matrices. Let ∆
(r)
it = k

∗1/2
h,tr ∆i(t, r) and

∆
(r)
i = (∆

(r)
i1 , ...,∆

(r)
iT )′. Define

B
(r)
1t = k

∗1/2
h,tr C

(r)
1t

t− r
T

+ k
∗1/2
h,tr C

(r)
2t (

t− r
T

)2, B
(r)
2t,1 = N−1V̂

(r)−1
NT H(r)E(FtA

′
2,tr)ΛrFtk

∗1/2
h,tr h

2κ2,

B
(r)
2t,2 = V̂

(r)−1
NT

1

TN

∑
s

(
s− r
T

)2k∗h,srE[C̄
(r)
1s A

′
1,sr]ΛrF

(r)
t , and B

(r)
2t = B

(r)
2t,1 +B

(r)
2t,2, (A.1)

where C
(r)
1t , C

(r)
2t , C̄

(r)
1t , A1,tr and A2,tr are defined before Theorem 3.2 in the paper. Let δ̂r = β̂r−βr. Let Al,itr

denote the ith element of Al,tr = Xtβ
(l)
r + Λ

(l)
r Ft for l = 1, 2.

Lemma A.1 Let F = {F ∈ RT×R : F ′F/T = IR}. Let F (r)0 and λ0
ir denote the true values of F (r) and λir.

Suppose that Assumptions A.1–A.4 hold. Then

(i) supF (r)∈F

∥∥∥ 1
NT

∑N
i=1X

(r)′
i MF (r)ε

(r)
i

∥∥∥ = OP (T−1/2 +N−1/4),
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(ii) supF (r)∈F

∥∥∥ 1
NT

∑N
i=1 λ

0′
irF

(r)0′MF (r)εi

∥∥∥ = OP (T−1/2 +N−1/4),

(iii) supF (r)∈F

∥∥∥ 1
NT

∑N
i=1 ε

(r)′
i (PF (r) − PF (r)0)ε

(r)
i

∥∥∥ = OP (T−1/2 +N−1/4),

(iv) supF (r)∈F

∥∥∥ 1
NT

∑N
i=1 ∆

(r)′
i (PF (r) − PF (r)0)∆

(r)
i

∥∥∥ = OP (h2),

(v) supF (r)∈F

∥∥∥ 1
NT

∑N
i=1X

(r)′
i MF (r)∆

(r)
i

∥∥∥ = OP (h),

(vi) supF (r)∈F

∥∥∥ 1
NT

∑N
i=1 ∆

(r)
i MF (r)F (r)0λir

∥∥∥ = OP (h),

(vii) supF (r)∈F

∥∥∥ 1
NT

∑N
i=1 ∆

(r)′
i (PF (r) − PF (r)0)ε

(r)
i

∥∥∥ = OP ((T−1/2 +N−1/4)h).

Lemma A.2 Suppose that Assumptions A.1–A.4 hold. Then

(i) T−1F̂ (r)′[(NT )−1
∑N
i=1(Y

(r)
i −X(r)

i β̂r)(Y
(r)
i −X(r)

i β̂r)
′]F̂ (r) = V̂

(r)
NT = Vr +OP (C−1

NT ) +OP (‖δ̂r‖),
(ii) T−1F̂ (r)′F (r) = Qr +OP (C−1

NT ) +OP (‖δ̂rr‖),
(iii) H(r) = Q−1

r +OP (C−1
NT ) +OP (‖δ̂r‖),

(iv) H(r)H(r)′ = Σ−1
F +OP (C−1

NT ) +OP (‖δ̂r‖),
(v)

∥∥PF̂ (r) − PF (r)

∥∥2
= OP (C−2

NT ) +OP (‖δ̂r‖),
where Vr is the diagonal matrix consisting of the eigenvalues of Σ

1/2
Λr

ΣFΣ
1/2
Λr

in descending order with Υr being

the corresponding (normalized) eigenvector matrix, and Qr = V
1/2
r Υ−1

r Σ
−1/2
Λr

.

Lemma A.3 Suppose that Assumptions A.1–A.4 hold. Then

(i) T−1
∥∥∥F̂ (r) − F (r)H(r) −B(r)

∥∥∥2

= OP (C−2
NT ) +OP (‖δ̂r‖).

(ii) T−1
∥∥∥(F̂ (r) − F (r)H(r) −B(r))′F (r)H(r)

∥∥∥ = OP (C−2
NT ) +OP (‖δ̂r‖).

(iii) T−1
∥∥∥(F̂ (r) − F (r)H(r) −B(r))′F̂ (r)

∥∥∥ = OP (C−2
NT ) +OP (‖δ̂r‖).

(iv) T−1
∥∥∥(F̂ (r) − F (r)H(r) −B(r))′Xi

∥∥∥ = OP (C−2
NT ) +OP (‖δ̂r‖) for i = 1, 2, · · · , N .

(v) T−1
∥∥∥(F̂ (r) − F (r)H(r) −B(r))′∆

(r)
i

∥∥∥ = OP (C−2
NTh

2) +OP (‖δ̂r‖h2) for i = 1, 2, · · · , N .

Lemma A.4 Let ψ
(r)
NT = 1

N

∑N
i=1

∑N
k=1

1
TX

(r)′
i F (r)[ 1

T F
(r)′F (r)]−1( 1

NΛ′rΛr)
−1λkr(

1
T

∑T
t=1 ε

(r)
it ε

(r)
kt ). Suppose

that Assumptions A.1–A.4 hold. Then

(i) N−1T−1
∥∥∥∑N

i=1X
(r)′
i MF̂ (r) [F̂ (r) − F (r)H(r) −B(r)]λ′ir

∥∥∥ = OP (‖δ̂r‖) +OP (C−2
NT ),

(ii) 1
NT

∑N
i=1X

(r)′
i MF̂ (r)B(r)λir = OP (h2) +OP (‖δ̂r‖),

(iii) N−1T−1
∥∥∥∑N

j=1 λjrε
(r)′
j F̂ (r)

∥∥∥ = OP (‖δ̂r‖) +OP (C−2
NT ),

(iv) 1
N

∑N
i=1

∥∥∥ 1
T [F̂ (r) − F (r)H(r) −B(r)H(r)]′ε

(r)
i

∥∥∥2

= OP (C−4
NT + ‖δ̂r‖2),

(v)
√
NTh
NT

∑N
i=1

1
TX

(r)′
i F (r)[ 1

T F
(r)′F (r)]−1[F̂ (r)H(r)−1 − F (r) − B(r)H(r)−1]′ε

(r)
i =

√
Th
N ψ

(r)
NT + OP (‖δ̂r‖)

+
√
ThOP (C−2

NT ).

Lemma A.5 Suppose that Assumptions A.1–A.4 hold. Then

1

NT

N∑
i=1

X
(r)′
i MF̂ (r)F

(r)λir

=
1

N2T

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)X

(r)
j a

(r)
ji δ̂r −

1

N2T

N∑
i=1

N∑
j=1

a
(r)
ij X

(r)′
i MF̂ (r)ε

(r)
j +

1

Th
ζ

(r)
NT

− 1

N2T

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)∆

(r)
j a

(r)
ji +OP (C−1

NT + ‖δ̂r‖1/2)OP (‖δ̂r‖) +OP (C−3
NT + h4 + C−1

NTh
3),

where ζ
(r)
NT = − h

N2T

∑N
i=1

∑N
j=1X

(r)′
i MF̂ (r)ε

(r)
j ε

(r)′
j F̂ (r)G(r)λir and G(r) = (T−1F (r)′F̂ (r))−1

(
N−1Λ′rΛr

)−1
.
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Lemma A.6 Under Assumptions A.1–A.4, we have

√
NTh

NT

N∑
i=1

[
X

(r)′
i − 1

N

N∑
k=1

a
(r)
ik X

(r)′
k

]
MF̂ (r)ε

(r)
i

=

√
NTh

NT

N∑
i=1

[
X

(r)′
i − 1

N

N∑
k=1

a
(r)
ik X

(r)′
k

]
MF (r)ε

(r)
i +

√
Th

N
ξ

(r)
NT

+
√
NThOP ((C−1

NT + h)‖δ̂r‖+ ‖δ̂r‖3/2) +
√
NTh(Th)−1OP (‖δ̂r‖1/2) + oP (1),

where ξ
(r)
NT = − 1

N

∑N
i=1

∑N
k=1

1
T (X

(r)
i − V

(r)
i )′F (r)[ 1

T F
(r)′F (r)]−1[ 1

NΛ′rΛr]
−1λkr[

1
T

∑T
t=1 ε

(r)
it ε

(r)
kt ] and V

(r)
i =

N−1
∑N
k=1 a

(r)
ik X

(r)
k .

Lemma A.7 Under Assumptions A.1–A.4, we have

√
NTh

NT

N∑
i=1

[
X

(r)′
i − 1

N

N∑
k=1

a
(r)
ik X

(r)′
k

]
MF̂ (r)∆

(r)
i =

√
NThB

(r)
1β + op(1),

where

B
(r)
1β =

1

NT

N∑
i=1

T∑
t=1

kh,trE [(Xit − Vit,r)A2,itr] (
t− r
T

)2

+
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

kh,trkh,sr(Xit − Vit,r)F ′tH(r)[H(r)′FsA2,isr + C
(r)
1s A1,isr](

s− r
T

)2.

Lemma A.8 Suppose that Assumptions A.1–A.5 hold. Then

√
NTh

NT

N∑
i=1

X(r)′
i − 1

N

N∑
j=1

a
(r)
ij X

(r)′
j

MF (r)ε
(r)
i −

√
N

Th
B

(r)
2β

d→ N (0,Ωr) ,

where B
(r)
2β = (B

(r)
2β,1, · · · , B

(r)
2β,P )′ with B

(r)
2β,p = − h

N tr{PF (r)EC [X
(r)
p ε(r)′]} for p ∈ [P ].

Lemma A.9 Let ζ
(r)
NT = − h

N2T

∑N
i=1

∑N
j=1X

(r)′
i MF̂ (r)ε

(r)
j ε

(r)′
j F̂ (r)( 1

T F
(r)′F̂ (r))−1( 1

NΛ′rΛr)
−1λir. Suppose that

Assumptions A.1–A.4 hold. Then

(i) [D(r)(F̂ (r))]−1 − [D(r)
(
F (r)

)
]−1 = OP (C−1

NT + ‖δ̂r‖1/2);

(ii)
√
Th/N(ξ

(r)
NT −B

(r)
3β ) = oP (1);

(iii)
√
N/(Th)(ζ

(r)
NT −B

(r)
4β ) = oP (1).

Lemma A.10 Suppose that Assumptions A.1–A.4 hold. Then

(i)
√
NTh
NT tr

(
PF (r)

(
X̃

(r)
k ε(r)′ − EC [X̃(r)

k ε(r)′]
))

= oP (1)

(ii)
√
NTh
NT tr

(
X̃

(r)
k PΛrε

(r)′
)

= oP (1);

(iii)
√
NTh
NT tr

(
PF (r)X̃

(r)
k PΛrε

(r)′
)

= oP (1).

Lemma A.11 Suppose that Assumptions A.1–A.4 and A.7 hold. Then

(i) maxt

∥∥∥H(t)H(t)′ −
(
F (t)′F (t)/T

)−1
∥∥∥ = OP (h2 + (Th)−1 +N−1 lnT );

(ii) maxt

∥∥∥( 1
N Λ̂′tΛ̂t)

−1 −H(t)′( 1
NΛ′tΛt)

−1H(t)
∥∥∥ = OP (h2 + C−2

NT lnT ).

Proof of Proposition 3.1 (i) Let SNT (βr, F
(r)) = 1

NT

∑N
i=1(Y

(r)
i − X

(r)
i βr)

′MF (r)(Y
(r)
i − X

(r)
i βr). Only

in this proof will we use the superscript 0 to denote the true value. For example, F
(r)0
t = k

∗1/2
h,tr F

0
t and

3



F (r)0′ = (F
(r)0
1 , ..., F

(r)0
T )′, where F 0

t denotes the true value of Ft. Similarly, Λ0
r = (λ0

1r, ..., λ
0
Nr)
′ and β0

r denote

the true values of Λr = (λ1r, ..., λNr)
′ and βr. Recall that ∆

(r)
it = k

∗1/2
h,tr ∆i(t, r) and ∆

(r)
i = (∆

(r)
i1 , ...,∆

(r)
iT )′. Let

δr = βr − β
0
r and δF,r = F (r) − F (r)0. Noting that Y

(r)
it = X

(r)′
it β0

r + λ0′
irF

(r)0
t + ∆

(r)
i (t, r) + ε

(r)
it , we have

SNT (βr, F
(r))− SNT (β0

r, F
(r)0)

=
1

NT

N∑
i=1

[
−X(r)

i δr − δF,rλ0
ir + ∆

(r)
i + ε

(r)
i

]′
MF (r)

[
−X(r)

i δr − δF,rλ0
ir + ∆

(r)
i + ε

(r)
i

]
− 1

NT

N∑
i=1

[
∆

(r)
i + ε

(r)
i

]′
MF (r)0

[
∆

(r)
i + ε

(r)
i

]
=

1

NT

N∑
i=1

[
X

(r)
i δr + δF,rλ

0
ir

]′
MF (r)

[
X

(r)
i δr + δF,rλ

0
ir

]
− 2

NT

N∑
i=1

[
X

(r)
i δr + δF,rλ

0
ir

]′
MF (r)

[
∆

(r)
i + ε

(r)
i

]
+

1

NT

N∑
i=1

[
∆

(r)
i + ε

(r)
i

]′
(PF (r)0 − PF (r))

[
∆

(r)
i + ε

(r)
i

]
= S̃NT (βr, F

(r))− 2δ′r
1

NT

N∑
i=1

X
(r)′
i MF (r)ε

(r)
i +

2

NT

N∑
i=1

λ0′
irF

(r)0′MF (r)εi

+
1

NT

N∑
i=1

ε
(r)′
i (PF (r)0 − PF (r))ε

(r)
i +

1

NT

N∑
i=1

∆
(r)′
i (PF (r)0 − PF (r))∆

(r)
i − 2δ′r

1

NT

N∑
i=1

X
(r)′
i MF (r)∆

(r)
i

+
2

NT

N∑
i=1

∆
(r)′
i MF (r)F (r)0λir +

2

NT

N∑
i=1

∆
(r)′
i (PF (r)0 − PF (r))ε

(r)
i ,

where

S̃NT (βr, F
(r)) =

1

NT

N∑
i=1

[
X

(r)
i δr + δF,rλ

0
ir

]′
MF (r)

[
X

(r)
i δr + δF,rλ

0
ir

]
=

1

NT

N∑
i=1

δ′rX
(r)′
i MF (r)X

(r)
i δr + tr

[
F (r)0′MF (r)F (r)0

T

Λ0′
r Λ0

r

N

]
− 2

NT

N∑
i=1

δ′rX
(r)′
i MF (r)F (r)0λir.

By Lemma A.1, we have

SNT (βr, F
(r)) = S̃NT (βr, F

(r)) +OP (T−1/2 +N−1/4 + h)

uniformly over bounded βr and over F (r) ∈ F . Clearly, S̃NT (β0
r, F

(r)0H(r)) = 0 because MF (r)0H(r)F (r)0 =

MF (r)0F (r)0 = 0. Following Bai (2009), we now show that SNT (βr, F
(r)) > 0 for any (βr, F

(r)) 6= (β0
r, F

(r)0H(r))

where H(r) can be an arbitrary nonsingular matrix here. That is, SNT (βr, F
(r)) attains its unique minimum

value 0 at (β0
r, F

(r)0H(r)). Denote

A(r) =
1

NT

N∑
i=1

X
(r)′
i MF (r)X

(r)
i , B(r) =

Λ′rΛr
N
⊗IT , C(r) =

1

NT

N∑
i=1

λir⊗MF (r)X
(r)
i , and η(r) = vec(MF (r)F (r)0).

Then, we have

S̃NT (βr, F
(r)) = δ′rA(r)δr + η(r)′B(r)η(r) + 2δr

′C(r)′η(r)

= δ′r(A(r) − C(r)′B(r)−1C(r))δr + θ(r)′B(r)θ(r) = δ′rD(F (r))δr + θ(r)′B(r)θ(r),

4



where θ(r) ≡ η(r) + B(r)−1C(r)δr. By Assumptions A.1(i) and A.3(i), infF (r)∈F D(F (r)) and B(r) are positive

definite a.s. Thus S̃NT (βr, F
(r)) ≥ 0. In addition, if either βr 6= β0

r or F (r) 6= F (r)0H(r), then S̃NT (βr, F
(r)) > 0.

Thus, S̃NT (βr, F
(r)) achieves its unique minimum at the true value (β0

r, F
(r)0H(r)). Furthermore, for any∥∥βr − β0

r

∥∥ ≥ c > 0, we have S̃NT (βr, F
(r)0) ≥ ρ

(r)
minc

2 > 0, where ρ
(r)
min = infF (r)∈F µmin(D(F (r))). This implies

that β̂r is consistent for β0
r.

Note that the centered objective function satisfies SNT (β0
r, F

(r)0H(r)) = 0 and by definition, SNT (β̂r, F̂
(r)) ≤

0. It follows that

0 ≥ SNT (β̂r, F̂
(r)) = S̃NT (β̂r, F̂

(r)) +OP (T−1/2 +N−1/4 + h). (A.2)

It must be true that S̃NT (β̂r, F̂
(r)) = OP (T−1/2 +N−1/4 + h) and β̂r − β

0
r = OP (T−1/4 +N−1/8 + h1/2).

(ii) (A.2) also implies that tr
[
( 1
T F

(r)0′MF̂ (r)F (r)0)( 1
NΛ′rΛr)

]
= OP (T−1/2 + N−1/4 + h). This, along with

the fact that 1
NΛ′rΛr = ΣΛr +O(N−1/2) by Assumption A.3(i), implies that

1

T
F (r)0′MF̂ (r)F

(r)0 =
1

T
F (r)0′F (r)0 − 1

T
F (r)0′F̂ (r) 1

T
F̂ (r)′F (r)0 = OP (T−1/2 +N−1/4 + h). (A.3)

By Assumption A.1(iii), we know 1
T F

0′F 0 p→ ΣF > 0. With this, it is standard to show that 1
T F

(r)0′F (r)0 =
1
T

∑T
t=1 k

∗
trF

0
t F

0′
t = ΣF + oP (1) under Assumption A.1. It follows that

T−1F̂ (r)′PF (r)0 F̂ (r) = T−1F̂ (r)′F (r)0(T−1F (r)0′F (r)0)−1F (r)0′F̂ (r)

= T−1F̂ (r)′F (r)0

[
1

T
F (r)0′F̂ (r) 1

T
F̂ (r)′F (r)0 +OP (T−1/2 +N−1/4 + h)

]−1

F (r)0′F̂ (r)

= IR +OP (T−1/2 +N−1/4 + h).

Consequently, we have
∥∥PF̂ (r) − PF (r)0

∥∥2
=tr{

(
PF̂ (r) − PF (r)0

)2} = 2tr(IR−T−1F̂ (r)′PF (r)0 F̂ (r)) = OP (T−1/2 +

N−1/4 +h). �

Proof of Theorem 3.2. Noting that Y
(r)
it = X

(r)′
it βr +λ′irF

(r)
t +X

(r)′
it d0(t, r) + di(t, r)

′F
(r)
t + ε

(r)
it = X

(r)′
it βr +

λ′irF
(r)
t + ∆

(r)
i (t, r) + ε

(r)
it , we have

β̂r − βr =
(
D̂(r)

)−1 1

NT

N∑
i=1

X
(r)′
i MF̂ (r)Y

(r)
i − βr

=
(
D̂(r)

)−1 1

NT

{
N∑
i=1

X
(r)′
i MF̂ (r)F

(r)λir +

N∑
i=1

X
(r)′
i MF̂ (r)ε

(r)
i +

N∑
i=1

X
(r)′

i MF̂ (r)∆
(r)
i

}
. (A.4)

where D̂(r) ≡ D(r)(F̂ (r)) = 1
NT

∑N
i=1X

(r)′
i MF̂ (r)X

(r)
i . By Lemma A.5,

1

NT

N∑
i=1

X
(r)′
i MF̂ (r)F

(r)λir =
1

N2T

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)X

(r)
j a

(r)
ji (β̂r − βr)−

1

N2T

N∑
i=1

N∑
j=1

a
(r)
ij X

(r)′
i MF̂ (r)ε

(r)
j

− 1

N2T 2

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)ε

(r)
j ε

(r)′
j F̂ (r)G(r)λir −

1

N2T

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)∆

(r)
j a

(r)
ji

+OP (C−1
NT + ‖δ̂r‖1/2)OP (‖δ̂r‖) +OP (C−3

NT + h4 + C−1
NTh

3).

Substituting this equation to (A.4), combining terms and multiplying by
√
NTh yields

D̂(r)
√
NTh(β̂r − βr)
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=

√
NTh

NT

N∑
i=1

X(r)′
i MF̂ (r) −

1

N

N∑
j=1

a
(r)
ij X

(r)′
j MF̂ (r)

 ε(r)
i +

√
NTh

NT

N∑
i=1

X(r)′
i MF̂ (r) −

1

N

N∑
j=1

a
(r)
ij X

(r)′
j MF̂ (r)

∆
(r)
i

−
√
NTh

N2T 2

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)ε

(r)
j ε

(r)′
j F̂ (r)G(r)λir +OP (C−1

NT + ‖δ̂r‖1/2)OP (‖δ̂r‖) + oP (1), (A.5)

where we use the fact that
√
NTh(h4 + C−3

NT + C−1
NTh

3) = o (1) under Assumption A.4(ii). By Lemma A.7,

√
NTh

NT

N∑
i=1

[
X

(r)′
i − 1

N

N∑
k=1

a
(r)
ik X

(r)′
k

]
MF̂ (r)∆

(r)
i =

√
NThB

(r)
1β + oP (1). (A.6)

Premultiplying both sides of (A.5) by [D̂(r)]−1, using (A.6), and rearranging terms, we have

√
NTh

(
β̂r − βr −D(F̂ (r))−1B

(r)
1β

)
= [D̂(r)]−1

√
NTh

NT

N∑
i=1

X(r)′
i − 1

N

N∑
j=1

a
(r)
ij X

(r)′
j

MF̂ (r)ε
(r)
i

+

√
N

Th
[D̂(r)]−1ζ

(r)
NT +OP (C−1

NT + ‖δ̂r‖1/2)OP (‖δ̂r‖) + oP (1).

By Lemma A.6, we have

√
NTh

(
β̂r − βr − [D̂(r)]−1B

(r)
1β

)
= [D̂(r)]−1


√
NTh

NT

N∑
i=1

X(r)′
i − 1

N

N∑
j=1

a
(r)
ij X

(r)′
j

MF (r)ε
(r)
i +

√
Th

N
ξ

(r)
NT +

√
N

Th
ζ

(r)
NT

+ oP (1).

By Lemma A.8,

√
NTh

NT

N∑
i=1

X(r)′
i − 1

N

N∑
j=1

a
(r)
ij X

(r)′
j

MF (r)ε
(r)
i −

√
N

Th
B

(r)
2β

d→ N (0,Ωr) .

By Lemma A.9(ii)-(iii),
√
Th/N(ξ

(r)
NT −B

(r)
3β ) = oP (1) and

√
N/(Th)(ζ

(r)
NT −B

(r)
4β ) = oP (1). These results, along

with the result in Lemma A.9(i) and Assumption A.2(i), implies that

√
NTh

(
β̂r − βr −

[
D(r)

(
F (r)

)]−1

B
(r)
1β

)
−
[
D(r)

(
F (r)

)]−1
[√

N

Th
B

(r)
2β +

√
Th

N
B

(r)
3β +

√
N

Th
B

(r)
4β

]

=
√
NTh

(
β̂r − βr −

[
D(r)

(
F (r)

)]−1

[B
(r)
1β +

1

Th
B

(r)
2β +

1

N
B

(r)
3β +

1

Th
B

(r)
4β ]

)

=
[
D(r)

(
F (r)

)]−1


√
NTh

NT

N∑
i=1

X(r)′
i − 1

N

N∑
j=1

a
(r)
ij X

(r)′
j

MF (r)ε
(r)
i −

√
N

Th
B

(r)
2β

+ oP (1)

d→ N
(

0, D
(r)−1
0 ΩrD

(r)−1
0

)
.

This complete the proof of Theorem 3.2. �

Proof of Theorem 3.3. (i) Recall that δ̂r = β̂r−βr. Noting that Y
(r)
s −X(r)

s β̂r = −X(r)
s δ̂r+ΛrF

(r)
s +∆

(r)
s +

ε
(r)
s , ∆

(r)
s = X

(r)
s D0(s, r)+D(s, r)F

(r)
s , we start with (NT )−1(Y (r)−X(r)β̂r)(Y

(r)−X(r)β̂r)
′F̂ (r)V̂

(r)−1
NT = F̂ (r)
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to obtain the following decomposition for F̂
(r)
t −H(r)′F

(r)
t −B(r)

t as follows

F̂
(r)
t −H(r)′F

(r)
t −B(r)

t

= V̂
(r)−1
NT

1

NT

T∑
s=1

F̂ (r)
s

[
−X(r)

s δ̂r + ΛrF
(r)
s + ∆(r)

s + ε(r)
s

]′ [
−X(r)

t δ̂r + ΛrF
(r)
t + ∆

(r)
t + ε

(r)
t

]
−H(r)′F

(r)
t −B(r)

t

= V̂
(r)−1
NT

{
1

T

T∑
s=1

F̂ (r)
s E(ε(r)′

s ε
(r)
t /N) +

1

T

∑
s

F̂ (r)
s

[
ε(r)′

s ε
(r)
t /N − E(ε(r)′

s ε
(r)
t /N)

]
+

1

T

T∑
s=1

F̂ (r)
s F (r)′

s Λ′rε
(r)
t /N

+
1

T

T∑
s=1

F̂ (r)
s F

(r)′

t Λ′rε
(r)
s /N +

[
1

TN

T∑
s=1

F̂ (r)
s ∆(r)′

s ΛrF
(r)
t − V̂ (r)

NTB
(r)
2t

]
+

1

TN

T∑
s=1

F̂ (r)
s ∆(r)′

s ∆
(r)
t

+
1

TN

T∑
s=1

F̂ (r)
s ∆(r)′

s ε
(r)
t +

1

TN

T∑
s=1

F̂ (r)
s ε(r)′

s ∆
(r)
t +

[
1

TN

T∑
s=1

F̂ (r)
s F (r)′

s Λ′r∆
(r)
t − V̂

(r)
NTB

(r)
1t

]

+
1

NT

T∑
s=1

F̂ (r)
s δ̂

′
rX

(r)′
s X

(r)
t δ̂r −

1

NT

T∑
s=1

F̂ (r)
s δ̂

′
rX

(r)′
s ΛrF

(r)
t − 1

NT

T∑
s=1

F̂ (r)
s δ̂

′
rX

(r)′
s ∆

(r)
t −

1

NT

T∑
s=1

F̂ (r)
s δ̂

′
rX

(r)′
s ε

(r)
t

− 1

NT

T∑
s=1

F̂ (r)
s F (r)′

s Λ′rX
(r)
t δ̂r −

1

NT

T∑
s=1

F̂ (r)
s ∆(r)′

s X
(r)
t δ̂r −

1

NT

T∑
s=1

F̂ (r)
s ε(r)′

s X
(r)
t δ̂r

}

≡
16∑
l=1

Al(t, r), (A.7)

where we use the fact that B
(r)
t = B

(r)
1t +B

(r)
2t . The first nine terms do not depend on δ̂r explicitly and they have

the same expressions as those in Su and Wang (2017, 2020). Following Su and Wang (2017, 2020), we can also

show that
√
NhAj(t, r) = oP (1) for j = 1, 2, 4, 5, 6, 7, 8, 9, and that

√
NhA3(t, r) determines the asymptotic

distribution. A5(t, r) and A9(t, r) are associated with the bias, which we focus on below.

For A5(t, r), noting that V̂
(r)
NT is asymptotically nonsingular by Lemma A.2(i), it suffices to show that

Ā5(t, r) ≡ V̂
(r)
NTA5(t, r) = oP

(
(Nh)−1/2

)
. Let B

(r)
2t,1 and B

(r)
2t,2 be as defined in (A.1). Let ϕ1,tr = F̂

(r)
t −

H(r)′F
(r)
t − B

(r)
t , ϕ2,tr = H(r)′F

(r)
t , ϕ3,tr = B

(r)
t , χ

(r)
21,t = 0, χ

(r)
22,t = V̂

(r)
NTB

(r)
2t,1, and χ

(r)
23,t = V̂

(r)
NTB

(r)
2t,2. For

Ā5(t, r), we make the following decomposition

Ā5(t, r) =
1

TN

T∑
s=1

F̂ (r)
s ∆(r)′

s ΛrF
(r)
t − V̂ (r)

NTB
(r)
2t =

3∑
l=1

[
1

TN

∑
s

ϕl,sr∆
(r)′
s ΛrF

(r)
t − χ(r)

2l,t

]
≡

3∑
l=1

Ā5,l(t, r).

Following the proof of Lemma A.3 in Su and Wang (2020) and Theorem 3.2, we can show that
√
NhĀ5,1(t, r) =√

NhOP (C−2
NT + ‖δ̂r‖) = oP (1) as Theorem 3.2 implies that δ̂r = OP (N−1 + (Th)−1) = oP ((Nh)−1/2). For

Ā5,2(t, r), noting that [H(r)′]−1V̂
(r)
NTB

(r)
2t,1 = N−1E(FtA

′
2,tr)ΛrFtk

∗1/2
h,tr h

2κ2 = N−1E(FtA
′
2,tr)ΛrF

(r)
t h2κ2, we

have

Ā5,2(t, r) =
1

TN

T∑
s=1

H(r)′F (r)
s ∆(r)′

s ΛrF
(r)
t − V̂ (r)

NTB
(r)
2t,1

= H(r)′ 1

TN

T∑
s=1

N∑
i=1

k∗h,srFsA1,isr(
s− r
T

)λ′irF
(r)
t

+H(r)′

[
1

TN

T∑
s=1

N∑
i=1

k∗h,srFsA2,isr(
s− r
T

)2λir −N−1E(FtA
′
2,tr)Λrh

2κ2

]
F

(r)
t +OP

(
h3
)

≡ H(r)′Ā5,21(t, r)F
(r)
t +H(r)′Ā5,22(t, r)F

(r)
t +OP

(
h3
)
.
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For Ā5,21(t, r), we have

Ā5,21(t, r) =
1

TN

T∑
s=1

N∑
i=1

k∗h,srFsX
′
isβ

(1)
r λ′ir

s− r
T

+
1

TN

T∑
s=1

N∑
i=1

k∗h,srFsF
′
sλ

(1)
ir λ

′
ir

s− r
T

=
1

TN

T∑
s=1

N∑
i=1

k∗h,srFsX
′
isβ

(1)
r λ′ir

s− r
T

+
1

T

T∑
s=1

k∗h,srFsF
′
s

s− r
T

(N−1Λ
(1)′
i Λi) ≡

2∑
`=1

Ā5,21`(t, r).

As in Su and Wang (2020), Ā5,212(t, r) = OP ((Th)
−1/2

h+(Th)
−1

) = oP ((Nh)
−1/2

) by the fact that 1
T

∑
s k
∗
h,srFsF

′
s

( s−rT ) = OP ((Th)
−1/2

h) +O((Th)
−1

). For Ā5,211(t, r), we have

Ā5,211(t, r) =
1

NT

T∑
s=1

N∑
i=1

s− r
T

k∗h,sr [FsX
′
is − E(FsX

′
is)]β

(1)
r λ′ir +

1

N

N∑
i=1

[
1

T

T∑
s=1

s− r
T

k∗h,srE(FsX
′
is)

]
β(1)
r λ′ir

= OP ((NTh)
−1/2

h) +O((Th)
−1

) = oP ((Nh)
−1/2

),

where we use the fact that 1
T

∑T
s=1

s−r
T k∗h,srE(FsX

′
is) = 1

T

∑T
s=1

s−r
T k∗h,srΣFX = O((Th)−1) by the property of

Riemann integral for interior point r. Then Ā5,21(t, r) = oP ((Nh)
−1/2

). Note that

1

TN

T∑
s=1

N∑
i=1

k∗h,srFsA2,isr(
s− r
T

)2λir −N−1E(FtA
′
2,tr)ΛrF

(r)
t h2κ2

=
1

2TN

T∑
s=1

N∑
i=1

k∗h,srFs[X
′
isβ

(2)
r + F ′sλ

(2)
ir ](

s− r
T

)2λir −
1

2N
E
[
Ft(β

(2)
r X ′t + F ′tΛ

(2)′
r )

]
Λrh

2κ2

=
1

2N

T∑
s=1

(
s− r
T

)2k∗h,srFsβ
(2)
r

X ′sΛr
N
− 1

2N
E[Ftβ

(2)
r

X ′tΛr
N

]h2κ2

+
1

2

[
1

T

T∑
s=1

(
s− r
T

)2k∗h,srFsF
′
s − E[FtF

′
t ]h

2κ2

]
(

1

N
Λ(2)′
r Λr).

It is easy to show that either term on the right hand side of the above equation isOP
(
(Th)−1/2h2 + (Th)−1 + h3

)
= oP ((Nh)

−1/2
). Thus Ā5,22(t, r) = oP ((Nh)

−1/2
) and Ā5,2(t, r) = oP ((Nh)

−1/2
).

Note that ∆
(r)
s = X

(r)
s d0 (s, r) +D (s, r)F

(r)
s = (∆

(r)
1s , ...,∆

(r)
Ns)
′, and

V̂
(r)
NTB

(r)
2t,2 =

1

TN

∑
s

(
s− r
T

)2k∗h,srE[C̄
(r)
1s A

′
1,sr]ΛrF

(r)
t ≡ α(r)

1 F
(r)
t ,

It follows that

Ā5,3(t, r) =
1

TN

∑
s

B(r)
s ∆(r)′

s ΛrF
(r)
t − V̂ (r)

NTB
(r)
2t,2 =

[
1

TN

∑
s

∑
i

B(r)
s ∆

(r)
is λ

′
ir − α

(r)
1

]
F

(r)
t ≡ Ā5,3(r)F

(r)
t .

For Ā5,3(r), we have

Ā5,31(r) =
1

TN

∑
s

∑
i

B(r)
s ∆

(r)
is λ

′
ir − α

(r)
1 =

1

TN

∑
s

∑
i

(
s− r
T

)2k∗h,srC
(r)
1s A1,isrλ

′
ir − α

(r)
1,1 +OP

(
h3
)

=
1

TN

∑
s

∑
i

(
s− r
T

)2k∗h,srC̄
(r)
1s A1,isrλ

′
ir − α

(r)
1,1 +OP

(
h3
)

=
1

TN

∑
s

(
s− r
T

)2k∗h,sr(C̄
(r)
1s A

′
1,sr − E[C̄

(r)
1s A

′
1,sr]}Λr +OP

(
h3
)

8



= OP ((N/h)−1/2h2) +OP
(
h3
)

= oP (Nh)−1/2.

In sum, we have shown that
√
NhĀ5(t, r) = oP (1).

For A9(t, r), we want to show that Ā9(t, r) ≡ V̂ (r)
NTA9(t, r) = oP (Nh)−1/2. Note that

Ā9(t, r) =
1

TN

T∑
s=1

F̂ (r)
s F (r)′

s Λ′r∆
(r)
t − V̂

(r)
NTB

(r)
1t =

3∑
l=1

[
1

TN

∑
s

ϕl,sr∆
(r)′
s ΛrF

(r)
t − χ(r)

1l,t

]
≡

3∑
l=1

Ā9,l(t, r),

where χ11,t = 0, χ12,t = V̂
(r)
NTB

(r)
1t and χ13,t = 0. As in Su and Wang (2020), we can readily show that

√
NhĀ9,1(t, r) =

√
NhOP (C−1

NT + ‖δ̂r‖1/2)OP (h1/2) = oP (1) and
√
NhĀ9,3(t, r) =

√
NhOP ((Th)−1/2h3/2 + (Th)−1h1/2 + h5/2) = oP (1)

under the conditions thatNh/T → 0 andNh6 → 0 in Assumption A.4(ii). Noting that V̂
(r)
NTB

(r)
1t = V̂

(r)
NT [k

∗1/2
h,tr C

(r)
1t

t−r
T

+k
∗1/2
h,tr C

(r)
3t ( t−rT )2] = α2,1 + α2,2 with α2,l = N−1k

∗1/2
h,tr H

(r)′ΣFΛ′rAl,tr(
t−r
T )l for l = 1, 2, we have

Ā9,2(t, r) =
1

TN

T∑
s=1

H(r)′F (r)
s F (r)′

s Λ′r∆
(r)
t − V̂

(r)
NTB

(r)
1t = H(r)′ 1

TN

T∑
s=1

k∗h,srFsF
′
sΛ
′
r∆

(r)
t − (α2,1 + α2,2)

= H(r)′ 1

N
ΣFΛ′r∆

(r)
t − (α2,1 + α2,2) +OP ((Th)−1/2h)

= H(r)′ΣF

[
1

N

N∑
i=1

λir

(
X ′itβ

(1)
r + λ

(1)′
ir Ft

)
− 1

N
Λ′rA1,tr

]
t− r
T

k
∗1/2
h,tr

+
1

2
H(r)′ΣF

[
1

N

N∑
i=1

λir

(
X ′itβ

(2)
r + λ

(2)′
ir Ft

)
− 1

N
Λ′rA2,tr

]
(
t− r
T

)2k
∗1/2
h,tr +OP ((Th)−1/2h+ h3)

= OP ((Th)−1/2h+ h3) = oP (Nh)−1/2.

Then
√
NhA9(t, r) = oP (1).

In summary, the bias term B
(r)
t is

B
(r)
t = B

(r)
1t +B

(r)
2t,1 +B

(r)
2t,2

=

[
k
∗1/2
h,tr C

(r)
1t

t− r
T

+ k
∗1/2
h,tr C

(r)
3t (

t− r
T

)2

]
+ V̂

(r)−1
NT H(r)′N−1E(FtA

′
2,tr)ΛrF

(r)
t h2κ2

+V̂
(r)−1
NT

1

TN

∑
s

(
s− r
T

)2k∗h,srE[C̄
(r)
1s A

′
1,sr]ΛrF

(r)
t

= k
∗1/2
h,tr

[
C

(r)
1t

t− r
T

+ C
(r)
2t (

t− r
T

)2 + h2κ2C
(r)
3t + h2κ2C

(r)
4t

]
,

where C
(r)
lt , l ∈ [4] , are as defined in (3.1).

The terms A10 (t, r) to A17 (t, r) are either OP (‖δ̂r‖) or oP (‖δ̂r‖). This, in conjunction with the fact that

δ̂r = OP (N−1 + (Th)−1) by Theorem 3.2, implies that
√
Nh

∑17
i=10Ai(t, r) = oP (1). In addition, Su and Wang

(2017, 2020) have shown that K∗r ( t−rTh )−1/2
√
NhA3(t, r)

d→ N(0, V −1
r QrΓrtQ

′
rV
−1
r ). Combining these results

yields the desired result in Theorem 3.3(i).

(ii) Let Υ(r) = F̂ (r)−F (r)H(r)−B(r). Recall that ∆
(r)
i = (∆

(r)
i,1 , ...,∆

(r)
i,T )′ with ∆

(r)
i,t = k

∗1/2
h,tr ∆i (t, r) . Noting

9



that λ̂ir = 1
T F̂

(r)′(Y
(r)
i −X(r)

i β̂r) and Y
(r)
i −X(r)

i β̂r = −X(r)
i δ̂r + F (r)λir + ∆

(r)
i + ε

(r)
i , we have

λ̂ir −H(r)−1λir =
1

T
F̂ (r)′

[
−X(r)

i δ̂r + F (r)λir + ∆
(r)
i + ε

(r)
i

]
−H(r)−1λir

=
1

T
H(r)′F (r)′ε

(r)
i +

1

T
Υ(r)′ε

(r)
i −

1

T
F̂ (r)′Υ(r)H(r)−1λir +

1

T
Υ(r)′∆

(r)
i

+
1

T
H(r)′F (r)′∆

(r)
i +

1

T
B(r)′ε

(r)
i −

1

T
F̂ (r)′B(r)H(r)−1λir +

1

T
B(r)′∆

(r)
i

− 1

T
Υ(r)′X

(r)
i δ̂r −

1

T
H(r)′F (r)′X

(r)
i δ̂r −

1

T
B(r)′X

(r)
i δ̂r ≡

∑11

l=1
Dl(i, r), (A.8)

Su and Wang (2017, 2020) have studied the terms D1(i, r) to D8(i, r). The only difference for these terms is

that

∆
(r)
i,t = k

∗1/2
h,tr

{
X ′it[β(

t

T
)− β(

r

T
)] + F ′t [λi(

t

T
)− λi(

r

T
)]

}
= k

∗1/2
h,tr

{
[X ′itβ

(1)
r + F ′tλ

(1)
ir ]

t− r
T

+
1

2

[
X ′itβ

(2)
r + F ′tλ

(2)
ir

]( t− r
T

)2

+OP

((
t− r
T

)3
)}

in this paper, instead of ∆
(r)
i,t = k

∗1/2
h,tr F

′
t [λi(

t
T ) − λi( rT )] in Su and Wang (2020). Following the analyses in Su

and Wang (2017, 2020), we can show that
√
ThDl(i, r) = oP (1) for l = 2, 3, 4, 6, while D5(i, r), D7(i, r) and

D8(i, r) contribute to the asymptotic bias. Following Su and Wang (2017, 2020), we can show that

D5(i, r) =
1

T
H(r)′F (r)′∆

(r)
i = h2κ2H

(r)′E (FtA2,itr) +OP ((Th)−1/2h+ h3).

For D7(i, r), we have

−D7(i, r) =
1

T

T∑
t=1

Υ
(r)
t B

(r)′
t H(r)−1λir+

1

T

T∑
t=1

H(r)′F
(r)
t B

(r)′
t H(r)−1λir+

1

T

T∑
t=1

B
(r)
t B

(r)′
t H(r)−1λir =

∑3

l=1
D7,l(i, r),

where Υ
(r)
t = F̂

(r)
t −H(r)′F

(r)
t −B(r)

t . Note that when r ∈ [bThc, T − bThc] , we have

‖D7,1(i, r)‖ .

{
1

T

T∑
t=1

∥∥∥Υ
(r)
t

∥∥∥2
}1/2{

1

T

T∑
t=1

∥∥∥B(r)
t

∥∥∥2
}1/2

= OP (C−1
NT + ‖δ̂r‖)OP (h),

D7,2(i, r) =
1

T

T∑
t=1

k∗h,trH
(r)′Ft

[
C

(r)
1t

t− r
T

+ C
(r)
2t (

t− r
T

)2 + (C
(r)
3t + C

(r)
4t )κ2h

2

]′
H(r)−1λir

= κ2h
2H(r)′E

[
Ft(C̄

(r)
2t + C̄

(r)
3t + C̄

(r)
4t )′

]
H(r)−1λir +OP ((Th)−1/2h),

D7,3 =
1

T

T∑
t=1

[
C

(r)
1t

t− r
T

+ C
(r)
2t κ2h

2 + C
(r)
3t (

t− r
T

)2

] [
C

(r)
1t

t− r
T

+ C
(r)
2t κ2h

2 + C
(r)
3t (

t− r
T

)2

]′
H(r)−1λir

= κ2h
2E(C̄

(r)
1t C̄

(r)′
1t )H(r)−1λir +OP ((Th)−1/2h+ h3).

and thus D7(i, r) = κ2h
2
{
H(r)′E[Ft(C̄

(r)
2t + C̄

(r)
3t + C̄

(r)
4t )′] + E(C̄

(r)
1t C̄

(r)′
1t )

}
H(r)−1λir + OP (T−1/2h3/2 + h3).

When r ∈ [1, bThc)∪(T−bThc, T ], it is easy to show that the leading bias term is contributed by 1
T

∑T
t=1 k

∗
h,trH

(r)′E(FtC̄
(r)′
1t ) t−rT H(r)−1λir =

O(h).
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Similarly,

D8(i, r) =
1

T

T∑
t=1

[
C

(r)
1t

t− r
T

+ C
(r)
2t (

t− r
T

)2 + (C
(r)
3t + C

(r)
4t )κ2h

2

] [
X ′itβ

(1)
r + λ

(1)′
ir Ft

]
k∗h,tr

t− r
T

+OP (h3)

= κ2h
2E(C̄

(r)
1t A1,itr) +OP ((Th)−1/2h2 + h3).

In addition, noting thatDl(i, r) = oP (‖δ̂r‖) for l = 9, 11 andD10(i, r) = OP (‖δ̂r‖), we have
√
Th
∑11
l=9Dl(i, r) =

OP (‖δ̂r‖) = oP (1). In sum, we have shown that

11∑
l=2

Dl(i, r) = κ2h
2
[
E(C̄

(r)
1t A1,itr) +H(r)′E (FtA2,itr)

]
− κ2h

2
{
H(r)′E

[
Ft(C̄

(r)
2t + C̄

(r)
3t + C̄

(r)
4t )′

]
+ E[C̄

(r)
1t C̄

(r)′
1t ]

}
H(r)−1λir +OP (T−1/2 + h3).

Finally, by Assumption A.6(ii), we know
√
h√
T

∑T
s=1 kh,srFsεis

d→ N(0,Ωi,r). It follows that
√
ThD1(i, r) =

1√
Th
H(r)′∑T

s=1K
∗
r ( s−rTh )Fsεis

d→ N(0,
(
Q−1
r

)′
Ωi,r

(
Q−1
r

)
). This completes the proof of Theorem 3.3(ii).

(iii) Noting that Yit −X ′itβ̂t = −X ′itδ̂t − [λ̂it −H(t)−1λit]
′H(t)′Ft + λ̂

′
itH

(t)′Ft + εit, we have

F̂t −H(t)′Ft = Ŝ−1
λ,t

1

N

N∑
i=1

λ̂it(Yit −X ′itβ̂t)−H(t)′Ft

= Ŝ−1
λ,tH

(t)−1 1

N

N∑
i=1

λitεit + Ŝ−1
λ,t

1

N

N∑
i=1

(λ̂it −H(t)−1λit)εit

− Ŝ−1
λ,t

1

N

N∑
i=1

λ̂it[λ̂it −H(t)−1λit]
′H(t)′Ft − Ŝ−1

λ,t

1

N

N∑
i=1

λ̂itX
′
itδ̂t ≡

4∑
`=1

A`(t), (A.9)

where Ŝλ,t = 1
N

∑N
i=1 λ̂itλ̂

′
it. By Lemma A.5(i)-(ii) in Su and Wang (2020),

Ŝλ,t =
1

N

N∑
i=1

λ̂itλ̂
′
it = QtΣΛtQ

′
t + oP (1) and

1√
N

N∑
i=1

(λ̂it −H(t)−1λit)εit = oP (1).

Then
√
NA2(t) = oP (1). For A4(t), we have

∥∥∥√NA4(t)
∥∥∥ ≤ ∥∥∥ 1

N

∑N
i=1 λ̂itX

′
it

∥∥∥√N‖δ̂t‖ = OP (1)
√
NOP (N−1 +

(Th)−1 + h2) by Theorem 3.2. Noting that NTh5 = O (1) and 1/(Th) = o(1) implies that Nh4 = o(1),∥∥∥√NA4(t)
∥∥∥ = oP (1) under Assumption A.4(ii) and the additional condition NTh5 = O (1) .

For A1(t), we have by Assumption A.6(ii),

√
NA1(t) = Ŝ−1

λ,tH
(t)−1 1√

N

N∑
i=1

λitεit = (QtΣΛtQ
′
t)
−1
Qt

1√
N

N∑
i=1

λitεit + oP (1)

d→ N
(

0, (QtΣΛtQ
′
t)
−1
QtΓttQ

′
t (QtΣΛtQ

′
t)
−1
)

= N
(

0,
(
Σ−1

Λt
Q−1
t

)′
ΓttΣ

−1
Λt
Q−1
t

)
.

Last, we show that A3(t) contributes to the asymptotic bias. To this end, we make the following decompo-

sition

−
√
NA3(t) =

1√
N

N∑
i=1

[λ̂it −H(t)−1λit][λ̂it −H(t)−1λit]
′H(t)′Ft +

1√
N

N∑
i=1

H(t)−1λit[λ̂it −H(t)−1λit]
′H(t)′Ft
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≡ A3,1(t) +A3,2(t).

Noting that
∥∥∥λ̂it −H(t)−1λit

∥∥∥ = OP ((Th)−1/2 + h2) by Theorem 3.3(ii), we have:

‖A3,1(t)‖ . 1√
N

N∑
i=1

∥∥∥λ̂it −H(t)−1λit

∥∥∥2

= OP (N1/2((Th)−1 + h4)) = oP (1).

Next, A3,2(t) =
∑11
l=1

1√
N

∑N
i=1H

(t)−1λitDl(i, r)
′H(t)′Ft ≡

∑11
l=1A3,2l(t) by (A.8). Su and Wang (2020) have

studied the terms A3,21(t) to A3,28(t). Following their analysis, we can show that A3,2l(t) = oP (1) for l =

1, 2, 3, 4, 6. Now, we consider the terms A3,25(t), A3,27(t), and A3,28(t). First,

A3,25(t) = H(t)−1 1√
N

N∑
i=1

λit
1

T
∆

(t)′
i F (t)H(t)H(t)′Ft

= H(t)−1 1√
N

N∑
i=1

λit

{
1

T

T∑
s=1

k∗h,st

(
X ′isβ

(1)
t + λ

(1)′
it Fs

)
F ′s
s− t
T

}
H(t)H(t)′Ft

+
1

2
√
N

N∑
i=1

H(t)−1λit

{
1

T

T∑
s=1

k∗h,st

(
X ′isβ

(2)
t + λ

(2)′
it Fs

)
F ′s(

s− t
T

)2

}
H(t)H(t)′Ft +OP (N1/2h3)

=
h2

2

√
NH(t)−1

{
1

N

N∑
i=1

λitβ
(2)′
t E(XisF

′
s) +

Λ′tΛ
(2)
t

N
ΣF

}
Σ−1
F κ2Ft + oP (1),

where we use the fact that 1
T

∑T
s=1 k

∗
h,stF

′
s[X

′
isβ

(1)
t +λ

(1)′
it Fs]

s−t
T = OP ((Th)

−1/2
h) = oP (N−1/2) andH(t)H(t)′ =

Σ−1
F +OP (C−1

NT ) by Lemma A.2(iv) and Theorem 3.2. For A3,27(t), we have

A3,27(t) =
1√
NT

N∑
i=1

T∑
s=1

H(t)−1λitλ
′
it(H

(t)−1)′B(t)
s F̂ (t)′

s H(t)′Ft

=

3∑
l=1

H(t)−1

(
1√
N

N∑
i=1

λitλ
′
it

)
H(t)−1′

(
1

T

T∑
s=1

B(t)
s ϕ′l,st

)
H(t)′Ft ≡

3∑
l=1

A3,27l(t).

For A3,271(t), we have

‖A3,271(t)‖ .

∥∥∥∥∥ 1√
N

N∑
i=1

λitλ
′
it

∥∥∥∥∥
∥∥∥∥∥ 1

T

T∑
s=1

B(t)
s

[
F̂ (t)
s −H(t)′F (t)

s −B(t)
s

]′∥∥∥∥∥ = N1/2OP ((C−1
NT + ‖δ̂r‖)h) = oP (1).

For A3,272(t) and A3,273(t), we use B
(t)
s = C

(t)
1s

s−t
T + C

(t)
2s ( s−tT )2 + (C

(t)
3s + C

(t)
4s )h2κ2 to obtain

A3,272(t) =
1√
NT

N∑
i=1

T∑
s=1

H(t)−1λitλ
′
itH

(t)−1′B(t)
s F (t)′

s H(t)H(t)′Ft

=
√
NH(t)−1(

1

N
Λ′tΛt)H

(t)−1′ 1

T

T∑
s=1

k∗h,st

[
C

(t)
1s

s− t
T

+ C
(t)
2s (

s− t
T

)2 + (C
(t)
3s + C

(t)
4s )h2κ2

]
F ′sH

(t)H(t)′Ft

=
√
Nh2H(t)−1ΣΛtH

(t)−1′E[(C̄
(t)
2s + C̄

(t)
3s + C̄

(t)
4s )F ′s]Σ

−1
F κ2Ft + oP (1),
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and

A3,273(t) =
1√
NT

N∑
i=1

T∑
s=1

H(t)−1λitλ
′
itH

(t)−1′B(t)
s B(t)′

s H(t)′Ft

=
√
NH(t)−1

[
1

N

N∑
i=1

λitλ
′
it

]
H(t)−1′

[
1

T

T∑
s=1

k∗h,stC
(t)
1s C

(t)′
1s (

s− t
T

)2

]
H(t)′Ft +OP (N1/2h3)

=
√
Nh2κ2H

(t)−1ΣΛtH
(t)−1′E[C̄

(t)
1s C̄

(t)′
1s ]H(t)′Ft + oP (1),

where C̄
(t)
ls is defined analogously to C

(t)
ls with V

(t)
NT and H(t) replaced by their probability limits for l = 1, 2, 3.

It follows that A3,27(t) =
√
Nh2κ2H

(t)−1ΣΛtH
(t)−1′{E[(C̄

(t)
2s + C̄

(t)
3s + C̄

(t)
4s )F ′s] + E(C̄

(t)
1s C̄

(t)′
1s )H(t)′}Ft + oP (1).

For A3,28(t), we have

A3,28(t) = H(t)−1 1√
N

N∑
i=1

λit
1

T
∆i(t)

′B(t)H(t)′Ft

=
√
NH(t)−1 1

N

N∑
i=1

λitλ
(1)′
it

1

T

T∑
s=1

k∗h,stFsC
(t)′
1s (

s− t
T

)2H(t)′Ft +OP (N1/2h3)

=
√
Nh2κ2H

(t)−1ΣΛtE[FsC̄
(t)′
1s ]H(t)′Ft + op(1).

In addition, it is easy to see that
√
N
∑11
l=8A3,2l(t) =

√
NOP (‖δ̂t‖) = oP (1). In sum, we have

1√
N

N∑
i=1

λ̂it

[
λ̂it −H(t)−1λit

]′
H(t)′Ft =

h2

2

√
NH(t)−1

{[
1

N

N∑
i=1

λitβ
(2)′
r E(XisF

′
s)

]
+

Λ′tΛ
(2)
t

N
ΣF

}
Σ−1
F κ2Ft

−
√
Nh2κ2H

(t)−1ΣΛtH
(t)−1′

{
E[(C̄

(t)
2s + C̄

(t)
3s + C̄

(t)
4s )F ′s] + E(C̄

(t)
1s C̄

(t)′
1s )H(t)′

}
Ft

+
√
Nh2H(t)−1ΣΛtE(FsC̄

(t)′
1s )H(t)′Ftκ2 + oP (1)

≡
√
NB̃F (t)κh2Ft + oP (1),

where

B̃F (t) = H(t)−1Λ′tE (A2,stF
′
s) Σ−1

F −H
(t)−1ΣΛtH

(t)−1′{E[(C̄
(t)
2s + C̄

(t)
3s + C̄

(t)
4s )F ′s] + E(C̄

(t)
1s C̄

(t)′
1s )H(t)′}

+H(t)−1ΣΛtE(FsC̄
(t)′
1s )H(t)′.

Therefore, we have

√
NA3(t) = Ŝ−1

λ,t

1√
N

N∑
i=1

λ̂it

[
λ̂it −H(t)−1λit

]′
H(t)′Ft =

√
N (QtΣΛtQ

′
t)
−1
B̃F (t)κh2Ft + oP (

√
Nh3)

=
√
NBF (t)Ft + oP (1),

where BF (t) = (QtΣΛtQ
′
t)
−1
B̃F (t)κh2. Under the additional condition that Nh4 = o (1) ,

√
NA3(t) = oP (1).

Combining these results, we have
√
N [F̂t −H(t)′Ft]

d→ N(0,
(
Σ−1

Λt
Q−1
t

)′
ΓttΣ

−1
Λt
Q−1
t ).

(iv) Noting that C0
it = λ′itFt and Ĉit = λ̂

′
itF̂t, we have

Ĉit − C0
it

= λ̂
′
itF̂t − λ

′
itFt

= [λ̂it −H(t)−1λit −BΛ(i, t)]′[F̂t −H(t)′Ft −BF (t)] +BΛ(i, t)′BF (t) + [λ̂it −H(t)−1λit −BΛ(i, t)]′H(t)′Ft
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+ [λ̂it −H(t)−1λit −BΛ(i, t)]′BF (t) + λ′it(H
(t)−1)′[F̂t −H(t)′Ft −BF (t)] + λ′it(H

(t)−1)′BF (t)

+BΛ(i, t)′[F̂t −H(t)′Ft −BF (t)] +BΛ(i, t)′H(t)′Ft

≡
8∑
l=1

Cit,l. (A.10)

By Theorems 3.3(i)-(ii), Cit,1 = OP ((NTh)−1/2), Cit,2 = OP (h4), Cit,4 = OP (T−1/2h−1/2h2), Cit,7 = OP (N−1/2h2).

By the proof of Theorem 3.2(ii),
√
Th(λ̂it−H(t)−1λit−BΛ(i, t)) =

√
h√
T
H(t)′∑T

s=1 k
∗
h,stFsεis+oP (1) . By the proof

of Theorem 3.3(iii),
√
N(F̂t−H(t)′Ft−BF (t)) = (QtΣΛtQ

′
t)
−1
Qt

1√
N

∑N
i=1 λitεit+oP (1) . By Lemma A.2(iii)-

(iv) and Theorem 3.2, H(t) = Q−1
t +OP

(
C−1
NT

)
andH(t)H(t)′ = Σ−1

F +OP (C−1
NT ).Define C̄NT = min{

√
Th,
√
N}.

It follows that

Cit,6 + Cit,8 = λ′it(H
(t)−1)′BF (t) +BΛ(i, t)′H(t)′Ft

= λ′itQ
′
tBF (t) +BΛ(i, t)′(Q

(−1)
t )′Ft + oP (C̄−1

NT ) ≡ BC(i, t) + oP (C̄−1
NT ).

Therefore,

C̄NT [Ĉit − C0
it −BC(i, t)]

=
C̄NT√
N
λ′itQ

′
t (QtΣΛtQ

′
t)
−1
Qt

1√
N

N∑
i=1

λitεit +
C̄NT√
Th

F ′tH
(t)H(t)′

√
h√
T

T∑
s=1

k∗h,stFsεis + oP (1)

=
C̄NT√
N
ψ1it +

C̄NT√
Th

ψ2it + oP (1) ,

where ψ1it ≡ λ′itΣ
−1
Λt

1√
N

∑N
i=1 λitεit and ψ2it ≡ F ′tΣ

−1
F

√
h√
T

∑T
s=1 k

∗
h,stFsεis. By Assumption A.2, ψ1it

d→

N (0, V1it) and ψ2it
d→ N (0, V2it) . It is easy to show that ξ1it and ξ2it are asymptotically independent. Conse-

quently, we have V
−1/2
it C̄NT (Ĉit − C0

it −BC(i, t))
d→ N (0, 1) , where Vit =

C̄2
NT

N V1it +
C̄2
NT

Th V2it. �

Proof of Theorem 3.4. By (A.5) in the proof of Theorem 3.2 and the fact that δ̂t ≡ β̂t − βt = OP (N−1 +

(Th)−1 + h2) and

D(t)(F̂ (t))
√
NTh(β̂t − βt)

=

√
NTh

NT

N∑
i=1

X(t)′
i − 1

N

N∑
j=1

a
(t)
ij X

(t)′
j

MF̂ (t)ε
(t)
i +

√
NTh

NT

N∑
i=1

X(t)′
i − 1

N

N∑
j=1

a
(t)
ij X

(t)′
j

MF̂ (t)∆
(t)
i

−
√
NTh

N2T 2

N∑
i=1

N∑
j=1

X
(t)′
i MF̂ (t)ε

(t)
j ε

(t)′
j F̂ (t)G(t)λit + oP (1),

where we use the condition NTh7 = o (1) in Assumption A4(ii) to ensure that
√
NThOP (C−1

NT + ‖δ̂t‖1/2 +

h)OP (‖δ̂t‖) = oP (1). Let Z̃
(t)
i = MF̌ (t) [X

(t)
i − 1

N

∑N
j=1 a

(t)
ij X

(t)
j ]. Then

D̂(t)(F̌ (t))(β̂
bc

t − βt)

=
[
D̂(t)(F̌ (t))−D(t)(F̂ (t))

] [
β̂t − βt

]
+D(t)(F̂ (t))

[
β̂t − βt

]
−
[
B̂

(t)
1β +

1

Th
B̂

(t)
2β +

1

N
B̂

(t)
3β +

1

Th
B̂

(t)
4β

]
=
[
D̂(t)(F̌ (t))−D(t)(F̂ (t))

] [
β̂t − βt

]
+

[
1

NT

N∑
i=1

Z̃
(t)′
i ε

(t)
i −

1

Th
B̂

(t)
2β −

1

N
B̂

(t)
3β

]
+

1

NT

N∑
i=1

Z̃
(t)′
i ∆

(t)
i

14



−

 1

N2T 2

N∑
i=1

N∑
j=1

X
(t)′
i MF̂ (t)ε

(t)
j ε

(t)′
j F̂ (t)G(t)λit −

1

Th
B̂

(t)
4β

+ oP ((NTh)−1/2)

≡ Q(t)
1 +Q

(t)
2 +Q

(t)
3 +Q

(t)
4 +OP (h4) + oP ((NTh)−1/2).

As in the proof of Lemma A.9, we can show that∥∥∥D̂(t)(F̌ (t))−D(t)(F̂ (t))
∥∥∥ ≤ ∥∥∥D̂(t)(F̌ (t))−D(t)(F̌ (t))

∥∥∥+
∥∥∥D(t)(F̌ (t))−D(t)(F̂ (t))

∥∥∥ = OP (C−2
NT + ‖δ̂t‖1/2).

As a result, Q
(t)
1 = OP (C−2

NT + ‖δ̂t‖1/2)‖δ̂t‖ = oP ((NTh)−1/2). This rate can be strengthened to be uniform in

t under Assumption A.7. By Lemmas A.6 and A.8, we have

Q
(t)
2 =

1

NT

N∑
i=1

T∑
s=1

X
(t)
is ε

(t)
is +

1

N

[
ξ

(t)
NT − B̂

(t)
3β

]
+

1

Th

[
B

(t)
2β − B̂

(t)
2β

]
≡ Q(t)

2,1 +Q
(t)
2,2 +Q

(t)
2,3.

Note that Q
(t)
2,1 contributes to the asymptotic variance of β̂t − βt :

√
NThQ

(t)
2,1

d→ N (0,Ωt) . By Assump-

tion A.5, maxt

∥∥∥ 1
NT

∑N
i=1

∑T
s=1 X

(t)
is ε

(t)
is

∥∥∥ = OP ((NTh)−1/2(lnT )1/2). For notational simplicity, let ε̂(t)(i, j) =

1
T

∑T
s=1 k

∗
h,stε̂isε̂js, and ε(t)(i, j) = 1

T

∑T
s=1 k

∗
h,stεisεjs. Then

Q
(t)
2,2 =

1

N2

N∑
i,j=1

1

T
[X

(t)
i − V̂

(t)
i ]′F̌ (t)(

1

N
Λ̂′tΛ̂t)

−1λ̂jtε̂
(t)(i, j)

− 1

N2

N∑
i,j=1

1

T
[X

(t)
i − V

(t)
i ]′F (t)[

1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1λjtε
(t)(i, j)

=
1

N2

N∑
i,j=1

[
1

T
X

(t)′
i F̌ (t)(

1

N
Λ̂′tΛ̂t)

−1λ̂jtε̂
(t)(i, j)− 1

T
X

(t)′
i F (t)[

1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1λjtε
(t)(i, j)

]

− 1

N2

N∑
i,j=1

[
1

T
V̂

(t)′
i F̌ (t)(

1

N
Λ̂′tΛ̂t)

−1λ̂jtε̂
(t)(i, j)− 1

T
V

(t)′
i F (t)[

1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1λjtε
(t)(i, j)

]
≡ Q(t)

2,21 +Q
(t)
2,22

We first consider the term Q
(t)
2,21. Using the identity âb̂ĉd̂−abcd = (â−a)b̂ĉd̂+a(b̂−b)ĉd̂+ab(ĉ−c)d̂+abc(d̂−d),

we can decompose Q
(t)
2,21 into four terms:

Q
(t)
2,21 =

1

N2

N∑
i,j=1

1

T
X

(t)′
i [F̌ (t) − F (t)H(t)](

1

N
Λ̂′tΛ̂t)

−1λ̂jtε̂
(t)(i, j)

+
1

N2

N∑
i,j=1

1

T
X

(t)′
i F (t)

[
H(t)(

1

N
Λ̂′tΛ̂t)

−1 − [
1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1H(t)

]
λ̂jtε̂

(t)(i, j)

+
1

N2

N∑
i,j=1

1

T
X

(t)′
i F (t)[

1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1H(t)
[
λ̂jt −H(t)−1λjt

]
ε̂(t)(i, j)

+
1

N2

N∑
i,j=1

1

T
X

(t)′
i F (t)[

1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1λjt

[
ε̂(t)(i, j)− ε(t)(i, j)

]
≡

4∑
l=1

Q
(t)
2,21l.
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For Q
(t)
2,211, we have

∥∥∥Q(t)
2,211

∥∥∥ ≤ max
t

∥∥∥∥∥∥ 1

N2

N∑
i,j=1

1

T
X

(t)′
i [F̌ (t) − F (t)H(t)](

1

N
Λ̂′tΛ̂t)

−1λ̂jtε̂
(t)(i, j)

∥∥∥∥∥∥
. max

i,t

∥∥∥∥ 1

T
X

(t)′
i [F̌ (t) − F (t)H̃(t)]

∥∥∥∥max
t

1

N2

N∑
i,j=1

∥∥∥λ̂jtε̂(t)(i, j)
∥∥∥ .

Following the proof of Theorem 3.3(iii) and using Assumption A.7, we can show that 1
TX

(t)′
i [F̌ (t)−F (t)H(t)] =

OP
(
N−1 + (Th)−1 + h2

)
for each (i, t) and maxi,t

∥∥∥ 1
TX

(t)′
i [F̌ (t) − F (t)H(t)]

∥∥∥ = OP
(
(N−1 + (Th)−1) lnT + h2

)
.

Next, note that

1

N2

N∑
i=1

∥∥∥∥∥∥
N∑
j=1

λ̂jtε̂
(t)(i, j)

∥∥∥∥∥∥
≤ 1

N2

N∑
i=1

∥∥∥∥∥∥
N∑
j=1

[λ̂jt −H(t)−1λjt]ε̂
(t)(i, j)

∥∥∥∥∥∥+
∥∥∥H(t)−1

∥∥∥ 1

N2

N∑
i=1

∥∥∥∥∥∥
N∑
j=1

λjtε̂
(t)(i, j)

∥∥∥∥∥∥
.

1

N2

N∑
i=1

∥∥∥∥∥∥
N∑
j=1

[λ̂jt −H(t)−1λjt]ε
(t)(i, j)

∥∥∥∥∥∥+
1

N2

N∑
i=1

∥∥∥∥∥∥
N∑
j=1

[λ̂jt −H(t)−1λjt][ε̂
(t)(i, j)− ε(t)(i, j)]

∥∥∥∥∥∥
+

1

N2

N∑
i=1

∥∥∥∥∥∥
N∑
j=1

λjtε
(t)(i, j)

∥∥∥∥∥∥+
1

N2

N∑
i=1

∥∥∥∥∥∥
N∑
j=1

λjt[ε̂
(t)(i, j)− ε(t)(i, j)]

∥∥∥∥∥∥ ≡
4∑
l=1

a
(t)
l .

For a
(t)
1 , it suffices to consider the rough probability bound:

max
t
a

(t)
1 = max

t

1

N2

N∑
i=1

∥∥∥∥∥∥
N∑
j=1

[λ̂jt −H(t)−1λjt]ε
(t)(i, j)

∥∥∥∥∥∥
≤ max

t

 1

N

N∑
j=1

∥∥∥λ̂jt −H(t)−1λjt

∥∥∥2


1/2 1

N2

N∑
i,j=1

∥∥∥∥∥ 1

T

T∑
s=1

k∗h,stεisεjs

∥∥∥∥∥
2


1/2

= OP ((Th/ lnT )−1/2 + h2)OP (N−1/2 + (Th/ lnT )−1/2),

where we use Theorem 3.5(i) below and the fact that

max
t

1

N2

N∑
i,j=1

∣∣∣∣∣ 1

T

T∑
s=1

k∗h,stεisεjs

∣∣∣∣∣
2

≤ max
t

2

N2

N∑
i,j=1

∣∣∣∣∣ 1

T

T∑
s=1

k∗h,stE (εisεjs)

∣∣∣∣∣
2

+ max
t

2

N2

N∑
i,j=1

∣∣∣∣∣ 1

T

T∑
s=1

k∗h,st[εisεjs − E(εisεjs)]

∣∣∣∣∣
2

≤ max
t

2

T 2

T∑
s=1

k∗h,st

T∑
r=1

k∗h,rt
1

N2

N∑
i,j=1

E (εisεjs)E (εirεjr) + max
t

2

N2

N∑
i,j=1

∣∣∣∣∣ 1

T

T∑
s=1

k∗h,st[εisεjs − E(εisεjs)]

∣∣∣∣∣
2

. N−1 max
s

1

N

N∑
i,j=1

|E (εisεjs)|+OP
(
(Th/ lnT )−1

)
= OP

(
N−1 + (Th/ lnT )−1

)
.
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It is easy to show that

max
t
a

(t)
3

. max
t

1

N2

N∑
i=1

∥∥∥∥∥∥
N∑
j=1

λjt
1

T

T∑
s=1

k∗h,stεisεjs

∥∥∥∥∥∥
≤ max

t

1

N2

N∑
i=1

∥∥∥∥∥∥
N∑
j=1

λjt
1

T

T∑
s=1

k∗h,stE (εisεjs)

∥∥∥∥∥∥+ max
t

1

N2

N∑
i=1

∥∥∥∥∥∥ 1

NT

N∑
j=1

T∑
s=1

λjtk
∗
h,st[εisεjs − E (εisεjs)]

∥∥∥∥∥∥
.

1

N
max
i,s

1

N

N∑
i,j=1

|E (εisεjs)|+OP ((NTh/ lnT )
−1/2

) = OP (N−1 + (NTh/ lnT )
−1/2

).

Similarly, we can show that maxt a
(t)
2 and maxt a

(t)
4 are of order no larger than maxt a

(t)
1 and maxt a

(t)
3 , respec-

tively. Then

max
t

4∑
l=1

a
(t)
l = OP (Th/ lnT +N−1/2h2 + (Th/ lnT )−1/2h2 +N−1 + (NTh/ lnT )

−1/2
)

and maxt

∥∥∥Q(t)
2,211

∥∥∥ = OP
(
(N−1 + (Th)−1) lnT + h2

)
OP (Th/ lnT + N−1/2h2 + (Th/ lnT )−1/2h2 + N−1 +

(NTh/ lnT )
−1/2

) = oP ((NTh)−1/2).

Noting that H(t) 1
N Λ̂′tΛ̂tH

(t)′ − 1
NΛ′tΛt = H(t)( 1

N Λ̂′tΛ̂t − 1
NΛ′tΛt)H

(t)′ = H(t) 1
N (Λ̂t − Λt)

′(Λ̂t − Λt)H
(t)′

+H(t) 1
N (Λ̂t−Λt)

′ΛtH
(t)′+H(t) 1

NΛ′t(Λ̂t−Λt)H
(t)′, it is easy to follow the proof of Theorem 3.3(ii) and using the

uniform consistency of H(t) to show that maxt

∥∥∥H(t) 1
N Λ̂′tΛ̂tH

(t)′ − 1
NΛ′tΛt

∥∥∥ = OP
(
(Th)−1 +N−1 lnT + h2

)
.

This result, in conjunction with the fact that maxt

∥∥∥(H(t)H(t)′)−1 − 1
T F

(t)′F (t)
∥∥∥ = OP

(
(Th)−1 +N−1 lnT + h2

)
established in the proof of Lemma A.11 and the uniform consistency of H(t) and 1

T F
(t)′F (t), implies that∥∥∥∥H(t)(

1

N
Λ̂′tΛ̂t)

−1 − [
1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1H(t)

∥∥∥∥
=

∥∥∥∥[H(t)H(t)′(H(t) 1

N
Λ̂′tΛ̂tH

(t)′)−1 − [
1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1

]
H(t)

∥∥∥∥
≤

∥∥∥∥H(t)H(t)′ − [
1

T
F (t)′F (t)]−1

∥∥∥∥ ∥∥∥∥(H(t) 1

N
Λ̂′tΛ̂tH

(t)′)−1

∥∥∥∥∥∥∥H(t)
∥∥∥

+

∥∥∥∥[
1

T
F (t)′F (t)]−1

∥∥∥∥ ∥∥∥∥(H(t) 1

N
Λ̂′tΛ̂tH

(t)′)−1 − (
1

N
Λ′tΛt)

−1

∥∥∥∥∥∥∥H(t)
∥∥∥ = OP

(
(Th)−1 +N−1 lnT + h2

)
.

Then as in the analysis of Q
(t)
2,211, we can readily show that

max
t

∥∥∥Q(t)
2,212

∥∥∥
. max

t

∥∥∥∥H(t)(
1

N
Λ̂′tΛ̂t)

−1 − [
1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1H(t)

∥∥∥∥ 1

N2

N∑
i=1

∣∣∣∣∣∣
N∑
j=1

λ̂jtε̂
(t)(i, j)

∣∣∣∣∣∣
= OP

(
(Th)−1 +N−1 lnT + h2

)
OP (Th/ lnT +N−1/2h2 + (Th/ lnT )−1/2h2 +N−1 + (NTh/ lnT )

−1/2
)

= oP ((NTh)−1/2).
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Now, we study Q
(t)
2,213. Note that

Q
(t)
2,213 =

1

N

N∑
i=1

1

T
X

(t)′
i F (t)[

1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1H(t) 1

N

N∑
j=1

[
λ̂jt −H(t)−1λjt

]
ε(t)(i, j)

+
1

N2

N∑
i,j=1

1

T
X

(t)′
i F (t)[

1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1H(t)
[
λ̂jt −H(t)−1λjt

]
[ε̂(t)(i, j)− ε(t)(i, j)]

≡ Q
(t)
2,213a +Q

(t)
2,213b.

Following the proof of Theorem 3.3(ii) and using the fact that maxi 6=j maxt

∣∣∣ 1
T

∑T
s=1 k

∗
h,stεisεjs

∣∣∣= OP ((Th/ lnT )−1/2),

we can readily show that uniformly in t and i,

1

N

N∑
j=1

[
λ̂jt −H(t)−1λjt

]
ε(t)(i, j)

=
1

N

N∑
j=1

D1 (j, t)
1

T

T∑
s=1

k∗h,stεisεjs + oP ((NTh)−1/2)

=
1

NT 2
H(t)′

N∑
j=1

T∑
r=1

k∗h,rtFrεjr

T∑
s=1

k∗h,stεisεjs + oP ((NTh)−1/2) = H(t)′b
(t)
i + oP ((NTh)−1/2),

where b
(t)
i = 1

NT 2

∑N
j=1

∑T
r=1

∑T
s=1 k

∗
h,stk

∗
h,rtFrεjrεisεjs. Note that

max
i,t

∥∥∥b(t)i ∥∥∥ ≤ max
i,t

1

NT 2

N∑
j=1

T∑
r=1

T∑
s=1

k∗h,rtk
∗
h,st |E(Frεjrεisεjs)|

+ max
i,t

∥∥∥∥∥∥ 1

NT 2

N∑
j=1

T∑
r=1

T∑
s=1

k∗h,rtk
∗
h,st[Frεjrεisεjs − E(Frεjrεisεjs)]

∥∥∥∥∥∥
. N−1T−1h−2 max

i

1

T

N∑
j=1

T∑
r=1

T∑
s=1

|E(Frεjrεisεjs)|

+ max
i,t

∥∥∥∥∥∥ 1

NT 2

N∑
j=1

T∑
r=1

T∑
s=1

k∗h,rtk
∗
h,st[Frεjrεisεjs − E(Frεjrεisεjs)]

∥∥∥∥∥∥
= O(N−1T−1h−2) +OP (N−1/2T−1h−1(lnT )1/2) = oP ((NTh)−1/2).

Then maxi,t
1
N

∑N
j=1

[
λ̂jt −H(t)−1λjt

]
ε(t)(i, j) = 1

N

∑N
j=1

[
λ̂jt −H(t)−1λjt

]
ε(t)(i, j). With this, we can readily

show that maxt

∥∥∥Q(t)
2,213a

∥∥∥ = oP ((NTh)−1/2). Noting that

ε̂(t)(i, j)− ε(t)(i, j) =
1

T

T∑
s=1

[ε̂
(t)
is ε̂

(t)
js − ε

(t)
is ε

(t)
js ]

=
1

T

T∑
s=1

{[ε̂(t)
is − ε

(t)
is ][ε̂

(t)
js − ε

(t)
js ] + [ε̂

(t)
is − ε

(t)
is ]ε

(t)
js + ε

(t)
is [ε̂

(t)
js − ε

(t)
js ]} ≡

3∑
l=1

c
(t)
l,ij ,
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we have

Q
(t)
2,213b =

1

N2

N∑
i,j=1

1

T
X

(t)′
i F (t)[

1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1H(t)
[
λ̂jt −H(t)−1λjt

]
[ε̂(t)(i, j)− ε(t)(i, j)]

=

3∑
l=1

1

N2

N∑
i,j=1

1

T
X

(t)′
i F (t)[

1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1H(t)
[
λ̂jt −H(t)−1λjt

]
c
(t)
l,ij ≡

3∑
l=1

Q
(t)
2,213 (l) .

Using

ε̂
(t)
is − ε

(t)
is

= −X(t)′
is δ̂s − (F̌ (t)

s −H(t)′F (t)
s )′H(t)−1λ

(t)
is − (F̌ (t)

s −H(t)′F (t)
s )′(λ̂is −H(t)−1λis)− F (t)′

s H(t)(λ̂is −H(t)−1λis)

≡
4∑
l=1

e
(t)
is (l) ,

we can readily show that

max
i,j,t

∣∣∣∣∣ 1

T

T∑
s=1

[ε̂
(t)
is − ε

(t)
is ]ε

(t)
js

∣∣∣∣∣
≤ max

i,j,t

∣∣∣∣∣ 1

T

T∑
s=1

ε
(t)
jsX

(t)′
is δ̂s

∣∣∣∣∣+ max
i,j,t

∣∣∣∣∣ 1

T

T∑
s=1

(F̌ (t)
s −H(t)′F (t)

s )′H(t)−1λε
(t)
js

∣∣∣∣∣
+ max

i,j,t

∣∣∣∣∣ 1

T

T∑
s=1

(F̌ (t)
s −H(t)′F (t)

s )′(λ̂is −H(t)−1λis)ε
(t)
js

∣∣∣∣∣+ max
i,j,t

∣∣∣∣∣ 1

T

T∑
s=1

F (t)′
s H(t)(λ̂is −H(t)−1λis)ε

(t)
js

∣∣∣∣∣
= OP

(
(N−1 + (Th)−1) lnT + h4

)
and similarly,

max
t

1

T

T∑
s=1

∥∥∥∥∥ 1

NT

N∑
i=1

[ε̂
(t)
is − ε

(t)
is ]ω′X

(t)′
i F (t)

∥∥∥∥∥
= max

t

1

T

T∑
s=1

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
r=1

k∗h,rt[ε̂
(t)
is − ε

(t)
is ]ω′XirFr

∥∥∥∥∥ = OP
(
(N−1 + (Th)−1) lnT + h2

)
.

With the first result, it is easy to show that maxt

∥∥∥Q(t)
2,213b (l)

∥∥∥ = oP ((NTh)−1/2) for l = 1, 2, 3. Then

maxt

∥∥∥Q(t)
2,213b

∥∥∥ = oP ((NTh)−1/2) and maxt

∥∥∥Q(t)
2,213

∥∥∥ = oP ((NTh)−1/2).

For Q
(t)
2,214, we have

Q
(t)
2,214 =

1

N2

N∑
i,j=1

1

T
X

(t)′
i F (t)[

1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1λjt

[
ε̂(t)(i, j)− ε(t)(i, j)

]

=

3∑
l=1

1

N2

N∑
i,j=1

1

T
X

(t)′
i F (t)[

1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1λjtc
(t)
l,ij ≡

3∑
l=1

Q
(t)
2,214 (l) .

We can show that maxt

∥∥∥Q(t)
2,214

∥∥∥ = oP ((NTh)−1/2) by showing that maxt

∥∥∥Q(t)
2,214 (l)

∥∥∥ = oP ((NTh)−1/2) for
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l = 1, 2, 3. For example, note that

max
t

∣∣∣ω′Q(t)
2,214 (2)

∣∣∣
= max

t

∣∣∣∣∣∣tr
[

1

T
F (t)′F (t)]−1(

1

N
Λ′tΛt)

−1 1

T

T∑
s=1

1

N

N∑
j=1

λjtε
(t)
js

1

N

N∑
i=1

[ε̂
(t)
is − ε

(t)
is ]

1

T
ω′X

(t)′
i F (t)

∣∣∣∣∣∣
. max

t

∥∥∥∥∥∥ 1

N2T 2

T∑
s=1

T∑
r=1

N∑
j=1

k∗h,rtλjtε
(t)
js

N∑
i=1

[ε̂
(t)
is − ε

(t)
is ]ω′XirFr

∥∥∥∥∥∥
≤

4∑
l=1

max
t

∥∥∥∥∥∥ 1

N2T 2

T∑
s=1

T∑
r=1

N∑
j=1

k∗h,rtλjtε
(t)
js

N∑
i=1

e
(t)
is (l)ω′XirFr

∥∥∥∥∥∥ ≡
4∑
l=1

El,

and we can show that El = oP ((NTh)−1/2 for l = 1, 2, 3, 4. In sum, we have maxt

∥∥∥Q(t)
2,21

∥∥∥ = oP ((NTh)−1/2).

Now, we consider the Q
(t)
2,22 term. The only difference between Q

(t)
2,21 and Q

(t)
2,22 is that X

(t)
i is replaced by V̂

(t)
i .

The proof will be virtually the same if V̂
(t)
i is substituted by V

(t)
i . It is easy to argue that this substitution does

not cause any difficulty in the analysis of Q
(t)
2,22. To see this, note that V̂

(t)
i −V

(t)
i = N−1

∑N
k=1(â

(t)
ik − a

(t)
ik )X

(t)
k ,

where

â
(t)
ik − a

(t)
ik = [λ̂it −H(t)−1λit]

′(N−1Λ̂′tΛ̂t)
−1λ̂kt + λ′itH

(t)′−1
[
(N−1Λ̂′tΛ̂t)

−1 −H(t)′(N−1Λ′tΛt)
−1H(t)

]
λ̂kt

+ λ′it(N
−1Λ′tΛt)

−1H(t)(λ̂kt −H(t)−1λkt). (A.11)

Using Theorem 3.5(ii) below, we can readily show that maxi,k,t

∣∣∣â(t)
ik − a

(t)
ik

∣∣∣ = OP ((Th/ lnT )−1/2 + h2), which

implies that maxi,s,t

∣∣∣V̂ (t)
is − V

(t)
is

∣∣∣ = OP ((Th/ lnT )−1/2 +h2). Using the above decomposition, we can also argue

that

max
t

∥∥∥∥∥∥ 1

N2

N∑
i=1

N∑
j=1

1

T
(V̂

(t)
i − V (t)

i )′F (t)(
1

T
F (t)′F (t))−1(

1

N
Λ′tΛt)

−1λjt
1

T

T∑
s=1

ε
(t)
is ε

(t)
js

∥∥∥∥∥∥ = oP ((NTh)−1/2)

and similarly for other differences arising by replacing V
(t)
i by V̂

(t)
i . Then maxt

∥∥∥Q(t)
2,22

∥∥∥ = oP ((NTh)−1/2) and

maxt

∥∥∥Q(t)
2,2

∥∥∥ = oP ((NTh)−1/2).

Now, we consider the Q
(t)
2,3 term. Note that B̂

(t)
2β is analogous to B̂3NT defined in Su and Ju (2018, SJ

hereafter) and the only difference is that both the residual ε̂
(t)
ir and the regressor X

(t)
i,s are now kernel-weighted

in this paper and they are non-weighted in SJ. Following the proof of consistency of B̂3NT in that of Corollary

3.9 of SJ, we can a,so show that maxt

∥∥∥Q(t)
2,3

∥∥∥ = maxt
1
Th

∥∥∥B(t)
2β − B̂

(t)
2β

∥∥∥ = oP
(
(NTh)−1/2

)
.

In sum, we have shown that maxt

∥∥∥Q(t)
2

∥∥∥ = oP ((NTh)−1/2).

Note that B̂
(t)
4β is analogous to B̂1NT defined in SJ. There are two main differences: 1) both the residual ε̂

(t)
ir

and the regressor X
(t)
i,s are now kernel weighted while they are non-weighted in SJ, and 2) the definitions in SJ

use the fact that the error terms are serially uncorrelated conditional on the common sigma-field C while we do

not assume so. Despite these differences, we can follow SJ’s proofs of Corollary 3.9 closely and show that

max
t

∥∥∥Q(t)
4

∥∥∥ = max
t

1

Th

∥∥∥B(t)
4β − B̂

(t)
4β

∥∥∥ = oP ((NTh)−1/2).
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By Lemma A.7, Q
(t)
3 = 1

NT

∑N
i=1 Z̃

(t)′
i ∆

(t)
i = B

(t)
1β + oP

(
(NTh)−1/2

)
. It is easy to show that maxt

∥∥∥B(t)
1β

∥∥∥ =

OP (h2) = OP ((NTh/ lnT )−1/2) when h = O((NT )−1/5).

It follows that maxt

∥∥∥β̂bct − β̂t∥∥∥ = OP ((NTh/ lnT )−1/2) and
√
NTh(β̂

bc

t − β̂t− [D(t)
(
F (t)

)
]−1B

(t)
1β ) is asymp-

totically normal with mean zero and variance-covariance matrix given in Theorem 3.2. �

Proof of Theorem 3.5. Given the fast convergence rate of β̂
bc

t in Theorem 3.4, the proof is almost the same

as that of Theorem 2.5 in Su and Wang (2020) and is thus omitted. �

Proof of Theorem 3.6. The proof is almost the same as that of Theorem 3.6 in Su and Wang (2017), and

is thus omitted. �

B Proofs of Theorems in Section 4

To prove Theorems 4.1 and 4.3, we need the following lemma from Su and Chen (2013, Lemma A.5). It is also

a conditional version of Lemma 2.1 in Sun and Chiang (1997).

Lemma B.1 Let {ξt, t ≥ 1} be an l-dimensional strong mixing process conditional on C with mixing coeffi-

cient αC (·) and distribution function Ft (·|C) . Let the integers (t1, ..., tm) be such that 1 ≤ t1 < t2 < · · · <
tm ≤ T. Suppose that max{

∫
|ϑ (v1, ..., vm)|1+η̃

dFt1,...,tm (v1, ..., vm|C) ,
∫
|θ (v1, ..., vm)|1+η̃

dFt1,...,tj (v1, ..., vj |C)
dFtj+1,...,tm (vj+1, ..., vm|C)} ≤ CC(t1, ..., tm) for some η̃ > 0 , where, e.g., Ft1,...,tm (v1, ..., vm|C) denotes the

distribution function of
(
ξt1 , ..., ξtm

)
given C. Then∣∣∣∣∫ θ (v1, ..., vm) dFt1,...,tm (v1, ..., vm|C)−

∫
θ (v1, ..., vm) dF

(1)
t1,...,tj (v1, ..., vj |C) dFtj+1,...,tm (vj+1, ..., vm)

∣∣∣∣
≤ 4CC (t1, ..., tm)

1/(1+η̃)
αC (tj+1 − tj)η̃/(1+η̃)

.

Proof of Theorem 4.1 (i) For the convenience of proving Theorem 4.3 below, we prove that under H(1)
A (a1NT )

with a1NT = N−1/4T−1/2h−1/4, we have

J
(1)
NT = TN1/2h1/2M̂ (1) − B(1)

NT −Π(1) d→ N(0,V(1)
0 ).

Noting that λ̂
′
itF̂t = (λ̂it−H(t)−1λit)

′H(t)′Ft+λ′it(H
(t)−1)′(F̂t−H(t)′Ft)+(λ̂it−H(t)−1λit)

′(F̂t−H(t)′Ft)+

λ′itFt and λ̃
′
i0F̃t = (λ̃i0−H−1λi0)′H ′Ft +λ′i0

(
H−1

)′
(F̃t−H ′Ft) + (λ̃i0−H−1λi0)′(F̃t−H ′Ft) +λ′i0Ft, we have

λ̂
′
itF̂t − λ̃

′
i0F̃t = d1it + d2it + d3it, where

d1it = F ′tH
(t)(λ̂it −H(t)−1λit)− F ′tH(λ̃i0 −H−1λi0) + λ′it(H

(t)−1)′(F̂t −H(t)′Ft)− λ′i0(H−1)′(F̃t −H ′Ft),
d2it = (λit − λi0)

′
Ft, and

d3it = (λ̂it −H(t)−1λit)
′(F̂t −H(t)′Ft)− (λ̃i0 −H−1λi0)′(F̃t −H ′Ft).

Let d4it = X ′it(β̂
bc

t − β̃). Then

TN1/2h1/2M̂ (1) = N−1/2h1/2
N∑
i=1

T∑
t=1

[d1it + d2it + d3it + d4it]
2

= N−1/2h1/2
N∑
i=1

T∑
t=1

[
d2

1it + d2
2it + d2

3it + 2d1itd2it + 2d1itd3it + 2d2itd3it + d2
4it + 2d1itd4it + 2d2itd4it + 2d3itd4it

]
≡M1 +M2 +M3 + 2M4 + 2M5 + 2M6 +M7 + 2M8 + 2M9 + 2M10.
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The terms M1 to M6 have been analyzed by Su and Wang (2017, 2020). Following their analyses, we can also

show that M2 = Π
(1)
2 +oP (1), and Mj = oP (1) for j = 3, 4, 5, 6. It remains to show that (i1) M1−B(1)

NT −Π
(1)
1

d→
N(0,V(1)

0 ), (i2) M7 = Π
(1)
3 + oP (1), and (i3) Mj = oP (1) for j = 8, 9, 10.

First, we show (i1). The asymptotic bias and variance of M1 are different from that of the corresponding

object in Su and Wang (2017) because we do not have the m.d.s. assumption on the error term. As in Su and

Wang (2017), let Lst = k∗h,stH
(t)H(t)′ −HH ′ and L̄st = (k∗h,st − 1)H0H

′
0, where H0 is the probability limit of

both H(t) and H under the local alternative. By Lemma B.1(ii) and B.2(vi) in Su and Wang (2017),

max
t

∥∥∥H(t) −H0

∥∥∥ = OP (C−1
NT (lnT )

1/2
) and ‖H −H0‖ = OP (N−1/2 + T−1/2). (B.1)

Following their analysis, we can show that the leading term in d1it is given by d1it,1 + d1it,2 such that M1 =

M1,1 +M1,2 + oP (1) , where d1it,1 ≡ F ′t 1
T

∑T
s=1 LstFsεis, d1it,2 ≡ a1NT [F ′tHH

′ 1
T

∑T
s=1 Fsg

†
is + λ′i0

(
H−1

)′
V −1
NT

×( 1
T F̃
′F )Λ′0g

†
t /N ], and M1,l = N−1/2h1/2

∑N
i=1

∑T
t=1 d

2
1it,l for l = 1, 2. Following Su and Wang (2017), we can

show that M1,2 = Π
(1)
1 + oP (1) . Let L̄st = (k∗h,st − 1)H0H

′
0. For M1,1, we can decompose it as follows:

M1,1 =
h1/2

N1/2T 2

N∑
i=1

T∑
t,s,r=1

F ′tLstFsF
′
rL
′
rtFtεisεir

=
h1/2

N1/2T 2

N∑
i=1

T∑
t,s,r=1

{
F ′tLstFsF

′
rL
′
rtFtEC(εi,sr) + F ′t L̄stFsF

′
rL̄
′
rtF ε̃i,sr

+2F ′t (Lst − L̄st)FsF ′rL̄rtFtε̃i,sr + F ′t (Lst − L̄st)FsF ′r(Lrt − L̄rt)′Ftε̃i,sr
}
≡

4∑
`=1

M
(`)
1,1 ,

where εi,sr ≡ εisεir and ε̃i,sr = εisεir − EC(εisεir). Note that M
(1)
1,1 = B(1)

NT . Following the analysis of M
(2)
1,1

below, we can readily show that M
(l)
1,1 = oP (1) for l = 3, 4. For M

(2)
1,1 , we can further decompose it as follows

M
(2)
1,1 =

h1/2

N1/2T

N∑
i=1

T∑
s,r=1

tr{FsF ′r
1

T

T∑
t=1

L̄′rtFtF
′
t L̄st}ε̃i,sr

=
h1/2

N1/2T

N∑
i=1

T∑
s,r=1

1

T

T∑
t=1

tr
{
FsF

′
rH0H

′
0

(
k∗h,stk

∗
h,rt − 2kh,st + 1

)
FtF

′
tH0H

′
0

}
ε̃i,sr

≡ M
(2,1)
1,1 − 2M

(2,2)
1,1 +M

(2,3)
1,1 , say.

We will show that M
(2,1)
1,1 is OP (1) and contributes to the asymptotic variance and similar analyses show that

M
(2,2)
1,1 and M

(2,3)
1,1 are both OP

(
h1/2

)
. Let ξh,sr ≡ F ′rH0H

′
0

1
T

∑T
t=1 k

∗
h,stk

∗
h,rtFtF

′
tH0H

′
0Fs. Note that ξh,sr is

C-measurable and

M
(2,1)
1,1 =

N∑
i=1

h1/2

N1/2T

T∑
s,r=1

ξh,sr ε̃i,sr ≡
N∑
i=1

ZNT,i,

where ZNT,i = h1/2

N1/2T

∑T
s,r=1 ξh,sr ε̃i,sr. By the CLT for independent but non-identically distributed variables

(conditional on C), it suffices to prove V−1/2
NT M

(2,1)
1,1

d→ N(0, 1) by showing that

Z ≡
N∑
i=1

EC
(
Z4
NT,i

)
= oP (1) and

N∑
i=1

Z2
NT,i − V(1)

NT = oP (1) . (B.2)
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First, we verify the first part of (B.2). Note that

Z ≤ 16h2

N2T 4

N∑
i=1

EC

[
T∑
s=1

ξh,ssε̃i,ss

]4

+
256h2

N2T 4

N∑
i=1

EC

 ∑
1≤s<r≤T

ξh,sr ε̃i,sr

4

≡ 16Z1 + 256Z2.

For Z1, we have

Z1 =
h2

N2T 4

N∑
i=1

∑
sl∈[T ],l=1:4

ξh,s1s1ξh,s2s2ξh,s3s3ξh,s4s4EC(ε̃i,s1s1 ε̃i,s2s2 ε̃i,s3s3 ε̃i,s4s4)

.
h2

N2T 4

N∑
i=1

 T∑
s=1

ξ4
h,ssEC(ε̃

4
i,ss) +

∑
1≤s1 6=s2≤T

ξ2
h,s1s1ξ

2
h,s2s2EC(ε̃

2
i,s1s1 ε̃

2
i,s2s2)

+
∑

1≤s1 6=s2≤T

ξ3
h,s1s1ξh,s2s2EC(ε̃

3
i,s1s1 ε̃i,s2s2) +

∑
1≤s1 6=s2 6=s3≤T

ξ2
h,s1s1ξh,s2s2ξh,s3s3EC(ε̃

2
i,s1s1 ε̃i,s2s2 ε̃i,s3s3)

+
∑

1≤s1 6=s2 6=s3 6=s4≤T

ξh,s1s1ξh,s2s2ξh,s3s3ξh,s4s4EC(ε̃i,s1s1 ε̃i,s2s2 ε̃i,s3s3 ε̃i,s4s4)


≡ Z1,1 + Z1,2 + Z1,3 + Z1,4 + Z1,5.

By straightforward moment calculations, we can show that Z1,1 = OP (N−1T−3h−1), Z1,2 = OP (N−1T−2),

Z1,3 = OP (N−1T−2), Z1,4 = OP (N−1T−1h) and Z1,5 = OP (N−1h2). It follows that Z1 = oP (1) . Next,

Z2 =
h2

N2T 4

N∑
i=1

EC

 ∑
1≤s<r≤T

ξh,sr ε̃i,sr

4

≤ 16h2

N2T 4

N∑
i=1

EC

 ∑
1≤s<r≤T

ξh,srεi,sr

4

+
16h2

N2T 4

N∑
i=1

 ∑
1≤s<r≤T

ξh,srEC(εi,sr)

4

≡ 16(Z2,1 + Z2,2).

We first consider Z2,1 = h2

N2T 4

∑N
i=1

∑
sl,rl∈[T ], sl<rl,l=1:4 ξh,s1r1ξh,s2r2ξh,s3r3ξh,s4r4EC(εi,s1r1εi,s2r2εi,s3r3εi,s4r4).

For the summation over sl and rl, l ∈ [4], in the last expression, we consider seven cases depending on the

cardinality (#) of the set S ≡ {s1, r1, ..., s4, r4} : #S = 8, 7, 6, 5, 4, 3, 2, and write Z2 =
∑7
l=1Z2,l, where

Z2,1l =
h2

N2T 4

N∑
i=1

∑
sr,rr∈[T ], sr<rr,r=1:4,#S=9−l

ξh,s1r1ξh,s2r2ξh,s3r3ξh,s4r4EC(εi,s1r1εi,s2r2εi,s3r3εi,s4r4 for l ∈ [7].

We will show Z2,11 = oP (1) as the other cases are similar or simpler. Now, we can rewrite Z2,11 as follows

Z2,11 =
h2

N2T 4

N∑
i=1

∑
s1,...,s8∈[T ], s1,...,s8 are distinct

ξh,s1s2ξh,s3s4ξh,s5s6ξh,s7s8EC(εis1εis2 ...εis8).

Let 1 ≤ r1 < r2 < · · · < r8 ≤ T be the permutation of s1, s2, ..., s8 in descending order and let dc be the c-th

largest difference among rj+1−rj , j ∈ [7]. For notational simplicity, let Li (r1, ..., r8) = ξh,s1s2ξh,s3s4ξh,s5s6ξh,s7s8
×EC(εis1εis2 ...εis8). Note that ξh,sr . ‖Fr‖ ‖Fs‖h−1k∗∗( s−rh ), where k∗∗ (·) is the 2-fold convolution kernel of
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k∗ (·) . Then by Lemma B.1 (with η̃ = η/2)

h2

N2T 4

N∑
i=1

∑
1≤r1<···<r8≤T , r2−r1=d1

|Li (r1, ..., r8)|

≤ 4MNTh
2

N2T 4

N∑
i=1

T−7∑
r1=1

T−6∑
r2=r1+maxj≥3{rj−rj−1}

T−5∑
r3=k2+1

· · ·
T∑

r8=r7+1

∣∣ξh,s1s2ξh,s3s4ξh,s5s6ξh,s7s8∣∣ [αC (r2 − r1)]
η

2+η

. max
r
‖Fr‖7 h−4 4MNTh

2

NT 4

T−7∑
r1=1

T−6∑
r2=r1+maxj≥3{rj−rj−1}

‖Fr1‖ (r2 − r1)
6

[αC (r2 − r1)]
η

2+η

.
T 7/(8+4η)h−2

NT 3

∞∑
r=1

r6 [αC (r)]
η

2+η = OP (N−1T−3+7/(8+4η)h−2) = oP (1) ,

whereMNT = [maxi,tEC(|εit|8+4η
)]η/(2+η) = OP (1) . Similarly, h2

N2T 4

∑N
i=1

∑
1≤r1<···<r8≤T , r8−r7=d1

|Li (r1, ..., r8)|
= oP (1) . If for some lα with 2 ≤ lα ≤ 6 and 1 ≤ α ≤ 4, rlα+1 − rlα = dα, then we can show that

h2

N2T 4

N∑
i=1

∑
1≤r1<···<r8≤T , rlα+1−rlα=dα, 2≤lα≤6,1≤α≤4

|Li (r1, ..., r8)|

.
maxr ‖Fr‖6 h−1

NT 2

∞∑
r=1

r5α
η

2+η (r) +
maxr ‖Fr‖5

NT

∞∑
r=1

r4α
η

2+η (r) +
maxr ‖Fr‖4 h

N

∞∑
r=1

r3α
η

2+η (r)

= OP (N−1T−2+6/(8+4η)h−1) +OP (N−1T−1+5/(8+4η)) +OP (N−1T 1/(2+η)h) = oP (1) .

In sum, Z2,11 = oP (1) . Analogously, Z2,1l = oP (1) for l = 2, ..., 7. It follows that Z2,1 = oP (1) . For Z2,2, in

view of the fact that ξh,sr ≡ F ′rH0H
′
0

1
T

∑T
t=1 k

∗
h,stk

∗
h,rtFtF

′
tH0H

′
0Fs and k̄∗h,sr = 1

T

∑T
t=1 k

∗
h,stk

∗
h,rt

1

T

∣∣∣∣∣∣
∑

1≤s<r≤T

ξh,srEC(εi,sr)

∣∣∣∣∣∣
� 1

T

∣∣∣∣∣∣
∑

1≤s<r≤T

F ′rH0H
′
0ΣFH0H

′
0Fs

1

T

T∑
t=1

k∗h,stk
∗
h,rtEC(εi,sr)

∣∣∣∣∣∣
=

1

T

∣∣∣∣∣∣
∑

1≤s<r≤T

k̄∗h,srF
′
rH0H

′
0ΣFH0H

′
0FsEC(εi,sr)

∣∣∣∣∣∣ . 1

T

T∑
s=1

T∑
r=1

k̄∗h,sr

(
‖Fr‖2 + ‖Fs‖2

)
|EC(εi,sr)|

.
1

T

T∑
r=1

max
s
k̄∗h,sr ‖Fr‖

2
T∑
s=1

|EC(εi,sr)| . max
i,r

T∑
s=1

|EC(εisεir)|
1

T

T∑
r=1

max
s
k̄∗h,sr ‖Fr‖

2
= OP (1),

we have Z2,2 = h2

N2

∑N
i=1

[
1
T

∑
1≤s<r≤T ξh,srEC(εi,sr)

]4
= OP (N−1h2) = oP (1). Consequently, Z2 = oP (1) and

Z = oP (1) .

Now, we verify the second part of (B.2). It suffices to show that (I)
∑N
i=1EC

(
Z2
NT,i

)
= VNT + oP (1) , and

(II) VarC

(∑N
i=1 Z

2
NT,i

)
= oP (1) by conditional Chebyshev inequality. (I) follows because

N∑
i=1

EC
(
Z2
NT,i

)
=

h

NT 2

N∑
i=1

EC

(
T∑

s,r=1

ξh,sr ε̃i,sr

)2
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=
h

N

N∑
i=1

EC

(
1

T

T∑
s,r=1

ξh,srεisεir

)2

− h

N

N∑
i=1

(
1

T

T∑
s,r=1

ξh,srEC(εisεir)

)2

= V(1)
NT − oP (1) .

(II) follows because

VarC

(
N∑
i=1

Z2
NT,i

)
=

N∑
i=1

VarC
(
Z2
NT,i

)
=

h2

N2T 4

N∑
i=1

E

VarC

(
T∑

s,r=1

ξh,sr ε̃i,sr

)2
 ≤ h2

N2T 4

N∑
i=1

EC

∣∣∣∣∣
T∑

s,r=1

ξh,sr ε̃i,sr

∣∣∣∣∣
4

= oP (1) .

In sum, we have shown that M
(2)
1,1 − B(1)

NT
d→ N (0,V0) and M1 − B(1)

NT −Π
(1)
1

d→ N(0,V(1)
0 ).

Now, we show (i2) and (i3). Note that

d4it = X ′it(β̂
bc

t − β̃) = X ′it(β̂
bc

t − βt)−X ′it(β̃ − β0) +X ′it (βt − β0) .

Apparently, X ′it (βt − β0) = 0 under H(1)
0 , and X ′it (βt − β0) = a1NTX

′
itg0t under H(1)

A (a1NT ). Then, we can

further decompose M7 as follows

M7 = N−1/2h1/2
N∑
i=1

T∑
t=1

d2
4it

= N−1/2h1/2
N∑
i=1

T∑
t=1

{
[X ′it(β̂

bc

t − βt)]2 + [X ′it(β̃ − β0)]2 + [X ′it(βt − β0)]
2

−2X ′it(β̂
bc

t − βt)(β̃ − β0)′Xit + 2X ′it(β̂
bc

t − βt)(βt − β0)′Xit − 2X ′it(β̃ − β0)(βt − β0)′Xit

}
≡M7,1 +M7,2 +M7,3 − 2M7,4 + 2M7,5 − 2M7,6.

By Theorem 3.4(ii), we have maxt

∥∥∥β̂bct − βt∥∥∥ = OP ((NTh/ lnT )−1/2). Following the proof of Lemma A.1 in

Su and Chen (2013), we can show that under H(1)
A (a1NT ),

β̃ − β0 = a1NTD (F )
−1
πNT + oP (a1NT ) , (B.3)

where D (F ) is defined in Section 4.4. Let πNT = (πNT,1, ..., πNT,P )′, πNT,p = 1
NT tr(MFXpMΛ0

∆′0) for

p = 1, ..., P, and ∆0 is a T ×N matrix with (t, i)th element given by X ′itg0t. With these results, we can readily

show that M7,1 = OP ((Nh)−1/2 lnT ) = oP (1),

M7,2 =
1

NT

N∑
i=1

T∑
t=1

[
X ′itD (F )

−1
πNT

]2
+ oP (1) , M7,3 =

1

NT

N∑
i=1

T∑
t=1

[X ′itg0t]
2
, and

M7,6 =
1

NT

N∑
i=1

T∑
t=1

X ′itD (F )
−1
πNT g

′
0tXit + oP (1) .

Then M7,4 ≤ {M7,1M7,2}1/2 = oP (1) and M7,5 ≤ {M7,1M7,3}1/2 = oP (1) by CS inequality. Consequently, we

have

M7 = M7,2 +M7,3 − 2M7,6 + oP (1)

=
1

NT

N∑
i=1

T∑
t=1

[
X ′it(g0t −D (F )

−1
πNT )

]2
+ oP (1) = Π

(1)
3 + oP (1) .
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Similarly, we can show that Ml = oP (1) for l = 8 and 9. For M10, we have M10 ≤ {M3M4}1/2 = oP (1) by CS

inequality.

In sum, we have shown that J
(1)
NT ≡ TN1/2h1/2M̂ (1) − B(1)

NT −Π(1) d→ N(0,V(1)
0 ), where Π(1) =

∑3
`=1 Π

(1)
` .

(ii) As in the proof of (i), we prove that under H(2)
A (a2NT ) : βt = β0 +a2NT g0t with a2NT = (NT )−1/2h−1/4,

we have J
(2)
NT = TNh1/2M̂ (2) − B(2)

NT
d→ N(0,V(2)

0 ). First, we decompose TNh1/2M̂ (2) as follows:

TNh1/2M̂ (2) = Nh1/2
T∑
t=1

∥∥∥(β̂
bc

t − βt)− (
¯̂
βbc − βt)

∥∥∥2

= Nh1/2
T∑
t=1

{∥∥∥β̂bct − βt∥∥∥2

+
∥∥∥¯̂
βbc − βt

∥∥∥2

− 2(β̂
bc

t − βt)′(
¯̂
βbc − βt)

}
≡ A1 +A2 − 2A3.

Following the proofs of Theorems 3.2 and 3.4, we can argue that β̂
bc

t −βt = [D(t)(F (t))]−1 1
NT

∑N
i=1

∑T
s=1 X

(t)
is ε

(t)
is +

Rβ(t) and Rβ(t) = oP (a2NT ) uniformly in t under H(2)
A (a2NT ) under the additional bandwidth condition

NTh9/2 = o(1). For A1, we have

A1 = Nh1/2
T∑
t=1


∥∥∥∥∥[D(t)(F (t))]−1 1

NT

N∑
i=1

T∑
s=1

X
(t)
is ε

(t)
is

∥∥∥∥∥
2

+ ‖Rβ(t)‖2 + 2

[
[D(t)(F (t))]−1 1

NT

N∑
i=1

T∑
s=1

X
(t)
is ε

(t)
is

]′
Rβ(t)


≡ A1,1 +A1,2 + 2A1,3.

We will show that the first term is the leading term, while the second and third terms are higher order terms.

Before that, we first analyze the X
(t)
is term in detail. Note that the (s, r)th element of MF (t) is

[MF (t) ]s,r = 1 {s = r} − T−1F (t)′
s [T−1F (t)′F (t)]−1F (t)

r = 1 {s = r} − T−1b(t)sr ,

and the (i, j)th element of MΛt is given by [MΛt ]i,j = 1 {i = j} − N−1a
(t)
ij , where a

(t)
ij = λ′it(Λ

′
tΛt/N)−1λjt

and b
(t)
sr = F

(t)′
s (T−1

∑T
l=1 F

(t)′
l F

(t)
l )−1F

(t)
r . Let b̄

(t)
sr = F ′s[T

−1
∑T
l=1 k

∗
h,ltFlF

′
l ]
−1Fr. The (s, i)th element of the

T ×N matrix X(t) is given by

X
(t)
is =

N∑
j=1

T∑
r=1

k
∗1/2
h,rt [MF (t) ]s,rEC(Xjr) [MΛt ]j,i + [X

(t)
is − EC(X

(t)
is )]

=

N∑
j=1

T∑
r=1

k
∗1/2
h,rt

[
1 (s = r)− T−1b(t)sr

]
EC(Xjr)

[
1 (i = j)−N−1a

(t)
ij

]
+ [X

(t)
is − EC(X

(t)
is )]

= X
(t)
is −

1

N

N∑
j=1

k
∗1/2
h,st EC(Xjr)a

(t)
ij −

1

T

T∑
r=1

k
∗1/2
h,rt b

(t)
sr EC(Xjr) +

1

NT

N∑
j=1

T∑
r=1

k
∗1/2
h,rt b

(t)
sr EC(Xjr)a

(t)
ij

= k
∗1/2
h,st

Xis −
1

N

N∑
j=1

EC(Xjs)a
(t)
ji −

1

T

T∑
r=1

k∗h,rtb̄
(t)
sr EC(Xjr) +

1

NT

T∑
r=1

N∑
j=1

k∗h,rtb̄
(t)
sr a

(t)
ji EC(Xjr)


≡ k∗1/2h,st X

(t)
is .

For A1,1, we can readily show that

A1,1 = Nh1/2
T∑
t=1

1

N2T 2

N∑
i,j=1

T∑
s,r=1

ε
(t)
is ε

(t)
jr X

(t)′
is D(t)X

(t)
jr
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=
h1/2

NT 2

T∑
t=1

N∑
i=1

T∑
s,r=1

k∗h,stk
∗
h,rtεisεirX

(t)′
is D(t)X

(t)
ir +

2h1/2

NT 2

∑
1≤j<i≤N

T∑
t=1

T∑
s=1

k∗2h,stεisεjsX
(t)′
is D(t)X (t)

js

+
2h1/2

NT 2

∑
1≤j<i≤N

T∑
t=1

∑
s 6=r

k∗h,stk
∗
h,rtεisεjrX

(t)′
is D(t)X (t)

jr ≡
3∑
`=1

A1,1`,

where D(t) = [D(t)(F (t))]−1[D(t)(F (t))]−1 and
∑
s6=r =

∑
1≤s6=r≤T . We will show that A1,11 and A1,12 contribute

to the asymptotic bias and A1,13 contributes the asymptotic variance. Apparently,

A1,11 =
h1/2

NT 2

N∑
i=1

T∑
t=1

T∑
s,r=1

k∗h,stk
∗
h,rtεisεirX

(t)′
is D(t)X (t)

ir = B(2)
1,NT and

A1,12 =
2h1/2

NT 2

∑
1≤j<i≤N

T∑
t=1

T∑
s=1

k∗2h,stεisεjsX
(t)′
is D(t)X (t)

js = B(2)
2,NT ,

both of which are ofOP (h−1/2). Let ξit = (εit, X
′
it)
′ and ξi = (ξi1, ..., ξiT )′. Let ςij,sr = 1

T

∑T
t=1 k

∗
h,stk

∗
h,rtX

(t)′
is D(t)X (t)

jr

and Wij ≡W
(
ξi, ξj

)
= 2h1/2

NT

∑T
s,r=1 εisεjrςij,sr. Then A

(b)
1,1 =

∑
1≤i<j≤N Wij . Define

G1 =
∑

1≤i<j≤N

EC(W
4
ij), G2 =

∑
1≤i<j<k≤N

EC(W
2
ijW

2
ik +W 2

jiW
2
jk +W 2

kiW
2
kj), and

G3 =
∑

1≤i<j<k<l≤N

EC(WijWikWljWlk +WijWilWkjWkl +WikWilWjkWjl).

Let V(2)
NT =VarC(A

(b)
1,1). Note that V(2)

NT =
∑

1≤i<j≤N EC(W
2
ij) = 4h

N2T 2

∑
1≤i<j≤N EC

(∑
s6=r εisεjrςij,sr

)2 p→

V(2)
0 > 0. By straightforward moment calculations and the repeated use of Lemma B.1, we can show that

G1 =
16h2

N4T 4

∑
1≤i<j≤N

EC

∑
s6=r

εisεjrςij,sr

4

= OP
(
N−2h−2

)
,

G2 .
16h2

N4T 4

∑
i,j,k are all distinct

EC


∑
s6=r

εisεjrςij,sr

2∑
s 6=r

εisεkrςik,sr

2
 = OP

(
N−1

)
,

and similarly, G3 = OP
(
h2
)
. Consequently, Gl = oP ((V(2)

NT )2) for l = 1, 2, 3. Then by a conditional version

of the CLT in Proposition 3.2 in de Jong (1987), we have (V(2)
NT )−1/2A

(b)
1,1

d→ N (0, 1) conditional on C. The

unconditional limiting law is also given by N (0, 1) . Then A1,1 − B(2)
NT

d→ N(0,V(2)
0 ).

Under the additional bandwidth condition that NTh9/2 = o(1), we have that A1,2 = NTh1/2oP (a2
2NT ) =

oP (1).With some tedious calculations, we can show thatA1,3 = 2Nh1/2
∑T
t=1

[
D(F (t))−1 1

NT

∑N
i=1

∑T
s=1 X

(t)
is ε

(t)
is

]′
Rβ(t) = oP (1). Then A1 − B(2)

NT
d→ N(0,V(2)

0 ).

Now, we consider the A2 term under the local alternative H(2)
A (a2NT ) with a2NT = (NT )

−1/2
h−1/4 :

A2 = Nh1/2
T∑
t=1

∥∥∥∥∥ 1

T

T∑
s=1

β̂
bc

s − βt

∥∥∥∥∥
2

= Nh1/2
T∑
t=1

∥∥∥∥∥ 1

T

T∑
s=1

(β̂
bc

s − βs)−
1

T

T∑
s=1

a2NT (g0t − g0s)

∥∥∥∥∥
2
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= Nh1/2
T∑
t=1

∥∥∥∥∥ 1

T

T∑
s=1

(β̂
bc

s − βs)

∥∥∥∥∥
2

+Nh1/2
T∑
t=1

∥∥∥∥∥ 1

T

T∑
s=1

a2NT (g0t − g0s)

∥∥∥∥∥
2

− 2T−2Nh1/2
T∑
t=1

T∑
s=1

T∑
r=1

a2NT (β̂
bc

s − βs)′ (g0t − g0r) ≡ A2,1 +A2,2 − 2A2,3.

Under H(2)
A (a2NT ), we can follow the proofs of Theorems 3.2 and 3.4 and show that 1

T

∑T
s=1(β̂

bc

s − βs) =

OP ((NT )
−1/2

+ h2). Then A2,1 = NTh1/2OP ((NT )
−1

+ h4) = OP (h1/2 +NTh9/2) = oP (1). For A2,2, we have

A2,2 =
1

T 3

T∑
t=1

T∑
s=1

T∑
r=1

(g0t − g0s)
′
(g0t − g0r) =

1

T

T∑
t=1

g′0tg0t +O(T−1)

=

∫ 1

0

‖g0(τ)‖2 dτ +OP (T−1) ≡ Π2 +O(T−1),

where the second equality holds because 1
T

∑T
s=1 g0s = 1

T

∑T
s=1 g0( sT ) =

∫ 1

0
g0 (τ) dτ +O( 1

T ) = O( 1
T ) under our

normalization restriction on g0 (·) . By CS inequality, we have |A2,3| ≤ {A2,1}1/2 {A2,2}1/2 = oP (1). It follows

that A2 = Π2 + oP (1).

Now, we show that A3 = oP (1). Noting that
¯̂
βbc − βt = 1

T

∑T
s=1(β̂

bc

s − βs) − 1
T

∑T
s=1 a2NT (g0t − g0s), we

can decompose A3 as follows:

A3 = Nh1/2
T∑
t=1

(β̂
bc

t − βt)′
1

T

T∑
s=1

(β̂
bc

s − βs)−Nh1/2
T∑
t=1

(β̂
bc

t − βt)′
1

T

T∑
s=1

a2NT (g0t − gs) ≡ A3,1 −A3,2.

A3,1 is the same as A2,1, which is oP (1). For A3,2, we have

A3,2 = (NT )1/2h1/4 1

T

T∑
t=1

(β̂
bc

t − βt)
1

T

T∑
s=1

(g0t − g0s)

= (NT )1/2h1/4 1

T

T∑
t=1

(β̂
bc

t − βt)′g0t − (NT )1/2h1/4 1

T

T∑
t=1

(β̂
bc

t − βt)O(T−1).

Noting that g0t is nonrandom, we can follow the proofs of Theorems 3.2 and 3.4 and show that 1
T

∑T
t=1(β̂

bc

t −
βt)
′g0t = OP ((NT )

−1/2
+h2). Then A3,2 = OP (h1/4 + (NT )1/2h9/4) = oP (1) and A3 = oP (1). In sum, we have

shown that TNh1/2M̂ (2) − B(2)
NT − Π2

d→ N(0,V(2)
0 ), where Π2 = 0 under H(2)

0 and Π2 =
∫ 1

0
‖g0(τ)‖2 dτ under

H(2)
A (a2NT ).

(iii) As above, we show the asymptotic distribution of TN1/2h1/2M̂ (3) under H(3)
A (a1NT ) with a1NT =

N−1/4T−1/2h−1/4. As in the proof of part (i), we can make the following decomposition:

λ̂
W ′
it F̂

W
t − λ̃

W ′
i0 F̃

W
t = dW1it + dW2it + dW3it,

where for l = 1, 2, 3, dWlit is defined analogously to dlit with λ̂it, F̂t, λ̃i0 and F̃t replaced by λ̂
W

it , F̂
W
t , λ̃

W

i0 and

F̃Wt , respectively. Given the fast convergence rate of β̂
bc

t − βt under our bandwidth condition, the error in the

estimation of βt is asymptotically negligible so that we can readily show that under H(3)
A (a1NT ),

TN1/2h1/2M̂ (3) = M1 +M2 + oP (1) ,
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where M1 − B(1)
NT −Π

(1)
1

d→ N(0,V(3)
0 ), M2 = Π

(2)
1 + oP (1), and V(3)

0 = V(1)
0 . Consequently, we have

TN1/2h1/2M̂ (3) − B(3)
NT −Π3

d→ N(0,V(3)
0 ),

where B(3)
NT = B(1)

NT and Π3 = Π
(1)
1 + Π

(2)
1 . This completes the proof of the theorem. �

Proof of Theorem 4.2. (i) By Theorem 4.1(i), it suffices to show (i1) B̂(1)
NT−B

(1)
NT = op(1) and (i2) V̂(1)

NT−V
(1)
NT =

op(1). For the use in the proof of Theorem 4.3(i), we prove the claims under H(1)
1 (a1NT ). Recall that

L̂st = k∗h,stF̂
′
sF̂t − F̃ ′sF̃t, Γ̂it,j = T−1

T∑
s=j+1

L̂stL̂s−j,tεisεi,s−j , and Ξ̂it = Γ̂it,0 + 2

lT∑
j=1

wTjΓ̂it,j .

B̂(1)
NT =

h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

η̂2
it,s +

2h1/2

N1/2T 2

N∑
i=1

T∑
t=1

lT∑
j=1

wTj

T∑
s=j+1

η̂it,sη̂it,s−j .

Let ηit,s = F ′tLstFsεis and η̂it,s = (k∗h,stF̂
′
sF̂t − F̃ ′sF̃t)ε̂is and η̄it,s = (k∗h,stF̂

′
sF̂t − F̃ ′sF̃t)εis. Then

B(1)
NT =

h1/2

N1/2T 2

N∑
i=1

T∑
t=1

EC

(
T∑
s=1

ηit,s

)2

=
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

EC(η
2
it,s) +

2h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T−1∑
j=1

T∑
s=j+1

EC(ηit,sηit,s−j).

Let B̄(1)
NT = h1/2

N1/2T 2

∑N
i=1

∑T
t=1

∑T
s=1 η

2
it,s + 2h1/2

N1/2T 2

∑N
i=1

∑T
t=1

∑lT
j=1 wTj

∑T
s=j+1 ηit,sηit,s−j . Then

B̂(1)
NT − B(1)

NT =
[
B̂(1)
NT − B̄(1)

NT

]
+
[
B̄(1)
NT − B(1)

NT

]
=

[
B̂(1)
NT − B̄(1)

NT

]
+

h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

[η2
it,s − EC(η2

it,s)]

+
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

lT∑
j=1

wTj

T∑
s=j+1

[ηit,sηit,s−j − EC(ηit,sηit,s−j)]

+

 h1/2

N1/2T 2

N∑
i=1

T∑
t=1


T∑
s=1

[EC(η
2
it,s) + 2

lT∑
j=1

wTj

T∑
s=j+1

EC(ηit,sηit,s−j)

− B(1)
NT

 ≡ 4∑
`=1

B`.

It suffices to show that Bl = oP (1) for l ∈ [4].

We first show that B1 = oP (1) . Note that

B1 = B̂(1)
NT − B̄(1)

NT

=
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

(
η̂2
it,s − η2

it,s

)
+

2h1/2

N1/2T 2

N∑
i=1

T∑
t=1

lT∑
j=1

wTj

T∑
s=j+1

(
η̂it,sη̂it,s−j − ηit,sηit,s−j

)
≡ B1,1 + 2B1,2.

We will show that B1 = oP (1) by showing that B1,1 = oP
(
l−1
T

)
and B1,2 = oP (1) . Using a2 − b2 = (a− b)2

+

2(a− b)b, we obtain

B1,1 =
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

(
η̂2
it,s − η̄2

it,s

)
+

h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

(
η̄2
it,s − η2

it,s

)
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=
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

(
η̂it,s − η̄it,s

)2
+

2h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

(
η̂it,s − η̄it,s

)
η̄it,s

+
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

(
η̄it,s − ηit,s

)2
+

2h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

(
η̄it,s − ηit,s

)
ηit,s

≡ B1,11 + 2B1,12 +B1,13 + 2B1,14.

Using η̂it,s− η̄it,s = (k∗h,stF̂
′
sF̂t− F̃ ′sF̃t) (ε̂is − εis), η̄it,s−ηit,s = [(k∗h,stF̂

′
sF̂t− F̃ ′sF̃t)−F ′tLstFs]εis, the expansion

for ε̂is − εis, and the mean square convergence of F̂t and F̃t under the local alternatives, one can readily show

that B1,1l = oP
(
l−1
T

)
for l ∈ [4]. For example, for B1,13, noting that

η̄it,s − ηit,s =
[
(k∗h,stF̂

′
sF̂t − F̃ ′sF̃t)− F ′t L̄stFs

]
εis

=
[
(k∗h,stF̂

′
sF̂t − F̃ ′sF̃t)− F ′tLstFs

]
εis + F ′t (Lst − L̄st)Fsεis

= k∗h,st

(
F̂ ′sF̂t − F ′sH(t)H(t)′Ft

)
εis − (F̃ ′sF̃t − F ′sHH ′Ft)εis

+k∗h,stF
′
t

(
H(t)H(t)′ −H0H

′
0

)
Fsεis − F ′t (HH ′ −H0H

′
0)Fsεis ≡

4∑
l=1

ηit,s (l) ,

we have

B1,13 =
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

(
η̄it,s − ηit,s

)2 ≤ 4

4∑
l=1

h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

[
ηit,s (l)

]2 ≡ 4

4∑
l=1

B1,13 (l) .

Noting that F̂ ′t F̂s−F ′tH(t)H(t)′Fs = (F̂t−H(t)′Ft)
′(F̂s−H(t)′Fs)+(F̂t−H(t)′Ft)

′H(t)′Fs+F
′
tH

(t)(F̂s−H(t)′Fs) ≡∑3
l=1 ς l,ts

B1,13 (1) =
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

k∗2h,st[F̂
′
sF̂t − F ′sH(t)H(t)′Ft]

2ε2
is ≤ 3

3∑
l=1

h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

k∗2h,stς
2
st,lε

2
is

≡
3∑
l=1

ς l.

Using the fact that H(t) = H + OP
(
C−1

0NT

)
under H(1)

1 (a1NT ) and maxt
1
T

∑T
s=1 k

∗2
h,st

∥∥∥F̂s −H(t)′Fs

∥∥∥2

=

O
(
h−1C−2

NT lnN
)
, we can readily show that ς1 = N1/2h1/2OP

(
h−1C−4

NT lnN
)

= oP
(
l−1
T

)
, and ς l = N1/2h1/2

×OP
(
h−1C−2

NT lnN
)

= oP
(
l−1
T

)
for l = 2, 3. Then B1,13 (1) = oP

(
l−1
T

)
. By the same token, B1,13 (2) =

oP
(
l−1
T

)
. For B1,13 (3) and B1,13 (4) , we have

B1,13 (3) =
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

k∗2h,st[F
′
t (H

(t)H(t)′ −H0H
′
0)Fs]

2ε2
is = N1/2h1/2OP

(
h−1C−2

NT lnN
)

= oP
(
l−1
T

)
and

B1,13 (4) =
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

[F ′t (HH ′ −H0H
′
0)Fs]

2ε2
is = N1/2h1/2OP

(
C−2

0NT

)
= oP

(
l−1
T

)
.

Consequently, B1,13 = oP
(
l−1
T

)
. It follows that B1,1 = oP

(
l−1
T

)
.

By the uniform boundedness of wTj and arguments similar to those used in the analysis of B1,1, we can

show that B1,2 = lT oP
(
l−1
T

)
= oP (1). Then B1 = oP (1) .
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Next, we consider B2 :

B2 =
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

[η2
it,s − EC(η2

it,s)] =
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T∑
s=1

(k∗h,st − 1)2 (F ′tFs)
2 [
ε2
is − EC(ε2

is)
]
.

Note that EC (B2) = 0 and

VarC (B2) =
h

NT 4

N∑
i=1

VarC

(
T∑
t=1

T∑
s=1

(k∗h,st − 1)2 (F ′tFs)
2 [
ε2
is − EC(ε2

is)
])

≤ h

NT 4

N∑
i=1

VarC

(
T∑
s=1

(k∗h,ss − 1)2 (F ′sFs)
2 [
ε2
is − EC(ε2

is)
])

+
4h

NT 4

N∑
i=1

VarC

 ∑
1≤t<s≤T

(k∗h,st − 1)2 (F ′tFs)
2 [
ε2
is − EC(ε2

is)
] .

For the first term, we can readily obtain a rough bound OP (T−2h−3) = oP (1) ; for the second term, an

application of Lemma B.1 yields the probability order OP
(
T−2h−1 + T−1h

)
= oP (1) . Thus B2 = oP (1) .

Next, we consider B3 :

B3 =
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

lT∑
j=1

wTj

T∑
s=j+1

[ηit,sηit,s−j − EC(ηit,sηit,s−j)] =

lT∑
j=1

wTjB3,j ,

where B3,j = h1/2

N1/2T 2

∑N
i=1

∑T
t=1

∑T
s=j+1(k∗h,st − 1)(k∗h,s−j,t − 1)F ′tFsF

′
tFs−j [εisεi,s−j − EC(εisεi,s−j)] . By mo-

ment calculations, we can show that E[B2
3,j ] = E{EC [B2

3,j ]} ≤ CT−1 for some constant C. Then by the union

bound and Chebyshev inequality, we have that for any ε > 0

P (|B3| ≥ ε) = P

∣∣∣∣∣∣
lT∑
j=1

wTjB3,j

∣∣∣∣∣∣ ≥ ε
 ≤ P

 lT∑
j=1

|wTj | |B3,j | ≥ ε

 ≤ P
 lT∑
j=1

|B3,j | ≥ ε/cw


≤

lT∑
j=1

P

 lT∑
j=1

|B3,j | ≥ ε/(cwlT )

 ≤ (cwlT )2

ε2

lT∑
j=1

E[B2
3,j ] = O(l3TT

−1) = o(1).

Then B3 = oP (1) .

For B4, we have

B4 =
2h1/2

N1/2T 2

N∑
i=1

T∑
t=1

 lT∑
j=1

wTj

T∑
s=j+1

EC(ηit,sηit,s−j)−
T−1∑
j=1

T∑
s=j+1

EC(ηit,sηit,s−j)


=

2h1/2

N1/2T 2

N∑
i=1

T∑
t=1

lT∑
j=1

(wTj − 1)

T∑
s=j+1

EC(ηit,sηit,s−j) +
2h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T−1∑
j=lT+1

T∑
s=j+1

EC(ηit,sηit,s−j)

≡ 2B4,1 + 2B4,2.

For B4,2, we have

E|B4,2| =
2h1/2

N1/2T 2
E

∣∣∣∣∣∣
N∑
i=1

T∑
t=1

T−1∑
j=lT+1

T∑
s=j+1

(k∗h,st − 1)(k∗h,s−j,t − 1)F ′tFsF
′
tFs−jEC(εisεi,s−j)

∣∣∣∣∣∣
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.
h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T−1∑
j=lT+1

E

∣∣∣∣∣∣
T∑

s=j+1

(k∗h,st − 1)(k∗h,s−j,t − 1)F ′tFsF
′
tFs−jα

3+2η
4+2η (j)

∣∣∣∣∣∣
.

h−1/2

N1/2T 2

N∑
i=1

T−1∑
j=lT+1

T∑
t=j+1

α
3+2η
4+2η (j) +

h1/2

N1/2T 2

N∑
i=1

T∑
t=1

T−1∑
j=lT+1

T∑
s=j+1,s6=t

α
3+2η
4+2η (j)

.
N1/2h−1/2

T laT

T∑
j=lT+1

ja0α
3+2η
4+2η (j) +

N1/2h1/2

laT

T∑
j=lT+1

ja0α
3+2η
4+2η (j) = o(1).

For B4,1, we have

|B4,1| ≤
h1/2

N1/2T 2

lT∑
j=1

|wTj − 1|

∣∣∣∣∣∣
N∑
i=1

T∑
t=1

T∑
s=j+1

EC(ηit,sηit,s−j)

∣∣∣∣∣∣ ,
where the right hand side is dominated by B̄4,1 ≡ h1/2

N1/2T 2

∑lT
j=1 |wTj − 1|

∣∣∣∑N
i=1

∑T
t=1

∑T
s=j+1EC(ηit,sηit,s−j)

∣∣∣ .
B̄4,1 =

h1/2

N1/2T 2

lT∑
j=1

∣∣∣∣∣∣
N∑
i=1

T∑
t=1

T∑
s=j+1

EC(ηit,sηit,s−j)

∣∣∣∣∣∣
=

h1/2

N1/2T 2

lT∑
j=1

∣∣∣∣∣∣
N∑
i=1

T∑
t=1

T∑
s=j+1

(k∗h,st − 1)(k∗h,s−j,t − 1)F ′tFsF
′
tFs−jEC(εisεi,s−j)

∣∣∣∣∣∣
=

h1/2

N1/2T 2

lT∑
t=1

∣∣∣∣∣
N∑
i=1

T∑
s=t+1

∣∣(k∗h,st − 1)(k∗h,s−t,t − 1)
∣∣F ′tFsF ′tFs−tEC(εisεi,s−t)

∣∣∣∣∣
+

h1/2

N1/2T 2

lT∑
j=1

∣∣∣∣∣∣
N∑
i=1

T∑
s=j+1

∣∣(k∗h,ss − 1)(k∗h,s−j,s − 1)
∣∣F ′tFsF ′tFs−jEC(εisεi,s−j)

∣∣∣∣∣∣
+

h1/2

N1/2T 2

lT∑
j=1

∣∣∣∣∣∣
N∑
i=1

T∑
s=j+1

T∑
t=1,t6=s,j

∣∣(k∗h,st − 1)(k∗h,s−j,t − 1)
∣∣F ′tFsF ′tFs−jEC(εisεi,s−j)

∣∣∣∣∣∣ ≡
3∑
`=1

B̄4,1`.

By Lemma B.1 with η̃ = 3 + 2η, we can readily show that

E
[
B̄4,11

]
=

h1/2

N1/2T 2

lT∑
t=1

N∑
i=1

T∑
s=t+1

∣∣(k∗h,st − 1)(k∗h,s−t,t − 1)
∣∣E [F ′tFsF

′
tFs−tEC(εisεi,s−t)]

.
h1/2

N1/2T 2

N∑
i=1

lT∑
t=1

T∑
s=t+1

∣∣(k∗h,st − 1)(k∗h,s−t,t − 1)
∣∣α 3+2η

4+2η (t) = O(N1/2T−1h−1/2) = o(1).

Then B̄4,11 = oP (1) . Similarly, B̄4,12 = oP (1) . For B̄4,13, we have

B̄4,13 =
h1/2

N1/2T 2

lT∑
j=1

N∑
i=1

T∑
s=j+1

T∑
t=1,t6=s,j

∣∣(k∗h,st − 1)(k∗h,s−j,t − 1)
∣∣ |F ′tFsF ′tFs−jEC(εisεi,s−j)|

.
h1/2

N1/2T 2

N∑
i=1

T−1∑
r=1

N∑
i=1

T∑
t=1

(r+lT )∧T∑
s=r+1

∣∣(k∗h,st − 1)(k∗h,rt − 1)
∣∣ ‖Ft‖2 (‖Fs‖2 + ‖Fr‖2) |EC(εisεir)|

= OP (N1/2T−1h−1/2lT ) = oP (1).
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Then B̄4,1 = oP (1) . Since limT→∞ wTj = 1 for each j, it follows from the dominated convergence theorem that

B4,1 = oP (1) .

In sum, we have shown that B̂(1)
NT − B(1)

NT = op(1).

Now, we prove V̂(1)
NT − V(1)

NT = op(1). Let V̄(1)
NT = h

N

∑N
i=1

(
1
T

∑T
s,r=1 ξh,srεisεir

)2

.

V̂(1)
NT − V(1)

NT

= V̂(1)
NT − V̄(1)

NT + (V̄(1)
NT − V(1)

NT )

=
h

N

N∑
i=1

(
1

T

T∑
s,r=1

ξ̂h,sr ε̂ir ε̂is

)2

− h

N

N∑
i=1

(
1

T

T∑
s,r=1

ξh,srεisεir

)2

+ (V̄(1)
NT − V(1)

NT )

=
h

N

N∑
i=1

[
1

T

T∑
s,r=1

(ξ̂h,sr ε̂ir ε̂is − ξh,srεisεir)

]2

+
2h

N

N∑
i=1

(
1

T

T∑
s,r=1

(ξ̂h,sr ε̂ir ε̂is − ξh,srεisεir)

)(
1

T

T∑
s,r=1

ξh,srεisεir

)
+(V̄(1)

NT − V(1)
NT ) ≡ V1 + 2V2 + V3,

where ξ̂h,sr ≡ 1
T

∑T
t=1 k

∗
h,stk

∗
h,rtF̃

′
rF̂tF̂

′
t F̃s and ξh,sr ≡ 1

T

∑T
t=1 k

∗
h,stk

∗
h,rtF

′
rH0H

′
0FtF

′
tH0H

′
0Fs. Note that

ξ̂h,sr ε̂ir ε̂is − ξh,srεisεir = (ξ̂h,sr − ξh,sr)(ε̂ir ε̂is − εisεir) + (ξ̂h,sr − ξh,sr)εisεir + ξh,sr(ε̂ir ε̂is − εisεir)
= (ξ̂h,sr − ξh,sr)(ε̂ir − εir)(ε̂is − εis) + (ξ̂h,sr − ξh,sr)(ε̂ir − εir)εis

+(ξ̂h,sr − ξh,sr)(ε̂is − εis)εir + (ξ̂h,sr − ξh,sr)εisεir
+ξh,sr(ε̂ir − εir)(ε̂is − εis) + ξh,sr(ε̂ir − εir)εis + ξh,sr(ε̂is − εis)εir

≡
7∑
l=1

ϕl,isr, (B.4)

and

ξ̂h,sr − ξh,sr =
1

T

T∑
t=1

k∗h,stk
∗
h,rt

(
F̃ ′rF̂tF̂

′
t F̃s − F ′rH0H

′
0FtF

′
tH0H

′
0Fs

)
=

1

T

T∑
t=1

k∗h,stk
∗
h,rt{(F̃r − FrH0)′(F̂tF̂

′
t −H ′0FtF ′tH0)F̃s + (F̃r − FrH0)′H ′0FtF

′
tH0(F̃s −H ′0Fs)

+F ′rH0(F̂tF̂
′
t −H ′0FtF ′tH0)(F̃s −H ′0Fs) + (F̃r − FrH0)′H ′0FtF

′
tH0H

′
0Fs

+F ′rH0(F̂tF̂
′
t −H ′0FtF ′tH0)H ′0Fs + F ′rH0H

′
0FtF

′
tH0(F̃s −H ′0Fs)}

≡
6∑
l=1

ξlh,sr. (B.5)

In addition,

εis − ε̂is
= X ′is(β̂

bc

s − βs) + (λ̂
′
isF̂s − λ

′
isFs)

= X ′is(β̂
bc

s − βs) + (λ̂is −H(s)−1λis)
′H(s)′Fs + λ′is(H

(s)−1)′(F̂s −H(s)′Fs) + (λ̂is −H(s)−1λis)
′(F̂s −H(s)′Fs)

≡
4∑
l=1

κl,is.
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We can readily show that

1

NT

N∑
i=1

T∑
s=1

(ε̂is − εis)2 ≤
4∑
l=1

1

NT

N∑
i=1

T∑
s=1

κ2
lis = OP

(
C−2
NT lnT

)

where, e.g., 1
NT

∑N
i=1

∑T
s=1 κ2

2is . maxs
1
N

∑N
i=1

∥∥∥λ̂is −H(s)−1λis

∥∥∥2
1
T

∑T
s=1 ‖Fs‖

2
= OP

(
C−2
NT lnT

)
. Similar-

ly, we can show that

max
t

1

NT

N∑
i=1

T∑
s=1

k∗h,st(ε̂is − εis)2 ≤ max
t

4∑
l=1

1

NT

N∑
i=1

T∑
s=1

k∗h,stκ2
lis = OP

(
C−2
NT lnT

)
,

max
t

1

NT

N∑
i=1

T∑
s=1

k∗h,stFs(ε̂is − εis) = max
t

4∑
l=1

1

NT

N∑
i=1

T∑
s=1

k∗h,stFsκlis = OP
(
C−2
NT lnT

)
,

1

N

N∑
i=1

[
1

T

T∑
r=1

(ε̂ir − εir)2

]2

= OP
(
C−4
NT (lnT )2

)
and

1

T 2

T∑
s,r=1

(ξ̂h,sr − ξh,sr)2 = OP
(
C−2
NT

)
.

where, e.g., 1
NT

∑N
i=1

∑T
s=1 k

∗
h,stκ2

2is . maxs
1
N

∑N
i=1

∥∥∥λ̂is −H(s)−1λis

∥∥∥2

maxt
1
T

∑T
s=1 k

∗
h,st ‖Fs‖

2
= OP

(
C−2
NT lnT

)
and 1

NT

∑N
i=1

∑T
s=1 k

∗
h,stFsκ2is . maxs

∣∣∣ 1
N

∑N
i=1(λ̂is −H(s)−1λis)

∣∣∣maxt
1
T

∑T
s=1 k

∗
h,st ‖Fs‖

2
= OP

(
C−2
NT lnT

)
OP (1) .

For V1, we have

V1 =
h

N

N∑
i=1

[
1

T

T∑
s,r=1

(ξ̂h,sr ε̂ir ε̂is − ξh,srεisεir)

]2

≤ 7

7∑
l=1

h

N

N∑
i=1

[
1

T

T∑
s,r=1

ϕl,isr

]2

≡
7∑
l=1

V1l.

Noting that V13 = V12 and V17 = V16, it suffices to study V1l for l = 1, 2, 4, 5, 6. For V11, it suffices to consider a

rough bound:

V11 =
h

N

N∑
i=1

[
1

T

T∑
s,r=1

(ξ̂h,sr − ξh,sr)(ε̂ir − εir)(ε̂is − εis)

]2

≤ T 2h
1

T 2

T∑
s,r=1

(ξ̂h,sr − ξh,sr)2 1

N

N∑
i=1

[
1

T

T∑
r=1

(ε̂ir − εir)2

]2

= T 2hOP
(
C−2
NT

)
OP

(
C−4
NT (lnT )2

)
= oP (1) .

To study V1l for l = 2, 4, 5, 6, we first notice that

max
i,r

∣∣∣∣∣ 1

T

T∑
s=1

(ξ̂h,sr − ξh,sr)εis

∣∣∣∣∣ ≤
6∑
l=1

max
i,r

∣∣∣∣∣ 1

T

T∑
s=1

ξhl,srεis

∣∣∣∣∣ ≡
6∑
l=1

Il, say.

We focus on the study of I6 as the other terms are of the same or smaller order:

I6 = max
i,r

∣∣∣∣∣ 1

T

T∑
t=1

k∗h,rtF
′
rH0H

′
0FtF

′
tH0

1

T

T∑
s=1

k∗h,st(F̃s −H ′0Fs)εis

∣∣∣∣∣
. max

r
‖Fr‖max

r

1

T

T∑
t=1

k∗h,rt ‖Ft‖
2

∥∥∥∥∥max
i,t

1

T

T∑
s=1

k∗h,st(F̃s −H ′0Fs)εis

∥∥∥∥∥ = T 1/(8+4η)OP
(
C−2
NT lnT

)
.
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Then maxi,r

∣∣∣ 1
T

∑T
s=1(ξ̂h,sr − ξh,sr)εis

∣∣∣ = OP
(
T 1/(8+4η)C−2

NT lnT
)
. Similarly, we have

max
i,r

∣∣∣∣∣ 1

T

T∑
s=1

ξh,sr(ε̂is − εis)

∣∣∣∣∣ = max
i,r

∣∣∣∣∣ 1

T

T∑
s=1

1

T

T∑
t=1

k∗h,stk
∗
h,rtF

′
rH0H

′
0FtF

′
tH0H

′
0Fs(ε̂is − εis)

∣∣∣∣∣
. max

r
‖Fr‖max

r

1

T

T∑
t=1

k∗h,rt ‖FtF ′t‖max
i,t

∣∣∣∣∣ 1

T

T∑
s=1

k∗h,stFs (ε̂is − εis)

∣∣∣∣∣
= OP (T 1/(8+4η))OP (1)OP (C−2

NT lnT ),

max
i,r

∣∣∣∣∣ 1

T

T∑
s=1

ξh,srεis

∣∣∣∣∣ = max
i,r

∣∣∣∣∣ 1

T

T∑
t=1

k∗h,rtF
′
rH0H

′
0FtF

′
tH0H

′
0

1

T

T∑
s=1

k∗h,stFsεis

∣∣∣∣∣
. max

r
‖Fr‖max

r

1

T

T∑
t=1

k∗h,rt ‖FtF ′t‖max
i,t

∣∣∣∣∣ 1

T

T∑
s=1

k∗h,stFsεis

∣∣∣∣∣
= OP (T 1/(8+4η))OP (1)OP ((Th)−1/2(lnT )1/2).

It follows that

V12 =
h

N

N∑
i=1

[
1

T

T∑
s,r=1

(ξ̂h,sr − ξh,sr)εis(ε̂ir − εir)

]2

≤ T 2h

N

N∑
i=1

[
max
r

∣∣∣∣∣ 1

T

T∑
s=1

(ξ̂h,sr − ξh,sr)εis

∣∣∣∣∣ 1

T

T∑
r=1

|ε̂ir − εir|

]2

≤ T 2hmax
i,r

∣∣∣∣∣ 1

T

T∑
s=1

(ξ̂h,sr − ξh,sr)εis

∣∣∣∣∣
2

1

N

N∑
i=1

[
1

T

T∑
r=1

|ε̂ir − εir|

]2

= T 2hOP (T 1/(4+2η)C−4
NT (lnT )2)OP

(
C−2
NT lnT

)
= oP (1) ,

V15 =
h

N

N∑
i=1

[
1

T

T∑
s,r=1

ξh,sr(ε̂ir − εir)(ε̂is − εis)

]2

≤ T 2hmax
i,r

∣∣∣∣∣ 1

T

T∑
s=1

ξh,sr(ε̂is − εis)

∣∣∣∣∣
2

1

N

N∑
i=1

[
1

T

T∑
r=1

|ε̂ir − εir|

]2

= T 2hOP (T 1/(4+2η)C−4
NT (lnT )2)OP

(
C−2
NT lnT

)
= oP (1) ,

and

V16 =
h

N

N∑
i=1

[
1

T

T∑
s,r=1

ξh,sr(ε̂ir − εir)εis

]2

= T 2hmax
i,r

∣∣∣∣∣ 1

T

T∑
s=1

ξh,srεis

∣∣∣∣∣
2

1

N

N∑
i=1

[
1

T

T∑
r=1

|ε̂ir − εir|

]2

= T 2hOP (T 1/(4+2η)C−4
NT (lnT )2)OP

(
C−2
NT lnT

)
= oP (1) .

For V14, we use the decomposition in (B.5) to obtain

V14 =
T 2h

N

N∑
i=1

[
1

T 2

T∑
s,r=1

(ξ̂h,sr − ξh,sr)εisεir

]2

≤ 6

6∑
l=1

T 2h

N

N∑
i=1

[
1

T 2

T∑
s,r=1

ξlh,srεisεir

]2

≡ 6

6∑
l=1

V14,l.
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We can prove V14 = oP (1) by showing that V14,l = oP (1) for l = 1, 2, ..., 6. For example,

V14,6 =
T 2h

N

N∑
i=1

[
1

T 2

T∑
s,r=1

ξ6h,srεisεir

]2

=
T 2h

N

N∑
i=1

[
tr

(
H0H

′
0

1

T

T∑
t=1

FtF
′
tH0

1

T

T∑
s=1

k∗h,st(F̃s −H ′0Fs)εis
1

T

T∑
r=1

k∗h,rtF
′
rεir

)]2

. T 2hmax
i,t

∥∥∥∥∥ 1

T

T∑
s=1

k∗h,st(F̃s −H ′0Fs)εis

∥∥∥∥∥
2

max
t

1

N

N∑
i=1

∥∥∥∥∥ 1

T

T∑
r=1

k∗h,rtεir

∥∥∥∥∥
2

= T 2hOP
(
C−4
NT (lnT )2

)
OP

(
(Th)−1 lnT

)
= oP (1) .

In sum, we have shown that V1 = oP (1) .

Similarly, we can show that V2 = oP (1) . Next, noting that

V3 = V̄(1)
NT − V(1)

NT =
h

N

N∑
i=1

(
1

T

T∑
s,r=1

ξh,srεisεir

)2

− h

N

N∑
i=1

EC

(
1

T

T∑
s,r=1

ξh,srεisεir

)2

,

we have EC (V3) = 0 and

VarC (V3) =
h2

N2

N∑
i=1

VarC

(
1

T

T∑
s,r=1

ξh,srεisεir

)2

≤ h2

N2

N∑
i=1

EC

(
1

T

T∑
s,r=1

ξh,srεisεir

)4

=
h2

N2

N∑
i=1

EC

(
1

T

T∑
s,r=1

ξh,srεisεir

)4

= oP (1) .

Then V3 = oP (1) by conditional Chebyshev inequality. So we have shown that V̂(1)
NT − V(1)

NT = oP (1) .

(ii) By Theorem 4.1(ii), it suffices to show (ii1) B̂(2)
NT − B(2)

NT = op(1) and (ii2) V̂(2)
NT − V(2)

NT = op(1). For the

use in the proof of Theorem 4.3(ii), we prove the claims under H(2)
1 (a2NT ).

We first prove (ii1) by showing that B̂(2)
1,NT − B(2)

1,NT = op(1) and B̂(2)
2,NT − B(2)

2,NT = op(1). We make the

following two decompositions:

ς̂ij,sr ε̂jr ε̂is − ξh,srεisεir
= (ς̂ij,sr − ςij,sr)(ε̂jr ε̂is − εisεjr) + (ς̂ij,sr − ςij,sr)εisεjr + ςij,sr(ε̂jr ε̂is − εisεjr)
= (ς̂ij,sr − ςij,sr)(ε̂jr − εjr)(ε̂is − εis) + (ς̂ij,sr − ςij,sr)(ε̂jr − εjr)εis

+(ς̂ij,sr − ςij,sr)(ε̂is − εis)εjr + (ς̂ij,sr − ςij,sr)εisεjr

+ςij,sr(ε̂jr − εjr)(ε̂is − εis) + ςij,sr(ε̂jr − εjr)εis + ςij,sr(ε̂is − εis)εjr ≡
7∑
l=1

φl,ij,sr (B.6)

and

ς̂ii,sr − ςii,sr =
1

T

T∑
t=1

k∗h,stk
∗
h,rt

[
X̂ (t)′
is D̂(t)(F̂ (t))−1D̂(t)(F̂ (t))−1X̂ (t)

ir −X
(t)′
is D(F (t))−1D(F (t))−1X (t)

ir

]
=

1

T

T∑
t=1

k∗h,stk
∗
h,rt{[X̂

(t)
is −X

(t)
is ][D̂(t)(F̂ (t))−1D̂(t)(F̂ (t))−1 −D(F (t))−1D(F (t))−1][X̂ (t)

ir −X
(t)
ir ]
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+[X̂ (t)
is −X

(t)
is ][D̂(t)(F̂ (t))−1D̂(t)(F̂ (t))−1 −D(F (t))−1D(F (t))−1]X (t)

ir

+[X̂ (t)
is −X

(t)
is ]D(F (t))−1D(F (t))−1[X̂ (t)

ir −X
(t)
ir ] + [X̂ (t)

is −X
(t)
is ]D(F (t))−1D(F (t))−1X (t)

ir

+X (t)
is [D̂(t)(F̂ (t))−1D̂(t)(F̂ (t))−1 −D(F (t))−1D(F (t))−1][X̂ (t)

ir −X
(t)
ir ]

+X (t)
is [D̂(t)(F̂ (t))−1D̂(t)(F̂ (t))−1 −D(F (t))−1D(F (t))−1]X (t)

ir

+X (t)′
is D(F (t))−1D(F (t))−1[X̂ (t)

ir −X
(t)
ir ]} ≡

7∑
l=1

ς l,ii,sr

and

ς̂ii,sr − ςii,sr =
1

T

T∑
t=1

k∗h,stk
∗
h,rt

[
X̂ (t)′
is D̂(t)(F̂ (t))−1D̂(t)(F̂ (t))−1X̂ (t)

ir −X
(t)′
is D(F (t))−1D(F (t))−1X (t)

ir

]
=

1

T

T∑
t=1

k∗h,stk
∗
h,rt{[X̂

(t)
is −X

(t)
is ][D̂(t)(F̂ (t))−1D̂(t)(F̂ (t))−1 −D(F (t))−1D(F (t))−1][X̂ (t)

ir −X
(t)
ir ]

+[X̂ (t)
is −X

(t)
is ][D̂(t)(F̂ (t))−1D̂(t)(F̂ (t))−1 −D(F (t))−1D(F (t))−1]X (t)

ir

+[X̂ (t)
is −X

(t)
is ]D(F (t))−1D(F (t))−1[X̂ (t)

ir −X
(t)
ir ] + [X̂ (t)

is −X
(t)
is ]D(F (t))−1D(F (t))−1X (t)

ir

+X (t)
is [D̂(t)(F̂ (t))−1D̂(t)(F̂ (t))−1 −D(F (t))−1D(F (t))−1][X̂ (t)

ir −X
(t)
ir ]

+X (t)
is [D̂(t)(F̂ (t))−1D̂(t)(F̂ (t))−1 −D(F (t))−1D(F (t))−1]X (t)

ir

+X (t)′
is D(F (t))−1D(F (t))−1[X̂ (t)

ir −X
(t)
ir ]} ≡

7∑
l=1

ς l,ii,sr (B.7)

Note that

B̂(2)
1,NT − B(2)

NT =
h1/2

NT

N∑
i=1

T∑
s,r=1

(ε̂isε̂ir ς̂ii,sr − εisεirςii,sr) =

7∑
l=1

h1/2

NT

N∑
i=1

T∑
s,r=1

φl,ii,sr ≡
7∑
l=1

B
(2)
l

Noting that B
(2)
2 = B

(2)
3 and B

(2)
6 = B

(2)
7 , it suffices to show B

(2)
l = oP (1) for l = 1, 2, 4, 5, 6. The proofs of

these claims are straightforward so that we only demonstrate that B
(2)
4 = oP (1) and B

(2)
6 = oP (1) . For B

(2)
4 ,

we make the following decomposition:

B
(2)
4 =

h1/2

NT

N∑
i=1

T∑
s,r=1

(ς̂ii,sr − ςii,sr)εisεir =

7∑
l=1

h1/2

NT

N∑
i=1

T∑
s,r=1

ς l,ii,srεisεir ≡
7∑
l=1

B
(2)
4,l .

We can show that B
(2)
4,l = oP (1) for l = 1, ..., 7. For example,

∣∣∣B(2)
4,7

∣∣∣ =
Th1/2

N

∣∣∣∣∣
N∑
i=1

1

T

T∑
t=1

tr

{
D(F (t))−1D(F (t))−1 1

T

T∑
r=1

k∗h,rt[X̂
(t)
ir −X

(t)
ir ]εir

1

T

T∑
s=1

k∗h,stεisX
(t)′
is

}∣∣∣∣∣
.

Th1/2

N

N∑
i=1

1

T

T∑
t=1

∥∥∥∥∥ 1

T

T∑
r=1

k∗h,rt[X̂
(t)
ir −X

(t)
ir ]εir

∥∥∥∥∥
∥∥∥∥∥ 1

T

T∑
s=1

k∗h,stεisX
(t)′
is

∥∥∥∥∥
= Th1/2OP

(
C−2
NT lnT

)
OP ((Th)−1/2) = oP (1) ,
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where we use the fact that maxi,t

∥∥∥ 1
T

∑T
r=1 k

∗
h,rt[X̂

(t)
ir −X

(t)
ir ]εir

∥∥∥ = OP
(
C−2
NT lnT

)
by straightforward verifica-

tions. For B
(2)
6 , we have

∣∣∣B(2)
6

∣∣∣ =
h1/2

NT

∣∣∣∣∣
N∑
i=1

T∑
s,r=1

ςii,sr(ε̂ir − εir)εis

∣∣∣∣∣
=

Th1/2

N

∣∣∣∣∣
N∑
i=1

1

T

T∑
t=1

tr

(
D(F (t))−1D(F (t))−1 1

T

T∑
r=1

k∗h,rtX
(t)
ir (ε̂ir − εir)

1

T

T∑
s=1

k∗h,stεisX
(t)′
is

)∣∣∣∣∣
.

Th1/2

N

N∑
i=1

1

T

T∑
t=1

∥∥∥∥∥ 1

T

T∑
r=1

k∗h,rtX
(t)
ir (ε̂ir − εir)

∥∥∥∥∥
∥∥∥∥∥ 1

T

T∑
s=1

k∗h,stεisX
(t)′
is

∥∥∥∥∥
= Th1/2OP

(
C−2
NT lnT

)
OP ((Th)−1/2) = oP (1) .

Consequently, we have established that B̂(2)
1,NT − B(2)

1,NT = op(1).

Next,

B̂(2)
2,NT − B(2)

2,NT =
2h1/2

NT 2

∑
1≤j<i≤N

T∑
t=1

T∑
s=1

k∗2h,st[ε̂isε̂jsX̂
(t)′
is D̂(t)X̂ (t)

js − εisεjsX
(t)′
is D(t)X (t)

js ]

=
2h1/2

NT 2

∑
1≤j<i≤N

T∑
t=1

T∑
s=1

k∗2h,st{[ε̂isε̂js − εisεjs]X
(t)′
is D(t)X (t)

js + εisεjs[X̂ (t)′
is D̂(t)X̂ (t)

js −X
(t)′
is D(t)X (t)

js ]

+[ε̂isε̂js − εisεjs][X̂ (t)′
is D̂(t)X̂ (t)

js −X
(t)′
is D(t)X (t)

js ]} ≡ 2B2,1 + 2B2,2 +B2,3.

For B2,1, we make the following decomposition.

B2,1 =
2h1/2

NT 2

∑
1≤j<i≤N

T∑
t=1

T∑
s=1

k∗2h,st{[ε̂isε̂js − εisεjs]X
(t)′
is D(t)X (t)

js + εisεjs[X̂ (t)′
is D̂(t)X̂ (t)

js −X
(t)′
is D(t)X (t)

js ]

≡ B2,11 +B2,12.

Noting that ε̂isε̂js − εisεjs = (ε̂is − εis)(ε̂js − εjs) + (ε̂is − εis)εjs + εis(ε̂js − εjs), we have

B2,11 =
2h1/2

NT 2

∑
1≤j<i≤N

T∑
t=1

T∑
s=1

k∗2h,st[ε̂isε̂js − εisεjs]X
(t)′
is D(t)X (t)

js

=
2h1/2

NT 2

∑
1≤j<i≤N

T∑
t=1

T∑
s=1

k∗2h,st[(ε̂is − εis)(ε̂js − εjs) + (ε̂is − εis)εjs + εis(ε̂js − εjs)]X (t)′
is D(t)X (t)

js ≡
3∑
l=1

B2,11l.

We can readily show that B2,11 = oP (1) by showing that B2,11l = oP (1) for l = 1, 2, 3. For example,

|B2,112| =

∣∣∣∣∣∣ h
1/2

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

k∗2h,st(ε̂is − εis)X
(t)′
is D(t)

N∑
j=1

X (t)
js εjs

∣∣∣∣∣∣+ oP (1)

≤

∣∣∣∣∣∣ h
1/2

NT 2

T∑
t=1

T∑
s=1

k∗2h,st

N∑
i=1

(ε̂is − εis)X (t)′
is D(t)

N∑
j=1

X (t)
js εjs

∣∣∣∣∣∣+ oP (1)

. N

 h

T 2

T∑
t=1

T∑
s=1

k∗2h,st

∥∥∥∥∥ 1

N

N∑
i=1

(ε̂is − εis)X (t)′
is

∥∥∥∥∥
2


1/2
 1

T 2

T∑
t=1

T∑
s=1

k∗2h,st

∥∥∥∥∥∥ 1

N

N∑
j=1

X (t)
js εjs

∥∥∥∥∥∥
2


1/2

+ oP (1)
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= NOP ((NTh)−1/2)OP (h−1/2N−1/2) + oP (1) = OP (T−1/2h−1) + oP (1) = oP (1) ,

as we can show that h
T 2

∑T
t=1

∑T
s=1 k

∗2
h,st

∥∥∥ 1
N

∑N
i=1(ε̂is − εis)X (t)′

is

∥∥∥2

= OP
(
(NTh)−1 + h4

)
= OP

(
(NTh)−1

)
.

Similarly, we can show that B2,12 = oP (1) .

For B2,2, we make the following decomposition:

B2,2 =
2h1/2

NT 2

∑
1≤j<i≤N

T∑
t=1

T∑
s=1

k∗2h,stεisεjs[X̂
(t)′
is D̂(t)X̂ (t)

js −X
(t)′
is D(t)X (t)

js ]

=
2h1/2

NT 2

∑
1≤j<i≤N

T∑
t=1

T∑
s=1

k∗2h,stεisεjs{[X̂
(t)
is −X

(t)
is ]′[D̂(t) − D(t)][X̂ (t)

js −X
(t)
js ]

+[X̂ (t)
is −X

(t)
is ]′[D̂(t) − D(t)]X (t)

js + [X̂ (t)
is −X

(t)
is ]′D(t)[X̂ (t)

js −X
(t)
js ]

+[X̂ (t)
is −X

(t)
is ]′D(t)X (t)

js + X (t)′
is (D̂(t) − D(t))(X̂ (t)

js −X
(t)
js ) + X (t)′

is (D̂(t) − D(t))X (t)
js

+X (t)′
is D(t)[X̂ (t)

js −X
(t)
js ]} ≡

7∑
l=1

B2,2l.

It is easy to show that B2,2l = oP (1) for l = 1, 2, 3, 5, and 6. Next, B2,24 = B̄2,24 + oP (1) , where B̄2,24 =
h1/2

NT 2

∑
i,j

∑T
t=1

∑T
s=1 k

∗2
h,stεisεjs[X̂

(t)
is −X

(t)
is ]′D(t)X (t)

js . Note that

∣∣B̄2,24

∣∣ =

∣∣∣∣∣∣Nh
1/2

T 2

T∑
t=1

T∑
s=1

k∗2h,st

{
1

N

N∑
i=1

εis[X̂ (t)
is −X

(t)
is ]′

}
D(t)

 1

N

N∑
j=1

X (t)
js εjs


∣∣∣∣∣∣

. N

 h

T 2

T∑
t=1

T∑
s=1

k∗2h,st

∥∥∥∥∥ 1

N

N∑
i=1

εis[X̂ (t)
is −X

(t)
is ]′

∥∥∥∥∥
2


1/2
 1

T 2

T∑
t=1

T∑
s=1

k∗2h,st

∥∥∥∥∥∥ 1

N

N∑
j=1

X (t)
js εjs

∥∥∥∥∥∥
2


1/2

= NOP ((NTh)−1/2)OP ((Nh)−1/2) = oP (1)

Similarly, B2,27 = oP (1) . Then B2,2 = oP (1). Lastly, one can also show that B2,3 = oP (1). Then B̂(2)
2,NT −

B(2)
2,NT = oP (1) .

Let V̄(2)
NT = 4h

N2T 2

∑
1≤i<j≤N

(∑T
s,r=1 εisεjrςij,sr

)2

. Note that

V̂(2)
NT − V(2)

NT =
2h

N2

∑
1≤i 6=j≤N


 1

T

∑
s6=r

ε̂isε̂jr ς̂ij,sr

2

−

 1

T

∑
s6=r

εisεjrςij,sr

2
+ [V̄(2)

NT − V(2)
NT ]

=
2h

N2

∑
1≤i 6=j≤N

 1

T

∑
s 6=r

[ε̂isε̂jr ς̂ij,sr − εisεjrςij,sr]

2

+
4h

N2

∑
1≤i 6=j≤N

 1

T

∑
s6=r

[ε̂isε̂jr ς̂ij,sr − εisεjrςij,sr]

 1

T

∑
s6=r

εisεjrςij,sr + [V̄(2)
NT − V(2)

NT ]

≡ 2V4 + 4V5 + V6.
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Note that V4 ≤ 7
∑7
l=1

h
N2

∑
1≤i 6=j≤N

(
1
T

∑
s6=r φl,ij,sr

)2

≡ 7
∑7
l=1 V4,l. We can readily show that V4 = oP (1)

by proving that V4,l = oP (1) for l = 1, ..., 7. For example,

V4,7 =
h

N2

∑
1≤i6=j≤N

 1

T

∑
s6=r

ςij,sr(ε̂is − εis)εjr

2

=
h

N2

∑
1≤i6=j≤N

 1

T

∑
s6=r

1

T

T∑
t=1

k∗h,stk
∗
h,rtX

(t)′
is D(F (t))−1D(F (t))−1X (t)

jr (ε̂is − εis)εjr

2

=
T 2h

N2

∑
1≤i6=j≤N

 1

T

T∑
t=1

1

T

T∑
s=1

k∗h,st(ε̂is − εis)X
(t)′
is D(F (t))−1D(F (t))−1 1

T

∑
s6=r

k∗h,rtX
(t)
jr εjr

2

.
T 2h

N2

∑
1≤i6=j≤N

1

T

T∑
t=1

∥∥∥∥∥ 1

T

T∑
s=1

k∗h,st(ε̂is − εis)X
(t)′
is

∥∥∥∥∥
2

1

T

T∑
t=1

∥∥∥∥∥∥ 1

T

∑
s6=r

k∗h,rtX
(t)
jr εjr

∥∥∥∥∥∥
2

= T 2hOP (C−4
NT (lnT )2)OP ((Th)−1) = oP (1) .

For V5, we apply CS inequality to obtain

V5 =
h

N2

∑
1≤i 6=j≤N

 1

T

∑
s6=r

[ε̂isε̂jr ς̂ij,sr − εisεjrςij,sr]

 1

T

∑
s6=r

εisεjrςij,sr

≤ {V4}1/2

 h

N2

∑
1≤i 6=j≤N

 1

T

∑
s6=r

εisεjrςij,sr

2


1/2

= oP (1)OP (1) = oP (1) ,

where we also use the fact that

h

N2

∑
1≤i 6=j≤N

EC

 1

T

∑
s6=r

εisεjrςij,sr

2

≤ 2h

N2

∑
1≤i 6=j≤N

 1

T

∑
s6=r

EC (εisεjrςij,sr)

2

+
2h

N2

∑
1≤i6=j≤N

VarC

 1

T

∑
s6=r

εisεjrςij,sr

2

= OP (1) +OP (1)

and ∣∣∣∣∣∣ 1

T

∑
s 6=r

EC (εisεjrςij,sr)

∣∣∣∣∣∣ =

∣∣∣∣∣∣ 1

T

∑
s6=r

1

T

T∑
t=1

k∗h,stk
∗
h,rtEC

[
εisX (t)′

is D(F (t))−1D(F (t))−1X (t)
jr εjr

]∣∣∣∣∣∣
.

∣∣∣∣∣∣ 1

T

∑
s6=r

1

T

T∑
t=1

k∗h,stk
∗
h,rttr

(
EC

[
X (t)
jr εjrεisX

(t)′
is

])∣∣∣∣∣∣
�

∣∣∣∣∣∣ 1

T

∑
s6=r

1

T

T∑
t=1

k∗h,stk
∗
h,rtEC [εisX ′isXjrεjr]

∣∣∣∣∣∣
≤ 1

T

T∑
r=1

1

T

T∑
t=1

max
s
k∗h,stk

∗
h,rt

T∑
s=1

|EC [εisX ′isXjrεjr]|
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≤ max
i,j,r

T∑
s=1

|EC [εisX ′isXjrεjr]|
1

T

T∑
t=1

max
s
k∗h,st

1

T

T∑
r=1

k∗h,rt = OP (1) .

Note that V6 = 4h
N2T 2

∑
1≤i<j≤N

[(∑
s6=r εisεjrςij,sr

)2

− EC
(∑

s6=r εisεjrςij,sr

)2
]
. It is easy to see that EC(V6) =

0 and

VarC (V6) =
16h2

N4

∑
1≤i<j≤N

VarC


 1

T

∑
s6=r

εisεjrςij,sr

2
 ≤ 16h2

N4

∑
1≤i<j≤N

EC


 1

T

∑
s6=r

εisεjrςij,sr

4
 = oP (1) .

(iii) The estimators are the same as those in (i) and the proof is similar to that of (i) and thus omitted. �

Proof of Theorem 4.3. By the proof of Theorem 4.1, we have J
(l)
NT

d→ N(π(l), 1) under the corresponding

local alternatives for l = 1, 2, 3. By the proof of Theorem 4.2, we have B̂(l)
NT = B(l)

NT + oP (1), and V̂(l)
NT =

V(l)
NT + oP (1) under the corresponding local alternatives for l = 1, 2, 3. It follows that Ĵ

(l)
NT

d→ N(π(l), 1) under

the corresponding local alternatives. �

Proof of Theorem 4.4. The proof of this theorem is almost the same as that of Theorem 4.5 in Su and Wang

(2017). We do not repeat it here. �

C Proofs of the Technical Lemmas in Appendix A

Proof of Lemma A.1. (i) Note that 1
NT

∑N
i=1X

(r)′
i MF (r)ε

(r)
i = 1

NT

∑N
i=1X

(r)′
i ε

(r)
i − 1

NT

∑N
i=1X

(r)′
i PF (r)ε

(r)
i .

For the first term, we can apply Chebyshev inequality to show that 1
NT

∑N
i=1X

(r)′
i ε

(r)
i = 1

NT

∑N
i=1

∑T
t=1 k

∗
trXitεit

= OP ((NTh)−1/2). For the second term, noting that PF (r) = T−1F (r)F (r)′, we have

1

NT

∥∥∥∥∥
N∑
i=1

X
(r)′
i PF (r)ε

(r)
i

∥∥∥∥∥ =

∥∥∥∥∥ 1

N

N∑
i=1

X
(r)′
i F (r)

T

1

T

T∑
t=1

F
(r)
t ε

(r)
it

∥∥∥∥∥ ≤ 1

N

N∑
i=1

∥∥∥∥∥X(r)′
i F (r)

T

∥∥∥∥∥
∥∥∥∥∥ 1

T

T∑
t=1

F
(r)
t ε

(r)
it

∥∥∥∥∥
≤

 1

N

N∑
i=1

∥∥∥∥∥X(r)′
i F (r)

T

∥∥∥∥∥
2
1/2 1

N

N∑
i=1

∥∥∥∥∥ 1

T

T∑
t=1

F
(r)
t ε

(r)
it

∥∥∥∥∥
2
1/2

,

where the first inequality holds by the submultiplicative property of the Frobenius norm and the second in-

equality holds by Cauchy-Schwarz (CS) inequality. It is easy to apply Markov inequality to show that

sup
F (r)∈F

1

N

N∑
i=1

∥∥∥∥∥X(r)′
i F (r)

T

∥∥∥∥∥
2

≤ sup
F (r)∈F

1

T

∥∥∥F (r)
∥∥∥2 1

NT

N∑
i=1

T∑
t=1

∥∥∥X(r)
it

∥∥∥2

=
R

NT

N∑
i=1

T∑
t=1

k∗tr ‖Xit‖2 = OP (1).

In addition

1

N

N∑
i=1

∥∥∥∥∥ 1

T

T∑
t=1

F
(r)
t ε

(r)
it

∥∥∥∥∥
2

=
1

NT 2

N∑
i=1

T∑
t=1

F
(r)′
t F

(r)
t (ε

(r)
it )2 +

1

NT 2

N∑
i=1

∑
t6=s

F
(r)′
t F (r)

s ε
(r)
it ε

(r)
is ≡ I1 + I2.

For I1, we have I1 ≤ supF (r)∈F
1
T 2

∑T
t=1

∥∥∥F (r)
t

∥∥∥2

maxt
1
N

∑N
i=1 k

∗
trε

2
it ≤ R

T maxt
1
N

∑N
i=1 k

∗
trε

2
it = OP

(
T−1

)
as it

is standard to show that maxt
1
N

∑N
i=1 k

∗
trε

2
it ≤ maxt

1
N

∑N
i=1 k

∗
trE(ε2

it)+maxt
1
N

∑N
i=1 k

∗
tr[ε

2
it−E(ε2

it)] = OP (1) .
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For I2, we have by CS inequality:

sup
F (r)∈F

∥∥∥∥∥∥ 1

NT 2

N∑
i=1

∑
t6=s

F
(r)′
t F (r)

s ε
(r)
it ε

(r)
is

∥∥∥∥∥∥
= sup
F (r)∈F

∥∥∥∥∥∥ 1

T 2

∑
t 6=s

F
(r)′
t F (r)

s (k∗trk
∗
sr)

1/2 1

N

N∑
i=1

εitεis

∥∥∥∥∥∥
≤ N−1/2

 sup
F (r)∈F

1

T 2

∑
t 6=s

∥∥∥F (r)
s

∥∥∥2 ∥∥∥F (r)
s

∥∥∥2

1/2 1

T 2

∑
t6=s

(k∗trk
∗
sr)

1/2

[
1√
N

N∑
i=1

εitεis

]2
1/2

= OP (N−1/2),

where we use the fact that 1
T 2

∑
t 6=s (k∗trk

∗
sr)

1/2
[

1√
N

∑N
i=1 εitεis

]2
= OP (1) by Markov equality and Assumption

A.2(i)-(iii). It follows that

sup
F (r)∈F

1

N

N∑
i=1

∥∥∥∥∥ 1

T

T∑
t=1

F
(r)
t ε

(r)
it

∥∥∥∥∥
2

= OP (T−1/2 +N−1/4) (C.1)

and supF (r)∈F
1
NT

∥∥∥∑N
i=1X

(r)′
i MF (r)ε

(r)
i

∥∥∥ = OP ((NTh)−1/2 + T−1/2 +N−1/4) = OP (T−1/2 +N−1/4).

(ii) and (iii) The proof is similar to that of (i) and thus omitted here.

(iv) Note that supF (r)∈F
1
NT

∥∥∥∑N
i=1 ∆

(r)′
i (PF (r) − PF (r)0)∆

(r)
i

∥∥∥ ≤ 1
NT

∑N
i=1

∥∥∥∆
(r)′
i ∆

(r)
i

∥∥∥ . The result follows

because

1

NT

N∑
i=1

∥∥∥∆
(r)′
i ∆

(r)
i

∥∥∥ =
1

NT

N∑
i=1

T∑
t=1

k∗h,tr
[
X ′itd0 (t, r) + F 0

t di (t, r)
]2

= OP (h2). (C.2)

(v) Note that

sup
F (r)∈F

∥∥∥∥∥ 1

NT

N∑
i=1

X
(r)′
i MF (r)∆

(r)
i

∥∥∥∥∥ ≤
{

1

NT

N∑
i=1

∥∥∥X(r)
i

∥∥∥2
}1/2{

1

NT

N∑
i=1

∥∥∥∆
(r)
i

∥∥∥2
}1/2

= OP (1)OP (h) = OP (h).

(vi) The proof is quite similar to that of (v) and thus omitted here.

(vii) We only show that supF (r)∈F
1
NT

∥∥∥∑N
i=1 ∆

(r)′
i PF (r)ε

(r)
i

∥∥∥ = OP ((T−1/2 +N−1/4)h) as it is easier to show

that 1
NT

∥∥∥∑N
i=1 ∆

(r)′
i PF (r)0ε

(r)
i

∥∥∥ = OP ((T−1/2 +N−1/4)h). By (C.1) and (C.2),

sup
F (r)∈F

1

NT

∥∥∥∥∥
N∑
i=1

∆
(r)′
i PF (r)ε

(r)
i

∥∥∥∥∥ = sup
F (r)∈F

1

NT 2

∥∥∥∥∥
N∑
i=1

∆
(r)′
i F (r)F (r)′ε

(r)
i

∥∥∥∥∥
≤ sup

F (r)∈F
T−1/2

∥∥∥F (r)
∥∥∥{ 1

NT

N∑
i=1

∥∥∥∆
(r)
i

∥∥∥2
}1/2

sup
F (r)∈F

{
1

NT 2

N∑
i=1

∥∥∥F (r)′ε
(r)
i

∥∥∥2
}1/2

≤ R1/2OP (h)OP (T−1/2 +N−1/4) = OP ((T−1/2 +N−1/4)h).

It follows that supF (r)
1
NT

∥∥∥∑N
i=1 ∆

(r)′
i (PF (r) − PF (r)0)ε

(r)
i

∥∥∥ = OP ((T−1/2 +N−1/4)h). �

In the following proofs, we suppress the superscript 0 for the true parameters β0
r, F

(r)0
t , F (r)0, λ0

ir and Λ0
r

unless confusion may arise.

Proof of Lemma A.2. This Lemma is parallel to Lemma A.1 in Su and Wang (2017) and we try to be brief

in the proof.
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(i) Noting that Y
(r)
i −X

(r)
i β̂r = −X(r)

i δ̂r+F (r)λir+∆
(r)
i +ε

(r)
i with δ̂r = β̂r−βr, we start with the eigenvalue

problem
[

1
NT (Y (r) −X(r)β̂r)(Y

(r) −X(r)β̂r)
′
]
F̂ (r) = F̂ (r)V̂

(r)
NT to obtain the following decomposition:

F̂ (r)V̂
(r)
NT −

1

NT

n∑
i=1

F (r)λirλ
′
irF

(r)F̂ (r)

=
1

NT

n∑
i=1

X
(r)
i δ̂r δ̂

′
rX

(r)′
i F̂ (r) − 1

NT

n∑
i=1

X
(r)
i δ̂rλ

′
irF

(r)′ F̂ (r) − 1

NT

n∑
i=1

X
(r)
i δ̂rε

(r)′
i F̂ (r)

− 1

NT

n∑
i=1

F (r)λir δ̂
′
rX

(r)′
i F̂ (r) − 1

NT

n∑
i=1

ε
(r)
i δ̂
′
rX

(r)′
i F̂ (r) − 1

NT

N∑
i=1

X
(r)
i δ̂

′
r∆

(r)′

i F̂ (r) − 1

NT

N∑
i=1

∆
(r)
i δ̂
′
rX

(r)′
i F̂ (r)

+
1

NT

n∑
i=1

F (r)λirε
(r)′
i F̂ (r) +

1

NT

N∑
i=1

ε
(r)
i λ′irF

(r)′ F̂ (r) +
1

NT

N∑
i=1

ε
(r)
i ε

(r)′
i F̂ (r) +

1

NT

n∑
i=1

F (r)λir∆
(r)′

i F̂ (r)

+
1

NT

n∑
i=1

∆
(r)
i ∆

(r)′

i F̂ (r) +
1

NT

n∑
i=1

ε
(r)
i ∆

(r)′

i F̂ (r) +
1

NT

n∑
i=1

∆
(r)
i λ′irF

(r)′ F̂ (r) +
1

NT

n∑
i=1

∆
(r)
i ε

(r)′
i F̂ (r)

≡
15∑
s=1

I(r)
s . (C.3)

Pre-multiplying both sides of (C.3) by
(
N−1Λ′rΛr

)1/2
T−1F (r)′, we have

(
Λ′rΛr
N

)1/2
(
F (r)′ F̂ (r)

T

)
V̂

(r)
NT =

(
Λ′rΛr
N

)1/2
(
F (r)′F (r)

T

)
Λ′rΛr
N

(
F (r)′ F̂ (r)

T

)
+ d

(r)
NT , (C.4)

where d
(r)
NT ≡ ( 1

NΛ′rΛr)
1/2 1

T F
(r)′
∑15
s=1 I

(r)
s . We note that Su and Wang (2017, 2020) have shown that ||( 1

NΛ′rΛr)
1/2

× 1
T F

(r)′
∑15
s=8 I

(r)
s || = OP (T−1h−1 +N−1/2 +h2). This, along with the asymptotic nonsingularity of

Λ′rΛr
N , im-

plies that it suffices to study the order of 1
T F

(r)′I
(r)
s for s ∈ [7]. Noting that 1

T

∥∥∥F̂ (r)
∥∥∥2

=tr( 1
T F̂

(r)′F̂ (r)) = R,

we have by the triangle and CS inequalities,∥∥∥∥ 1

T
F (r)′I

(r)
1

∥∥∥∥ ≤ R1/2 1

T 1/2

∥∥∥F (r)
∥∥∥ 1

NT

N∑
i=1

‖X(r)
i ‖

2
∥∥∥δ̂r∥∥∥2

= OP (‖δ̂r‖2).

Similarly, we can readily show that
∥∥∥ 1
T F

(r)′I
(r)
l

∥∥∥ = OP (‖δ̂r‖) for l = 2, 3, 4, 5. Next,

∥∥∥∥ 1

T
F (r)′I

(r)
6

∥∥∥∥ ≤ R1/2

 1

N

N∑
i=1

∥∥∥∥∥F (r)′X
(r)
i

T

∥∥∥∥∥
2
1/2  1

N

N∑
i=1

∥∥∥∥∥∆
(r)
i

T

∥∥∥∥∥
2
1/2 ∥∥∥δ̂r∥∥∥ = OP (‖δ̂r‖h)

where we use the fact that 1
NT

∑N
i=1

∥∥∥∆
(r)
i

∥∥∥2

= 1
NT

∑N
i=1

∑T
t=1

∥∥∥∆
(r)
i (t, r)

∥∥∥2

= OP (h2). Similarly, we can show

that
∥∥∥ 1
T F

(r)′I
(r)
7

∥∥∥ = OP (‖δ̂r‖h). In sum, we have shown that d
(r)
NT = OP (T−1h−1 +N−1/2 + h2) +OP (‖δ̂r‖).

Now, letting

B
(r)
NT =

(
Λ′rΛr
N

)1/2
(
F (r)′F (r)

T

)(
Λ′rΛr
N

)1/2

and R
(r)
NT =

(
Λ′rΛr
N

)1/2
(
F (r)′ F̂ (r)

T

)
,

we can rewrite (C.4) as follows: [B
(r)
NT + d

(r)
NTR

(r)−1
NT ]R

(r)
NT = R

(r)
NT V̂

(r)
NT . Hence, each column of R

(r)
NT is a non-

standardized eigenvector of the matrix B
(r)
NT + d

(r)
NTR

(r)−1
NT . Let Ṽ

(r)
NT be a diagonal matrix consisting of the

43



diagonal elements of R
(r)′

NTR
(r)
NT . Denote the standardized eigenvector Υ

(r)
NT = R

(r)
NT Ṽ

(r)−1/2
NT . Hence, we have

[B
(r)
NT + d

(r)
NTR

(r)−1
NT ]Υ

(r)
NT = Υ

(r)
NT V̂

(r)
NT . That is, V̂

(r)
NT contains the eigenvalues of B

(r)
NT + d

(r)
NTR

(r)−1
NT with the

corresponding normalized eigenvectors contained in Υ
(r)
NT . It is trivial to show that∥∥∥B(r)

NT + d
(r)
NTR

(r)−1
NT −Br

∥∥∥ = OP
(
C−1
NT

)
+OP (‖δ̂r‖), (C.5)

where Br denotes the probability of B
(r)
NT , i.e., Br = Σ

1/2
Λr

ΣFΣ
1/2
Λr
. By the perturbation theory for eigenvalues

of Hermitian matrices (e.g., Stewart and Sun (1990, p. 203)),∣∣∣µj(B(r)
NT + d

(r)
NTR

(r)−1
NT )− µj (Br)

∣∣∣ ≤ ∥∥∥B(r)
NT + d

(r)
NTR

(r)−1
NT −Br

∥∥∥ = OP (C−1
NT ) +OP (‖δ̂r‖),

where µj (A) denotes the jth largest eigenvalue of a symmetric matrix A and j = 1, ..., R. That is,
∥∥∥V (r)

NT − Vr
∥∥∥ =

OP (C−1
NT ) +OP (‖δ̂r‖).

(ii)-(iv) The proofs are essentially the same as those of Lemma A.1(ii)-(iv) in Su and Wang (2017) and thus

omitted here.

(v) As in the proof of Proposition 3.1, we have
∥∥PF̂ (r) − PF (r)

∥∥2
= 2tr(IR − T−1F̂ (r)′PF (r) F̂ (r)). Using

the decomposition that F̂ (r) = (F̂ (r) − F (r)H(r) − B(r)) + F (r)H(r) + B(r) and Lemma A.2 (iv) and Lemma

A.3 (ii)-(iii) below, we can show that IR − T−1F̂ (r)′PF (r) F̂ (r) = IR − T−1F̂ (r)′F (r)
(
F (r)′F (r)

)−1
F (r)′F̂ (r) =

OP (C−2
NT ) +OP (‖δ̂r‖). �

Proof of Lemma A.3. (i) We consider the decomposition in (A.7). By CS inequality, we have

1

T

T∑
t=1

∥∥∥F̂ (r)
t −H(r)′F

(r)
t −B(r)

t

∥∥∥2

≤
∥∥∥V̂ (r)−1

NT

∥∥∥2 16

T

T∑
t=1

16∑
l=1

∥∥∥V̂ (r)
NTAl(t, r)

∥∥∥2

.

By Lemma A.2(i), we can bound T−1
∑T
t=1 ‖Al(t, r)‖

2
by determining the probability order of T−1

∑T
t=1

∥∥∥V̂ (r)
NTAl(t, r)

∥∥∥2

.

The terms A1(t, r) to A9(t, r) are almost the same as those defined in the proof of Theorem 2.1 of Su and Wang

(2020), except that their bias term D(s, r)F
(r)
s has been replaced by ∆

(r)
s = X

(r)
s L(s, r) +D(s, r)F

(r)
s here. Fol-

lowing the proof of Lemma A.2 in Su and Wang (2017, 2020), we can show that
∑9
l=1 T

−1
∑T
t=1

∥∥∥V̂ (r)
NTAl(t, r)

∥∥∥2

=

OP (C−2
NT ). Similar to the proof of Lemma A.2(i), it is easy to show that

∑15
l=10 T

−1
∑T
t=1

∥∥∥V̂ (r)
NTAl(t, r)

∥∥∥2

=

OP (‖δ̂r‖). Then T−1
∑T
t=1

∥∥∥F̂ (r)
t −H(r)′F

(r)
t −B(r)

t

∥∥∥2

= OP (C−2
NT ) +OP (‖δ̂r‖).

(ii) By (A.7), we obtain 1
T (F̂ (r)−F (r)H(r)−B(r))′F (r)H(r) = V̂

(r)−1
NT

∑16
l=1 Āl(r)H

(r), where Āl(r) = 1
T

∑T
t=1

V̂
(r)
NTAl(t, r)F

(r)′
t . Su and Wang (2017, 2020) have studied the terms Āl(r), l ∈ [9]. Following the results there,

we have
∑9
l=1 Āl(r) = OP (C−2

NT ). For Ā10(r) and Ā11(r), we have

∥∥Ā10(r)
∥∥ ≤ R1/2T−1/2

∥∥∥F (r)
∥∥∥ 1

NT

N∑
i=1

‖X(r)
i ‖

2‖δ̂r‖2 = OP (‖δ̂r‖2), and

∥∥Ā11(r)
∥∥ ≤ R1/2

{
1

N2T

T∑
s=1

∥∥∥X(r)′
s Λr

∥∥∥2
}1/2

1

T

T∑
t=1

∥∥∥F (r)
t

∥∥∥2

‖δ̂r‖ = OP (‖δ̂r‖).

Similarly, we can readily show that
∥∥Āl(r)∥∥ = OP (‖δ̂r‖) for l = 12, 13, and 14, and

∥∥Ā15(r)
∥∥ = OP (‖δ̂r‖h) for

l = 15 and 16. Combining the above results and using Lemma A.2(i) yield the claim in part (ii) of the lemma.

(iii) This follows from (i) and (ii) and the triangle inequality.

(iv)-(v) The proof is almost the same as part (ii) of the lemma and omitted for brevity. �
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Proof of Lemma A.4. The proof is similar to that of Lemma A.3 and we only sketch it here.

(i) Let Υ(r) = F̂ (r) − F (r)H(r) −B(r). Then

(NT )−1
N∑
i=1

X
(r)′
i MF̂ (r)Υ

(r)λ′ir

= (NT )−1
N∑
i=1

X
(r)′
i Υ(r)λ′ir − (NT )−1

N∑
i=1

X
(r)′
i PF (r)Υ(r)λ′ir − (NT )−1

N∑
i=1

X
(r)′
i (PF̂ (r) − PF (r))Υ(r)λ′ir

≡ II1 − II2 − II3.

Following the proof of Lemma A.3(ii), we can show that ‖IIl‖ = OP (C−2
NT ) +OP (‖δ̂r‖) for l = 1, 2. For II3, we

can readily apply Lemmas A.2(v) and A.3(i) to obtain

‖II3‖ ≤

{
N−1T−1/2

N∑
i=1

∥∥∥X(r)
i

∥∥∥ ‖λir‖}∥∥PF̂ (r) − PF (r)

∥∥ 1

T 1/2

∥∥∥Υ(r)
∥∥∥ = OP (C−2

NT ) +OP (‖δ̂r‖).

It follows that (NT )−1
∑N
i=1X

(r)′
i MF̂ (r)Υ(r)λ′ir = OP (C−2

NT ) +OP (‖δ̂r‖).
(ii) Let ω be an arbitrary nonrandom P -vector with ‖ω‖ = 1. Note that 1

NT

∑N
i=1 λirω

′X
(r)′
i MF̂ (r)B(r) =

1
NT

∑N
i=1 λirω

′X
(r)′
i B(r) − 1

NT

∑N
i=1 λirω

′X
(r)′
i PF (r)B(r) − 1

NT

∑N
i=1 λirω

′X
(r)′
i

(
PF̂ (r) − PF (r)

)
B(r) ≡ II4 −

II5 − II6. Recall that B
(r)
t = k

1/2
h,trC

(r)
1t

t−r
T + k

1/2
h,trC

(r)
2t ( t−rT )2 + k

1/2
h,trC

(r)
3:4,th

2κ2 where C
(r)
3:4,t = C

(r)
3t + C

(r)
4t , we

can readily show that

II4 =
1

NT

N∑
i=1

T∑
t=1

λirω
′X

(r)
it B

(r)′
t =

1

NT

N∑
i=1

T∑
t=1

k∗h,trλirω
′Xit

[
C

(r)
1t

t− r
T

+ C
(r)
2t (

t− r
T

)2 + C
(r)
3:4,th

2κ2

]′
= II4 +OP

(
h2
)
,

where II4 = 1
NT

∑N
i=1

∑T
t=1 k

∗
h,trλirX

′
itωC

(r)′
1t

t−r
T . Noting that C

(r)
1t = V̂

(r)−1
NT H(r)′ΣF (Λ′rA1,tr/N) and A1,tr =

Xtβ
(1)
r + Λ

(1)
r Ft, it is easy to see that the probability order of II4 is determined by that of II4,1 and II4,2,

where

II4,1 =
1

NT

T∑
t=1

k∗h,tr

(
1

N

N∑
i=1

λirX
′
it

)
ωβ(1)′

r X ′tΛr
t− r
T

and

II4,2 =
1

NT

T∑
t=1

k∗h,tr

(
1

N

N∑
i=1

λirX
′
it

)
ωF ′tΛ

(1)
r

t− r
T

.

Using the fact that 1
N

∑N
i=1 λirX

′
it = 1

N

∑N
i=1 λirE(X ′i1) +OP ((N/ lnT )−1/2) uniformly in t, we can show that

II4,1 =
1

N

N∑
i=1

λirE(X ′i1)ωβ(1)′
r

1

N

N∑
j=1

1

T

T∑
t=1

k∗h,trXjtλ
′
jr

t− r
T

+OP ((N/ lnT )−1/2h).

This, in conjunction with the fact that

1

T

T∑
t=1

k∗h,trXjt
t− r
T

=
1

T

T∑
t=1

k∗h,trE(Xj1)
t− r
T

+
1

T

T∑
t=1

k∗h,tr[Xjt − E (Xjt)]
t− r
T

= O(T−1) +OP ((Th/ lnT )
−1/2

h) uniformly in j,

implies that II4,1 = OP ((N/ lnT )−1/2h + (Th/ lnT )
−1/2

h + T−1). Similarly, II4,2 = OP ((N/ lnT )−1/2h +
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(Th/ lnT )
−1/2

h+ T−1). Thus II4 = OP ((N/ lnT )−1/2h+ (Th/ lnT )
−1/2

h+ T−1) and

II4 = OP ((N/ lnT )−1/2h+ (Th/ lnT )
−1/2

h+ T−1) +OP
(
h2
)

= OP
(
h2
)
.

Similarly, we can show that II5 = OP
(
h2
)
. Following the analysis of II3 in the proof of (ii), we can show that

‖II6‖ =

∥∥∥∥∥ 1

NT

N∑
i=1

λirω
′X

(r)′
i

(
PF̂ (r) − PF (r)

)
B(r)

∥∥∥∥∥ . ∥∥PF̂ (r) − PF (r)

∥∥ 1

NT 1/2

N∑
i=1

∥∥∥X(r)
i

∥∥∥ 1

T 1/2

∥∥∥B(r)
∥∥∥

= OP ((C−1
NT + ‖δ̂r‖1/2)h).

It follows that 1
NT

∑N
i=1 λirω

′X
(r)′
i MF̂ (r)B(r) = OP (h2) +OP (‖δ̂r‖) and the conclusion follows.

(iii)N−1T−1
∑N
j=1 λjrε

(r)′
j F̂ (r) = N−1T−1

∑N
j=1 λjrε

(r)′
j Υ(r)+N−1T−1

∑N
j=1 λjrε

(r)′
j F (r)H(r)+N−1T−1

∑N
j=1

λjrε
(r)′
j B(r) ≡ II7 + II8 + II9. Following the proof of Lemma A.3(ii), we can show that II7 = OP (C−2

NT ) +

OP (‖δ̂r‖). For II8, we have N−1T−1
∑N
j=1 λjrε

(r)′
j F (r) = N−1T−1

∑N
j=1

∑T
t=1 k

∗
trλjrεjtFt = OP ((NTh)−1/2),

implying II8 = OP ((NTh)−1/2). Similarly, II9 = OP ((NTh)−1/2h). Consequently,

N−1T−1
N∑
j=1

λjrε
(r)′
j F̂ (r) = OP (C−2

NT ) +OP (‖δ̂r‖) +OP ((NTh)−1/2) = OP (C−2
NT ) +OP (‖δ̂r‖).

(iv) The result is related to Lemma A.4 of Bai (2009). Following his arguments, one expect that 1
T Υ(r)′ε

(r)
i =

(Th)
−1/2

OP (‖δ̂r‖) +OP (C−2
NT ) for each i. Here we prove the corresponding mean square error result. By (A.7),

1

N

N∑
i=1

∥∥∥∥ 1

T
Υ(r)′ε

(r)
i

∥∥∥∥2

=
1

N

N∑
i=1

∥∥∥∥∥ 1

T

T∑
t=1

Υ
(r)
t ε

(r)
it

∥∥∥∥∥
2

≤ 16
∥∥∥V̂ (r)−1

NT

∥∥∥ 16∑
l=1

A
(r)
l ,

where A
(r)
l = 1

N

∑N
i=1

∥∥∥ 1
T

∑T
t=1 V̂

(r)
NTAl (t, r) ε

(r)
it

∥∥∥2

for l ∈ [16]. Following the proof of Lemma A.4 of Bai

(2009) and the proof of Lemma A.3, and using the results in Lemmas A.2-A.3, we can readily show that
1
T

∑T
t=1 V̂

(r)
NTAl (t, r) ε

(r)
it = OP (C−4

NT + ‖δ̂r‖2) for l ∈ [9]. In addition, it is trivial to show that 1
T

∑T
t=1 V̂

(r)
NT

Al (t, r) ε
(r)
it = OP (‖δ̂r‖2). Then 1

N

∑N
i=1

∥∥∥ 1
T Υ(r)′ε

(r)
i

∥∥∥2

= OP (C−4
NT + ‖δ̂r‖2).

(v) By (A.7) we have

√
NTh

NT

N∑
i=1

1

T
X

(r)′
i F (r)[

1

T
F (r)′F (r)]−1[F̂ (r)H(r)−1 − F (r) −B(r)H(r)−1]′ε

(r)
i

=

√
NTh

NT

N∑
i=1

1

T
X

(r)′
i F (r)[

1

T
F (r)′F (r)]−1

(
H(r)−1

)′
Υ(r)′ε

(r)
i

=

15∑
l=1

√
NTh

NT

N∑
i=1

T∑
t=1

1

T
X

(r)′
i F (r)[

1

T
F (r)′F (r)]−1

(
H(r)−1

)′
Al(t, r)ε

(r)
it ≡

15∑
l=1

Ā
(r)
l .

Let ω be any nonrandom P -vector with ‖ω‖ = 1. Then

∣∣∣ω′Ā(r)
1

∣∣∣ =

∣∣∣∣∣√Nhtr

{
F (r)

T 1/2

(
F (r)′F (r)

T

)−1 (
H(r)−1

)′
V̂

(r)−1
NT

1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

F̂ (r)
s E(ε(r)′

s ε
(r)
t /N)ε

(r)
it ω

′X
(r)′
i

}∣∣∣∣∣
.
√
Nh

∥∥∥∥∥ 1

T 2

T∑
t=1

T∑
s=1

F̂ (r)
s E(ε(r)′

s ε
(r)
t /N)

1

N

N∑
i=1

ε
(r)
it ω

′X
(r)′
i

∥∥∥∥∥
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.
√
Nh

∥∥∥∥∥ 1

T 2

T∑
t=1

T∑
s=1

F (r)
s E(ε(r)′

s ε
(r)
t /N)

1

N

N∑
i=1

ε
(r)
it ω

′X
(r)′
i

∥∥∥∥∥
+
√
Nh

∥∥∥∥∥ 1

T 2

T∑
t=1

T∑
s=1

B(r)
s E(ε(r)′

s ε
(r)
t /N)

1

N

N∑
i=1

ε
(r)
it ω

′X
(r)′
i

∥∥∥∥∥
+
√
Nh

∥∥∥∥∥ 1

T 2

T∑
t=1

T∑
s=1

(F̂ (r)
s −H(r)′F (r)

s −B(r)
s )E(ε(r)′

s ε
(r)
t /N)

1

N

N∑
i=1

ε
(r)
it ω

′X
(r)′
i

∥∥∥∥∥
≡ II10 + II11 + II12.

As in Su and Wang (2017), we can readily show that 1
T 2

∑T
t=1 ||

∑T
s=1 F

(r)
s E(ε

(r)′

s ε
(r)
t /N)||2 = 1

T and 1
T 2

∑T
t=1 ||

1
N

∑N
i=1

ε
(r)
it ω

′X
(r)′
i ||2 = OP

(
(Th)−1 +N−1

)
by Markov inequality under Assumptions A.1(vi) and A.2(iii) as

1

T 2

T∑
t=1

E

∥∥∥∥∥ 1

N

N∑
i=1

ε
(r)
it ω

′X
(r)′
i

∥∥∥∥∥
2

=
1

N2T 2

N∑
i,j=1

T∑
s,t=1

k∗h,trk
∗
h,srE{[εitεjt − E(εitεjt)]X

′
isXjs}+

1

N2T 2

N∑
i,j=1

T∑
s,t=1

k∗h,trk
∗
h,srE(εitεjt)E(X ′isXjs)

. h−1 max
i,j,s

T∑
s=1

|E{[εitεjt − E(εitεjt)]X
′
isXjs}|

1

T 2

T∑
t=1

k∗h,tr + max
t

1

N2

N∑
i,j=1

|E(εitεjt)|
1

T 2

T∑
s,t=1

k∗h,trk
∗
h,sr

= O
(
(Th)−1 +N−1

)
.

Then

II10 ≤
√
Nh

 1

T 2

T∑
t=1

∥∥∥∥∥
T∑
s=1

F (r)
s E(ε(r)′

s ε
(r)
t /N)

∥∥∥∥∥
2


1/2 1

T 2

T∑
t=1

∥∥∥∥∥ 1

N

N∑
i=1

ε
(r)
it ω

′X
(r)′
i

∥∥∥∥∥
2


1/2

=
√
NhOP (T−1/2)OP ((Th)−1/2 +N−1/2) = oP (1) .

Similarly, II11 = oP (1) . For II12, we have by CS equality and Lemma A.3(i),

II12 ≤
√
Nh

∥∥∥∥∥ 1

T 2

T∑
t=1

T∑
s=1

(F̂ (r)
s −H(r)′F (r)

s −B(r)
s )E(ε(r)′

s ε
(r)
t /N)

1

N

N∑
i=1

ε
(r)
it ω

′X
(r)′
i

∥∥∥∥∥
≤

{
1

T

T∑
s=1

∥∥∥F̂ (r)
s −H(r)′F (r)

s −B(r)
s

∥∥∥2
}1/2

max
t


∥∥∥∥∥
T∑
s=1

E(ε(r)′

s ε
(r)
t /N)

∥∥∥∥∥
2


1/2

×

∥∥∥∥∥
√
Nh

NT 3/2

T∑
t=1

N∑
i=1

ε
(r)
it ω

′X
(r)′
i

∥∥∥∥∥
= OP (‖δ̂r‖1/2 + C−1

NT )O (1)OP (1) = oP (1) .

Then Ā
(r)
1 = oP (1) . Similarly, we can show that Ā

(r)
l = oP (1) for l = 2, 4, 5, ..., 9. For Ā

(r)
3 , in view of the fact

that (H(r)−1)′V̂
(r)−1
NT =

(
N−1Λ′rΛr

)−1
(T−1F̂ (r)′F (r))−1 by the definition of H(r), we have

Ā
(r)
3 =

√
NTh

NT

N∑
i=1

T∑
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X
(r)′
i F (r)

T

(
F (r)′F (r)

T

)−1(
Λ′rΛr
N

)−1

Λ′rε
(r)
t /Nε

(r)
it =

√
Th

N
ψ

(r)
NT

where ψ
(r)
NT = 1

N

∑N
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∑N
k=1

X
(r)′
i F (r)

T

(
F (r)′F (r)

T

)−1 (
Λ′rΛr
N

)−1

λkr

(
1
T

∑T
t=1 ε

(r)
it ε

(r)
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)
.
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Next, it is easy to obtain the rough bound for the remainder terms:

Ā
(r)
10 =

√
NThOP (‖δ̂r‖2 (Nh)

−1/2
)), Ā

(r)
l =

√
NThOP (‖δ̂r‖ (Nh)

−1/2
) for l = 11, 13, 14 and 16, and

Ā
(r)
l =

√
NThOP (‖δ̂r‖h (Nh)

−1/2
) for l = 12, 15.

In sum, we have
√
NTh
NT

∑N
i=1

X
(r)′
i F (r)

T

(
F (r)′F (r)

T

)−1

[F̂ (r)H(r)−1−F (r)−B(r)H(r)−1]′ε
(r)
i =

√
Th
N ψ

(r)
NT+

√
TOP (‖δ̂r‖)+

oP (1) . �

Proof of Lemma A.5. Recall that H(r) = (N−1Λ′rΛr)(T
−1F (r)′F̂ (r))V̂

(r)−1
NT . By (C.3), F̂ (r)H(r)−1 − F (r) =∑15

l=1 I
(r)
l G(r), where G(r) = ( 1

T F
(r)′F̂ (r))−1( 1

NΛ′rΛr)
−1 satisfies

∥∥G(r)
∥∥ = OP (1) as (T−1F̂ (r)′F (r))−1 = Q−1

r +

oP (1) by Lemma A.2(ii) and N−1Λ′rΛr = ΣΛr +O(N−1/2) by Assumption 3(i). It follows that

1

NTh

N∑
i=1

X
(r)′

i MF̂ (r)F
(r)λir =

1
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N∑
i=1

X
(r)′

i MF̂ (r) [F
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= −
15∑
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1

NT

N∑
i=1

X
(r)′

i MF̂ (r)I
(r)
l G(r)λir ≡
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l=1

J
(r)
l .

For J
(r)
1 , we have

∥∥∥J (r)
1

∥∥∥ =

∥∥∥∥∥ 1

NT

N∑
i=1

X
(r)′

i MF̂ (r)I
(r)
1 G(r)λir

∥∥∥∥∥ . 1

NT 1/2
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∥∥∥X(r)
i
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∥∥∥I(r)

1

∥∥∥max
i
‖λir‖ = OP (‖δ̂r‖2),

where we use the fact that G(r) = OP (1) ,
∥∥MF̂ (r)

∥∥
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= 1, 1
NT 1/2

∑N
i=1

∥∥∥X(r)
i

∥∥∥ = OP (1), T−1/2
∥∥∥I(r)

1

∥∥∥ =

OP (‖δ̂r‖2), and maxi ‖λir‖ = O (1) . For J
(r)
2 , we have

J
(r)
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1

N2T

N∑
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n∑
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(r)′
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(r)
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′
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1

N
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1
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N∑
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N∑
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X
(r)′

i MF̂ (r)X
(r)
j a

(r)
ji δ̂r,

where a
(r)
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′
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(
1
NΛ′rΛr

)−1
λir. For J

(r)
3 , we have

J
(r)
3 =

1

N2T 2

N∑
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N∑
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X
(r)′

i MF̂ (r)X
(r)
j δ̂rε

(r)′
j F̂ (r)G(r)λir

=
1
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N∑
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N∑
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X
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i MF̂ (r)X
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T∑
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[Υ
(r)
t +H(r)′F

(r)
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(r)
t ]ε

(r)
jt G

(r)λir ≡
3∑
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J
(r)
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where Υ
(r)
t ≡ F̂

(r)
t −H(r)′F

(r)
t −B

(r)
t , J

(r)
31 = 1

N2T 2

∑N
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∑N
j=1X

(r)′

i MF̂ (r)X
(r)
j δ̂r

∑T
t=1 Υ

(r)
t ε

(r)
jt G

(r)λir, and J
(r)
32

and J
(r)
33 are similarly defined. Note that by Lemma A.3(i)

∥∥∥J (r)
31

∥∥∥ =

∥∥∥∥∥∥ 1

N2T 2

N∑
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N∑
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X
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i MF̂ (r)X
(r)
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T∑
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Υ
(r)
t ε

(r)
jt G
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∥∥∥∥∥∥
.

{
1

T

T∑
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∥∥∥Υ
(r)
t

∥∥∥2
}1/2

max
j

{
1

T

T∑
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∥∥∥ε(r)
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∥∥∥2
}1/2

1
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∥∥∥X(r)
i

∥∥∥2

‖δ̂r‖

= OP (C−1
NT + ‖δ̂r‖1/2)Op(‖δ̂r‖).
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Similarly, we have

∥∥∥J (r)
32

∥∥∥ .

 1

N

N∑
j=1

∥∥∥∥∥ 1

T

T∑
t=1

F
(r)
t ε

(r)
jt

∥∥∥∥∥
2


1/2

‖δ̂r‖ = OP ((Th)
−1/2

)‖δ̂r‖ and

∥∥∥J (r)
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∥∥∥ .
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N

N∑
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∥∥∥∥∥ 1

T
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(r)
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(r)
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∥∥∥∥∥
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1/2

‖δ̂r‖ = OP ((Th)
−1/2
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by straightforward moment calculations and Markov inequality. It follows that J
(r)
3 = OP (C−1

NT+‖δ̂r‖1/2)OP (‖δ̂r‖).
Next, we consider J4 term:

J
(r)
4 =

1
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N∑
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X
(r)′

i MF̂ (r)

1
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N∑
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1
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(r)H(r) − F̂ (r) +B(r)]H(r)−1λδ̂

′
rX

(r)′
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N∑
i=1

N∑
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Noting that T−1/2
∥∥∥F (r) − F̂ (r)H(r)−1 +B(r)

∥∥∥ = OP (C−1
NT ) +OP (‖δ̂r‖1/2) and ‖B(r)

t ‖ = OP (h) when |t− r| .

h, one can readily show that J
(r)
4 = OP (C−1

NT + ‖δ̂r‖1/2 + h)OP (‖δ̂r‖).
For J

(r)
5 , we have
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5
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2
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≡ 3 (II10 + II11 + II12) .

By moment calculations, we can show that IIl = OP
(
(Th)−1

)
for l = 10, 11. For II12, we can apply Lemma

A.2(v) to obtain II12 = OP (C−2
NT + ‖δ̂r‖). It follows that J
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5 = OP (C−1

NT + ‖δ̂r‖1/2)OP (‖δ̂r‖). Next,
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N∑
j=1

X
(r)′

i MF̂ (r)X
(r)
j δ̂r

T∑
t=1

{
(βt − βr)

′
X

(r)
jt + (λjt − λjr)′ F (r)

t

}
F̂

(r)′
t G(r)λir ≡ J (r)

61 + J
(r)
62 .

49



It is straightforward to show that J
(r)
6l = OP (h2)OP (‖δ̂r‖) for l = 1, 2. Then J

(r)
6l = OP (h2)OP (‖δ̂r‖). Similarly,

we can show that J
(r)
7 = OP (h2)OP (‖δ̂r‖). In sum, we have established that
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NT + ‖δ̂r‖1/2)OP (‖δ̂r‖).

The last nine terms, namely, J
(r)
8 to J

(r)
15 , do not explicitly depend on δ̂r ≡ β̂r − βr. We will show that

the term J
(r)
9 contributes to the limiting distribution of β̂r − βr, the terms J

(r)
10 and J

(r)
14 contribute to the

bias, and the other terms are oP ((NTh)−1/2) + OP (C−1
NT + ‖δ̂r‖1/2)OP (‖δ̂r‖). We first consider J

(r)
8 . Using

MF̂ (r)F (r) = MF̂ (r) [F (r)H(r)− F̂ (r) +B(r)]H(r)−1−MF̂ (r)B(r)H(r)−1 = −MF̂ (r)Υ(r)H(r)−1 −MF̂ (r)B(r)H(r)−1,

we have
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By Lemma A.4(i)-(iii),
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10 = − 1

N2T 2

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)ε

(r)
j ε

(r)′
j F̂ (r)G(r)λir

= − 1

N2T 2

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)ε

(r)
j ε

(r)′
j F̂ (r)(

1

T
F (r)′F̂ (r))−1(

1

N
Λ′rΛr)

−1λir.
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For J
(r)
11 , we make the following decomposition:

J
(r)
11 = − 1

N2T 2

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)F

(r)λjr∆
(r)′
j F̂ (r)G(r)λir

=
1

N2T 2

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)

[
F̂ (r) − F (r)H(r) −B(r)

]
H(r)−1λjr∆

(r)′
j F̂ (r)G(r)λir

+
1

N2T 2

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)B

(r)H(r)−1λjr∆
(r)′
j F̂ (r)G(r)λir ≡ J (r)

11,1 + J
(r)
11,2.

By Lemma A.4(i),

∣∣∣ω′J (r)
11,1

∣∣∣ . 1

NT

∥∥∥∥∥
N∑
i=1

λirω
′X

(r)′
i MF̂ (r)Υ

(r)

∥∥∥∥∥ 1

NT

∥∥∥∥∥∥
N∑
j=1

λjr∆
(r)′
j F̂ (r)

∥∥∥∥∥∥ = [OP (‖δ̂r‖) +OP (C−2
NT )]OP (‖δ̂r‖+ C−1

NT ),

where we use the fact that∥∥∥∥∥∥ 1

NT

N∑
j=1

λjr∆
(r)′
j F̂ (r)

∥∥∥∥∥∥ ≤

∥∥∥∥∥∥ 1

NT

N∑
j=1

λjr∆
(r)′
j Υ(r)

∥∥∥∥∥∥+

∥∥∥∥∥∥ 1

NT

N∑
j=1

λjr∆
(r)′
j (F (r)H(r) +B(r))

∥∥∥∥∥∥
= OP (h(‖δ̂r‖1/2 + C−1

NT )) +OP (h2) = OP (‖δ̂r‖+ h2 + hC−1
NT ) = OP (‖δ̂r‖+ C−1

NT ).

For J
(r)
11,2, we can apply Lemmas A.2(iv) and A.3 to show that

J
(r)
11,2 =

1

N2T 2

N∑
i=1

N∑
j=1

X
(r)′
i B(r)H(r)−1λjr∆

(r)′
j

(
F (r)H(r) +B(r)

)
G(r)λir

− 1

N2T 2

N∑
i=1

N∑
j=1

X
(r)′
i PF (r)B(r)H(r)−1λjr∆

(r)′
j

(
F (r)H(r) +B(r)

)
G(r)λir

+OP ((C−1
NT + ‖δ̂r‖1/2)h3 +OP ((C−2

NT + ‖δ̂r‖)h2))

≡ J
(r)
11,21 + J

(r)
11,22 +OP ((C−1

NT + ‖δ̂r‖1/2)h3 +OP ((C−2
NT + ‖δ̂r‖)h2)).

Note that

∣∣∣ω′J (r)
11,21

∣∣∣ .
∥∥∥∥∥∥ 1

NT

N∑
j=1

λjr∆
(r)′
j (F (r)H(r) +B(r))

∥∥∥∥∥∥
∥∥∥∥∥ 1

NT

N∑
i=1

λirX
(r)′
i B(r)

∥∥∥∥∥ = OP
(
h2
)
OP

(
h2
)

= OP
(
h4
)
.

Similarly,
∣∣∣ω′J (r)

11,21

∣∣∣ . OP (h4
)
. Thus,

J
(r)
11 = [OP (‖δ̂r‖) +OP (C−2

NT )]OP (‖δ̂r‖+ C−1
NT ) +OP (h4) +OP ((C−1

NT + ‖δ̂r‖1/2)h3) +OP ((C−2
NT + ‖δ̂r‖)h2)

= OP (‖δ̂r‖2 + C−3
NT + h4 + C−1

NTh
3 + ‖δ̂r‖1/2h3) = OP (‖δ̂r‖2 + C−3

NT + h4 + C−1
NTh

3),

where the last equality holds because ‖δ̂r‖1/2h3 ≤ (‖δ̂r‖h2 + h4)/2 by CS inequality. Analogously, we have

J
(r)
12 = − 1

N2T 2

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)∆

(r)
j ∆

(r)′
j F̂ (r)G(r)λir
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=
−1

N2T 2

N∑
i=1

N∑
j=1

X
(r)′
i MF (r)∆

(r)
j ∆

(r)′
j (F (r)H(r) +B(r))G(r)λir +OP ((C−1

NT + ‖δ̂r‖1/2)h3 +OP ((C−2
NT + ‖δ̂r‖)h2))

= OP (h4) +OP ((C−1
NT + ‖δ̂r‖1/2)h3 +OP ((C−2

NT + ‖δ̂r‖)h2))

= OP (‖δ̂r‖2 + C−3
NT + h4 + C−1

NTh
3 + ‖δ̂r‖1/2h3).

We note that the J
(r)
13 term is a higher order term than J

(r)
9 , and J

(r)
15 term is a higher order term than J

(r)
8 ,

which are both asymptotically negligible. Finally,

J
(r)
14 = − 1

N2T

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)

1

T
∆

(r)
j λ′jrF

(r)′ F̂ (r)G(r)λir = − 1

N2T

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)∆

(r)
j a

(r)
ji .

Collecting terms from J
(r)
1 to J

(r)
15 gives

1

NT

N∑
i=1

X
(r)′
i MF̂ (r)F

(r)λir

=
1

N2T

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)X

(r)
j a

(r)
ji δ̂r −

1

N2T

N∑
i=1

N∑
j=1

a
(r)
ij X

(r)′
i MF̂ (r)ε

(r)
j

− 1

N2T 2

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)ε

(r)
j ε

(r)′
j F̂ (r)(

1

T
F (r)′F̂ (r))−1(

1

N
Λ′rΛr)

−1λir −
1

N2T

N∑
i=1

N∑
j=1

X
(r)′
i MF̂ (r)∆

(r)
j a

(r)
ji

+OP (C−1
NT + ‖δ̂r‖1/2)OP (‖δ̂r‖) +OP (C−3

NT + h4 + C−1
NTh

3). �

Proof of Lemma A.6. First, we consider
√
NTh
NT

∑N
i=1X

(r)′
i

(
MF̂ (r) −MF (r)

)
ε

(r)
i . Recall that Υ(r) =

F̂ (r)−F (r)H(r)−B(r). Let Υ
(r)
s = F̂

(r)
s −H(r)′F

(r)
s −B(r)

s . Noting that F̂ (r) = Υ(r) +F (r)H(r) +B(r), we make

the following decomposition:

√
NTh

NT

N∑
i=1

X
(r)′
i

(
MF (r) −MF̂ (r)

)
ε

(r)
i

=

√
NTh

NT

N∑
i=1

X
(r)′
i

1

T

[
F̂ (r)F̂ (r)′ − F (r)(F (r)′F (r)/T )−1F (r)′

]
ε

(r)
i

=

√
NTh

NT

N∑
i=1

X
(r)′
i

1

T
Υ(r)Υ(r)′ε

(r)
i +

√
NTh

NT

N∑
i=1

X
(r)′
i

1

T
Υ(r)H(r)′F (r)′ε

(r)
i +

√
NTh

NT

N∑
i=1

X
(r)′
i

1

T
F (r)H(r)Υ(r)′ε

(r)
i

+

√
NTh

NT

N∑
i=1

X
(r)′
i

1

T
F (r)

[
H(r)H(r)′ − (F (r)′F (r)/T )−1

]
F (r)′ε

(r)
i +

√
NTh

NT

N∑
i=1

X
(r)′
i

1

T
Υ(r)B(r)′ε

(r)
i

+

√
NTh

NT

N∑
i=1

X
(r)′
i

1

T
B(r)Υ(r)ε

(r)
i +

√
NTh

NT

N∑
i=1

X
(r)′
i

1

T
F (r)H(r)B(r)′ε

(r)
i

+

√
NTh

NT

N∑
i=1

X
(r)′
i

1

T
B(r)H(r)′F (r)′ε

(r)
i +

√
NTh

NT

N∑
i=1

X
(r)′
i

1

T
B(r)B(r)′ε

(r)
i ≡

9∑
l=1

A
(r)
l .

We consider these nine terms one by one. First, for A
(r)
1 , we have

∥∥∥A(r)
1

∥∥∥ ≤
√
NTh

∥∥∥∥∥ 1

N

N∑
i=1

1

T
X

(r)′
i Υ(r) 1

T
Υ(r)′ε

(r)
i

∥∥∥∥∥
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≤
√
NTh

{
1

N

N∑
i=1

∥∥∥∥ 1

T
X

(r)′
i Υ(r)

∥∥∥∥2
}1/2{

1

N

N∑
i=1

∥∥∥∥ 1

T
Υ(r)′ε

(r)
i

∥∥∥∥2
}1/2

≤
√
NTh

{
1

NT

N∑
i=1

∥∥∥X(r)
i

∥∥∥2
}1/2

1

T 1/2

∥∥∥Υ(r)
∥∥∥{ 1

N

N∑
i=1

∥∥∥∥ 1

T
Υ(r)′ε

(r)
i

∥∥∥∥2
}1/2

=
√
NThOP (C−1

NT + ‖δ̂r‖1/2)OP (C−2
NT + ‖δ̂r‖) =

√
NThOP (C−3

NT + ‖δ̂r‖3/2),

where the first equality follows from Lemmas A.3(i) and A.4(iii). For A
(r)
2 , we have

∣∣∣ω′A(r)
2

∣∣∣ =
√
NTh

∣∣∣∣∣ 1

NT

N∑
i=1

ω′X
(r)′
i

1

T
Υ(r)H(r)′F (r)′ε

(r)
i

∣∣∣∣∣
=
√
NTh

∣∣∣∣∣ 1

T

T∑
s=1

Υ(r)′
s H(r)′

(
1

NT

N∑
i=1

T∑
t=1

F
(r)
t ε

(r)
it ω

′X
(r)
is

)∣∣∣∣∣
.
√
NTh

[
1

T

T∑
s=1

∥∥∥Υ(r)
s

∥∥∥2
]1/2

 1

T

T∑
s=1

k∗h,sr

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

k∗h,trFtεitω
′Xis

∥∥∥∥∥
2
1/2

=
√
NThOP (C−1

NT + ‖δ̂r‖1/2)OP ((NTh)−1/2 + (Th)−1),

where we use Lemma A.3(i) and the fact that

1

T

T∑
s=1

k∗h,sr

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

k∗h,trFtεitX
′
isω

∥∥∥∥∥
2

≤ 2

T

T∑
s=1

k∗h,sr

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

k∗h,tr[FtεitX
′
is − E(FtεitX

′
is)]

∥∥∥∥∥
2

+
2

T

T∑
s=1

k∗h,sr

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

k∗h,trE (FtεitX
′
is)

∥∥∥∥∥
2

= OP
(
(NTh)−1

)
+OP ((Th)−2)

by noticing that maxs

∥∥∥ 1
NT

∑N
i=1

∑T
t=1 k

∗
h,trE (FtεitX

′
is)
∥∥∥2

≤ maxt k
∗2
h,tr

∣∣∣maxs
1
NT

∑N
i=1

∑T
t=1 ‖E (FtεitX

′
is)‖

∣∣∣2
≤ h−2OP (T−2).

For A
(r)
3 , we have

A
(r)
3 =

√
NTh

NT

N∑
i=1

X
(r)′
i

1

T
F (r)H(r)

[
F̂ (r) − F (r)H(r) −B(r)

]′
ε

(r)
i

=

√
NTh

NT

N∑
i=1

X
(r)′
i F (r)

T
[
1

T
F (r)′F (r)]−1

[
F̂ (r)H(r)−1 − F (r) −B(r)H(r)−1

]′
ε

(r)
i

+

√
NTh

NT

N∑
i=1

X
(r)′
i F (r)

T

{
H(r)H(r)′ − [

1

T
F (r)′F (r)]−1

}[
F̂ (r)H(r)−1 − F (r) −B(r)H(r)−1

]′
ε

(r)
i ≡

2∑
`=1

A
(r)
3` .

By Lemma A.4(iv), A
(r)
31 =

√
Th
N ψ

(r)
NT +OP (‖δ̂r‖) +

√
ThOP (C−2

NT ), where

ψ
(r)
NT =

1

N

N∑
i=1

N∑
k=1

X
(r)′
i F (r)

T

(
F (r)′F (r)

T

)−1(
Λ′rΛr
N

)−1

λkr

(
1

T

T∑
t=1

ε
(r)
it ε

(r)
kt

)
.
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Let Ξ(r) = H(r)H(r)′ − [ 1
T F

(r)′F (r)]−1. Note that

1

T
F (r)′F (r) − ΣF =

1

T

T∑
t=1

k∗h,trFtF
′
t − ΣF =

1

T

T∑
t=1

k∗h,tr[FtF
′
t − E(FtF

′
t )] + (

1

T

T∑
t=1

k∗h,tr − 1)ΣF

= OP ((Th)
−1/2

) +O((Th)−1) = OP ((Th)
−1/2

)

by our assumptions and the approximation property of Riemann summation to a definite integral. This fact,

along with Lemma A.2(iv), implies that ∥∥∥Ξ(r)
∥∥∥ = OP (C−1

NT + ‖δ̂r‖). (C.6)

Then we have

∥∥∥A(r)
32

∥∥∥ . √NTh∥∥∥Ξ(r)
∥∥∥
 1

N

N∑
i=1

∥∥∥∥∥X(r)′
i F (r)

T

∥∥∥∥∥
2


1/2{
1

N

N∑
i=1

∥∥∥∥ 1

T
Υ(r)′ε

(r)
i

∥∥∥∥2
}1/2

=
√
NThOP (C−1

NT + ‖δ̂r‖)OP (1)OP (C−2
NT + ‖δ̂r‖) =

√
NThOP (C−3

NT + ‖δ̂r‖2 + C−1
NT ‖δ̂r‖)

by the CS inequality and A.4(iv). Thus A
(r)
3 =

√
Th
N ψ

(r)
NT +OP (‖δ̂r‖)+

√
ThOP (C−2

NT ) +
√
NThOP (C−3

NT +‖δ̂r‖2

+C−1
NT ‖δ̂r‖).
For A

(r)
4 , we have

∣∣∣ω′A(r)
4

∣∣∣ = tr

[
Ξ(r)

(√
NTh

NT 2

N∑
i=1

F (r)′ε
(r)
i ω′X

(r)′
i F (r)

)]
≤
∥∥∥Ξ(r)

∥∥∥ √NTh
NT 2

∥∥∥∥∥
N∑
i=1

F (r)′ε
(r)
i ω′X

(r)′
i F (r)

∥∥∥∥∥
= OP (C−1

NT + ‖δ̂r‖)OP (1 + (Th/N)−1/2).

For A
(r)
5 , we have

∥∥∥A(r)
5

∥∥∥ =

√
NTh

NT 2

∥∥∥∥∥
N∑
i=1

X
(r)′
i Υ(r)B(r)′ε

(r)
i

∥∥∥∥∥ ≤ √NTh
{

1

N

N∑
i=1

∥∥∥∥ 1

T
X

(r)′
i Υ(r)

∥∥∥∥2
}1/2{

1

N

N∑
i=1

∥∥∥∥ 1

T
B(r)′ε

(r)
i

∥∥∥∥2
}1/2

=
√
NThOP (C−2

NT + ‖δ̂r‖)OP ((T/h)−1/2).

Next,

∥∥∥A(r)
6

∥∥∥ =

√
NTh

NT 2

∥∥∥∥∥
N∑
i=1

X
(r)′
i B(r)Υ(r)′ε

(r)
i

∥∥∥∥∥ ≤ √NTh
{

1

N

N∑
i=1

∥∥∥∥ 1

T
X

(r)′
i B(r)

∥∥∥∥2
}1/2{

1

N

N∑
i=1

∥∥∥∥ 1

T
Υ(r)′ε

(r)
i

∥∥∥∥2
}1/2

=
√
NThOP (h)OP (C−2

NT + ‖δ̂r‖).

For A
(r)
7 , we have

∣∣∣ω′A(r)
7

∣∣∣ =

√
NTh

NT 2

∣∣∣∣∣tr
(
H(r)

N∑
i=1

B(r)′ε
(r)
i ω′X

(r)′
i F (r)

)∣∣∣∣∣ .
√
NTh

NT 2

∥∥∥∥∥
N∑
i=1

B(r)′ε
(r)
i ω′X

(r)′
i F (r)

∥∥∥∥∥
=

√
NTh

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

B
(r)
t ε

(r)
it F

(r)′
s X

(r)′
is ω = OP (N1/2T−1/2h) = oP (1),
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where we use the fact that B
(r)
t = k

∗1/2
h,tr

[
C

(r)
1t

t−r
T + C

(r)
2t h

2 + C
(r)
3t ( t−rT )2

]
. Similarly, A

(r)
8 = OP (N1/2T−1/2h) =

oP (1). Finally, for A
(r)
9 , we can readily show that

A
(r)
9 =

√
NTh

NT 2

N∑
i=1

X
(r)′
i B(r)B(r)′ε

(r)
i =

√
NTh

NT 2

N∑
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T∑
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T∑
s=1

X
(r)
ir B

(r)′
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s ε
(r)
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=

√
NTh

NT 2

N∑
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T∑
t=1

T∑
s=1

k∗h,trk
∗
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(r)′
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(r)
1s εis

t− r
T

s− r
T

+ oP (1) ≡ A(r)
91 + oP (1).

Recall that C
(r)
1t = V̂

(r)−1
NT H(r)′ΣF ( 1

NΛ′rA1,tr) and A1,tr = Xtβ
(1)
r +Λ

(1)
r Ft. Let C̄

(r)
1t = V̂

(r)−1
NT H(r)′ΣFE( 1

NΛ′rA1,tr).

Then we can show that A
(r)
91 = Ā

(r)
91 + oP (1), where

Ā
(r)
91 =

√
NTh

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

k∗h,trk
∗
h,srE(XitC̄

(r)′
1t )C̄

(r)
1s εis

t− r
T

s− r
T

=

√
NTh

NT

N∑
i=1

T∑
s=1

k∗h,srA
(r)
iT C̄

(r)
1s εis

s− r
T

and A
(r)
iT = 1

T

∑T
t=1 k

∗
h,trE(XitC̄

(r)′
1t ) t−rT = O (h) . By straightforward moment calculations, we have E(Ā

(r)
91 ) = 0

and E
∥∥∥Ā(r)

91

∥∥∥2

= O
(
h4
)
. Then Ā

(r)
91 = OP

(
h2
)

and A
(r)
9 = oP (1).

In sum, we have

√
NTh

NT

N∑
i=1

X
(r)′
i

(
MF (r) −MF̂ (r)

)
ε

(r)
i

=

√
Th

N
ψ

(r)
NT +

√
NThOP ((C−1

NT + h)‖δ̂r‖+ ‖δ̂r‖3/2) +
√
NTh(Th)−1OP (‖δ̂r‖1/2) + oP (1)

where we use the fact that (NTh)
1/2

C−2
NT (C−1

NT +h) = o(1), (
√
Th+

√
Nh)C−2

NT = o(1), (Th/N)−1/2C−1
NT = o(1)

and Nh2T−1 = o(1).

Recall that V
(r)
i = 1

N

∑N
k=1 a

(r)
ik X

(r)
k . Then replacing X

(r)
i with V

(r)
i , the same argument leads to

√
NTh

NT

N∑
i=1

V
(r)′
i

(
MF (r) −MF̂ (r)

)
ε

(r)
i

=

√
Th

N
ψ
∗(r)
NT +

√
NThOP ((C−1

NT + h)‖δ̂r‖+ ‖δ̂r‖3/2) +
√
NTh(Th)−1OP (‖δ̂r‖1/2) + oP (1),

where

ψ
∗(r)
NT =

1

N

N∑
i=1

N∑
k=1

V
(r)′
i F (r)

T

(
F (r)′F (r)

T

)−1(
Λ′rΛr
N

)−1

λkr

(
1

T

T∑
t=1

ε
(r)
it ε

(r)
kt

)
.

Define ξ
(r)
NT = −[ψ

(r)
NT − ψ

∗(r)
NT ]. Then, we have

√
NTh

NT

N∑
i=1

[
X

(r)′
i MF̂ (r) −

1

N

N∑
k=1

a
(r)
ik X

(r)′
k MF̂ (r)

]
ε

(r)
i

=

√
NTh

NT

N∑
i=1

[
X

(r)′
i MF (r) −

1

N

N∑
k=1

a
(r)
ik X

(r)′
k MF (r)

]
ε

(r)
i

+

√
Th

N
ξ

(r)
NT +

√
NThOP ((C−1

NT + h)‖δ̂r‖+ ‖δ̂r‖3/2) +
√
NTh(Th)−1OP (‖δ̂r‖1/2) + oP (1).

This completes the proof of the lemma. �
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Proof of Lemma A.7. We consider the term
√
NTh
NT

∑N
i=1X

(r)′
i MF̂ (r)∆

(r)
i first.

√
NTh

NT

N∑
i=1

X
(r)′
i MF̂ (r)∆

(r)
i =

√
NTh

NT

N∑
i=1

X
(r)′
i ∆

(r)
i −

√
NTh

NT

N∑
i=1

X
(r)′
i

F̂ (r)F̂ (r)′

T
∆

(r)
i .

We study the two terms on the right hand side of the above equation in turn. Recall that Al,itr denote the ith

element of Al,tr = Xtβ
(l)
r + Λ

(l)
r Ft for l = 1, 2. Noting that

∆
(r)
i,t = k

∗1/2
h,tr ∆i (t, r) = k

∗1/2
h,tr [X ′itd0 (t, r) + F ′tdi (t, r)] = k

∗1/2
h,tr {A1,itr

t− r
T

+A2,itr(
t− r
T

)2 +OP (h3)},

for the term
√
NTh
NT

∑N
i=1X

(r)′
i ∆

(r)
i , we have

√
NTh

NT

N∑
i=1

X
(r)′
i ∆

(r)
i =

√
NTh

NT

N∑
i=1

T∑
t=1

X
(r)
it ∆

(r)
i,t

=

√
NTh

NT

N∑
i=1

T∑
t=1

k∗h,trXit[A1,itr
t− r
T

+A2,itr(
t− r
T

)2] + oP (1)

=

√
NTh

NT

N∑
i=1

T∑
t=1

k∗h,tr [XitA1,itr − E(XitA1,itr)]
t− r
T

+

√
NTh

NT

N∑
i=1

T∑
t=1

k∗h,tr [XitA2,itr − E(XitA2,itr)] (
t− r
T

)2

+

√
NTh

NT

N∑
i=1

T∑
t=1

k∗h,trE(XitA1,itr)
t− r
T

+

√
NTh

NT

N∑
i=1

T∑
t=1

k∗h,trE(XitA2,itr)(
t− r
T

)2 + oP (1) ≡
4∑
`=1

S` + oP (1).

By standard variance calculation and Chebyshev inequality

1

NT

N∑
i=1

T∑
t=1

k∗h,tr [XitA1,itr − E(XitA1,itr)] (
t− r
T

)l = OP ((NTh)−1/2hl).

This implies that Sl = OP (hl) for l = 1, 2. By the property of Riemann integral,

S3 =

√
NTh

NT

N∑
i=1

T∑
t=1

k∗h,trE(XitA1,itr)
t− r
T

=

√
NTh

NT

N∑
i=1

T∑
t=1

k∗h,tr

[
E(XitX

′
it)β

(1)
r + E(XitF

′
t )λ

(1)
ir

] t− r
T

=

√
NTh

N

N∑
i=1

[
E(Xi1X

′
i1)β(1)

r + E(Xi1F
′
t )λ

(1)
i1

]{∫
uk (u) du+

1

T

}
= O(

√
Nh/T ) = o (1) .

It follows that
√
NTh
NT

∑N
i=1X

(r)′
i ∆

(r)
i =

√
NTh
NT

∑N
i=1

∑T
t=1 k

∗
h,trE(XitA2,itr)

(
t−r
T

)2
+ oP (1).

Next, we study the term
√
NTh
NT

∑N
i=1X

(r)′
i

F̂ (r)F̂ (r)′

T ∆
(r)
i . Noting that F̂

(r)
t = Υ

(r)
t + H(r)′F

(r)
t + B

(r)
t , we

make the following decomposition:

√
NTh

NT

N∑
i=1

X
(r)′
i

F̂ (r)F̂ (r)′

T
∆

(r)
i =

√
NTh

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

X
(r)
it F̂

(r)′
t F̂ (r)

s ∆
(r)
i,s

=

√
NTh

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

X
(r)
it {Υ

(r)′
t Υ(r)

s + F
(r)′
t H(r)Υ(r)

s +B
(r)′
t Υ(r)

s + Υ
(r)′
t H(r)′F (r)

s + Υ
(r)′
t B(r)

s
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+ F
(r)′
t H(r)H(r)′F (r)

s +B
(r)′
t H(r)′F (r)

s + F
(r)′
t H(r)B(r)

s +B
(r)′
t B(r)

s }∆
(r)
i,s ≡

9∑
l=1

D
(r)
l ,

where D
(r)
1 =

√
NTh
NT 2

∑N
i=1

∑T
t=1

∑T
s=1X

(r)
it Υ

(r)′
t Υ

(r)
s ∆

(r)
i,s and other terms are analogously defined. For D

(r)
1 , we

have

∥∥∥D(r)
1

∥∥∥ ≤ √NTh
 1

N

N∑
i=1

∥∥∥∥∥ 1

T

T∑
t=1

X
(r)
it Υ

(r)′
t

∥∥∥∥∥
2


1/2 1

N

N∑
i=1

∥∥∥∥∥ 1

T

T∑
s=1

Υ(r)
s ∆i(s, r)

∥∥∥∥∥
2


1/2

=
√
NThOP ((C−2

NT + ‖δ̂r‖)2h)

by similar arguments as used to obtain Lemma A.3(iv) and (v). Following the proof of Lemma A.4(iv) and (v),

we can also show that

D
(r)
l =

√
NThOP ((C−2

NT + ‖δ̂r‖)h2) for l = 2, 3, 4, 5 and D
(r)
9 =

√
NThOP (h4 + (Th)−1/2h3) = oP (1) .

For D
(r)
6 , we have

D
(r)
6 =

√
NTh

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

X
(r)
it F

(r)′
t H(r)H(r)′F (r)

s ∆
(r)
i,s

=

2∑
l=1

√
NTh

NT 2

N∑
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T∑
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T∑
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k∗h,trk
∗
h,srXitF

′
tH

(r)H(r)′FsA1,isr(
s− r
T

)l + op (1) ≡
2∑
l=1

D
(r)
6l + op (1) .

For D
(r)
61 , we have

ω′D
(r)
61 =

√
NTh

NT 2

∥∥∥∥∥tr

{
H(r)H(r)′

N∑
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T∑
t=1

T∑
s=1

FsA1,isr
s− r
T

k∗h,trk
∗
h,srω

′XitF
′
t

}∥∥∥∥∥
.

√
NTh

NT 2

∥∥∥∥∥
N∑
i=1

T∑
t=1

T∑
s=1

k∗h,srFsA1,isr
s− r
T

k∗h,trω
′XitF

′
t

∥∥∥∥∥
≤
√
NTh

NT 2

∥∥∥∥∥
N∑
i=1

T∑
t=1

{
T∑
s=1

k∗h,srE(FsA1,isr)
s− r
T

}
k∗h,trω

′E(XitF
′
t )

∥∥∥∥∥+
√
NThOP

(
(Th)−1h+ T−1

)
=
√
NThOP (T−1) +OP (

√
Nh/T ) = oP (1) .

It follows that

D
(r)
6 =

√
NTh

NT 2

N∑
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T∑
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T∑
s=1

k∗h,trk
∗
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′
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(r)H(r)′FsA2,isr(
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T
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Similarly, we can show that D
(r)
7 = op (1) . For D

(r)
8 , we have

D
(r)
8 =

√
NTh
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T∑
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T∑
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X
(r)
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s ∆
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=

√
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NT 2

N∑
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T∑
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T∑
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∗
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′
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It follows that

√
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N∑
i=1

X
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i

=

√
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N∑
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(r)
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Recall that V
(r)
i = N−1

∑N
k=1 a

(r)
ik X

(r)
k and V

(r)
it = N−1

∑N
k=1 a

(r)
ik X

(r)
kt ≡ k

∗1/2
h,tr Vit,r where Vit,r = N−1

∑N
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(r)
ik Xkt.

By replacing X
(r)
i with V

(r)
i in the above analyses, we can show that

√
NTh
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1

N
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a
(r)
ik X
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N∑
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In sum, we have

√
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X
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N
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]
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1
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Proof of Lemma A.8. We note that MF (r)(X
(r)
i − 1

N

∑N
j=1X

(r)
j a

(r)
ij ) ≡ Z

(r)
i is a T × P matrix. Stack Z

(r)
i

into a T ×N ×P three dimensional matrix Z(r). Following Moon and Weidner (2017), we denote the pth sheet

of Z(r) as Z
(r)
k , where p = 1, ..., P. Recall that X

(r)
p denotes the pth sheet of the three dimensional regressor

matrix X(r), X̄
(r)
p = E(X

(r)
p ), X̃

(r)
p = X

(r)
p − X̄

(r)
p , and X

(r)
p = MF (r)X̄

(r)
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(r)
p . It is easy to verify that
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p − X̃(r)
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p PΛr .
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=
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=
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)
−
√
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)
−
√
NTh

NT
tr
(
PF (r)

(
X̃(r)
p ε(r)′ − E[X̃(r)

p ε(r)′]
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−
√
NTh

NT
tr
(
X̃

(r)
k PΛrε

(r)′
)

+

√
NTh
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PF (r)X̃

(r)
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(r)′
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≡
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Note that I1 =
√
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√
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√
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where B̃
(r)
2β,k = − h

N tr
(
PF (r)E[X

(r)
k ε(r)′]

)
. By Lemma A.10 below, Il = oP (1) for l = 3, 4, 5. It follows that

√
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i − 1

N
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(r)
ij X

(r)′
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T∑
t=1

X
(r)
it ε

(r)
it + oP (1)
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where X
(r)
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(r)
1,it, ...,X

(r)
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(r)
2β = (B̃

(r)
2β,1, · · · , B̃

(r)
2β,P )′, and the convergence in distribution follows from

Assumption A.5. �

Proof of Lemma A.9. (i) Note that

D(F̂ (r))−D(F (r)) =
1
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N∑
i=1

X
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i

(
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T
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N∑
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X
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j

 .
It is easy to show that either term on the right hand side is bounded above by OP

(∥∥PF̂ (r) − PF (r)

∥∥) , which is

OP (C−1
NT + ‖δ̂r‖1/2) by Lemma A.2(v). The result then follows from the asymptotic nonsingularity of D(F (r))

(ii) Let G̃(r) = ( 1
T F

(r)′F (r))−1( 1
NΛ′rΛr)

−1 and Ḡ(r) =
(

1
T E

[
F (r)′F (r)

])−1
( 1
NΛ′rΛr)

−1. We can readily show

that

ξ
(r)
NT −B
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N
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For Φ
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1 , we make further decomposition:
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We can show that VarC(Φ
(r)
1,1) = OP
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. It follows that
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(iii) Denote G(r) = ( 1
T F
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N

Th

(
ζ

(r)
NT −B

(r)
4β

)
=

h1/2

N3/2T 3/2

N∑
i=1

N∑
j=1

X
(r)′
i

[
MF̂ (r)ε

(r)
j ε

(r)′
j F̂ (r)G(r) −MF (r)ε

(r)
j ε

(r)′
j F (r)Ḡ(r)

]
λir

=
h1/2

N3/2T 3/2

N∑
i=1

N∑
j=1

X
(r)′
i

[
MF̂ (r) −MF (r)

]
ε

(r)
j ε

(r)′
j F̂ (r)G(r)λir

+
h1/2

N3/2T 3/2

N∑
i=1

N∑
j=1

X
(r)′
i MF (r)ε

(r)
j ε

(r)′
j

[
F̂ (r)G(r) − F (r)Ḡ(r)

]
λir ≡ III1 + III2.

For III1, we have

III1 =
−h1/2

N3/2T 3/2

N∑
i=1

N∑
j=1

X
(r)′
i

[
PF̂ (r) − PF (r)

]
ε

(r)
j ε

(r)′
j F̂ (r)G(r)λir

≤ h1/2

N3/2T 3/2

N∑
i=1

N∑
j=1

X
(r)′
i

[
PF̂ (r) − PF (r)

]
ε

(r)
j ε

(r)′
j F (r)H(r)G(r)λir

+
h1/2

N3/2T 3/2

N∑
i=1

N∑
j=1

X
(r)′
i

[
PF̂ (r) − PF (r)

]
ε

(r)
j ε

(r)′
j [F̂ (r) − F (r)H(r)]G(r)λir ≡ III1,1 + III1,2.

For III1,2, it suffices to consider the rough probability bound

|ω′III1,2| ≤

∥∥∥∥∥∥ h1/2

N3/2T 3/2

N∑
j=1

ε
(r)′
j [F̂ (r) − F (r)H(r)]G(r)λirω

′
N∑
i=1

X
(r)′
i

[
PF̂ (r) − PF (r)

]
ε

(r)
j

∥∥∥∥∥∥
. (NTh)1/2

 1

N

N∑
j=1

∥∥∥∥ 1

T
ε

(r)′
j [F̂ (r) − F (r)H(r)]

∥∥∥∥2


1/2 1

N

N∑
j=1

∥∥∥∥∥ 1

NT

N∑
i=1

X
(r)′
i

[
PF̂ (r) − PF (r)

]
ε

(r)
j

∥∥∥∥∥
2


1/2

. (NTh)1/2

 1

N

N∑
j=1

∥∥∥∥ 1

T
ε

(r)′
j [F̂ (r) − F (r)H(r)]

∥∥∥∥2


1/2 ∥∥PF̂ (r) − PF (r)

∥∥
= (NTh)1/2OP

(
C−2
NT

)
OP

(
C−1
NT

)
= oP (1) .

Using the decomposition

PF̂ (r) − PF (r) =
1

T
F̂ (r)F̂ (r)′ − F (r)[F (r)′F (r)]−1F (r)′

=
1

T

(
F̂ (r) − F (r)H(r)

)
F̂ (r)′ + F (r)H(r)(F̂ (r) − F (r)H(r))′

+
1

T
F (r)H(r)

{
[H(r)′ 1

T
F (r)′F (r)H(r)]−1 − IR

}
H(r)′F (r)′

=
1

T

(
F̂ (r) − F (r)H(r) −B(r)

)
F̂ (r)′ +

1

T
F (r)H(r)(F̂ (r) − F (r)H(r) −B(r))′

+
1

T
B(r)F̂ (r)′ +

1

T
F (r)H(r)B(r)′ +

1

T
F (r)

{
1

T
[F (r)′F (r)]−1 −H(r)H(r)′

}
F (r)′,

we can readily show that 1
NT

∑N
i=1X

(r)′
i

[
PF̂ (r) − PF (r)

]
ε

(r)
j = OP

(
C−2
NT

)
for each j and 1

N

∑N
j=1 ||

1
NT

∑N
i=1X

(r)′
i
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[
PF̂ (r) − PF (r)

]
ε

(r)
j ||2 = OP

(
C−4
NT

)
. Then

|ω′III1,1| ≤

∥∥∥∥∥∥ h1/2

N3/2T 3/2

N∑
j=1

ε
(r)′
j F (r)H(r)]G(r)λirω

′
N∑
i=1

X
(r)′
i

[
PF̂ (r) − PF (r)

]
ε

(r)
j

∥∥∥∥∥∥
. (NTh)1/2

 1

N

N∑
j=1

∥∥∥∥ 1

T
ε

(r)′
j F (r)

∥∥∥∥2


1/2 1

N

N∑
j=1

∥∥∥∥∥ 1

NT

N∑
i=1

X
(r)′
i

[
PF̂ (r) − PF (r)

]
ε

(r)
j

∥∥∥∥∥
2


1/2

= (NTh)1/2OP ((Th)−1/2)OP
(
C−2
NT

)
= oP (1) .

Then III1 = oP (1) .

For III2, we have

III2 =
h1/2

N3/2T 3/2

N∑
i=1

N∑
j=1

X
(r)′
i MF (r)ε

(r)
j ε

(r)′
j [F̂ (r)(

1

T
F (r)′F̂ (r))−1 − F (r)(

1

T
F (r)′F (r))−1][

1

N
Λ(r)′Λ(r)]−1λir

=
h1/2

N3/2T 3/2

N∑
i=1

N∑
j=1

X
(r)′
i ε

(r)
j ε

(r)′
j [F̂ (r) − F (r)H(r)](

1

T
F (r)′F̂ (r))−1[

1

N
Λ(r)′Λ(r)]−1λir

+
h1/2

N3/2T 3/2

N∑
i=1

N∑
j=1

X
(r)′
i ε

(r)
j ε

(r)′
j F (r)H(r)[(

1

T
F (r)′F̂ (r))−1 − (

1

T
F (r)′F (r)H(r))−1][

1

N
Λ(r)′Λ(r)]−1λir

− h1/2

N3/2T 35/2

N∑
i=1

N∑
j=1

X
(r)′
i F (r)[

1

T
F (r)′F (r)]−1F (r)′ε

(r)
j ε

(r)′
j [F̂ (r) − F (r)H(r)](

1

T
F (r)′F̂ (r))−1[

1

N
Λ(r)′Λ(r)]−1λir

− h1/2

N3/2T 35/2

N∑
i=1

N∑
j=1

X
(r)′
i F (r)[

1

T
F (r)′F (r)]−1F (r)′ε

(r)
j ε

(r)′
j F (r)H(r)[(

1

T
F (r)′F̂ (r))−1 − (

1

T
F (r)′F (r)H(r))−1]

× [
1

N
Λ(r)′Λ(r)]−1λir

≡ III2,1 + III2,2 − III2,3 − III2,4.

We can readily show that III2,l = oP (1) for l ∈ [4]. For example,

|ω′III2,1| =
h1/2

N3/2T 3/2

∣∣∣∣∣∣
N∑
j=1

ε
(r)′
j

[
F̂ (r) − F (r)H(r)

]
(

1

T
F (r)′F̂ (r))−1[

1

N
Λ(r)′Λ(r)]−1

N∑
i=1

λirω
′X

(r)′
i ε

(r)
j

∣∣∣∣∣∣
. (NTh)

1/2

 1

N

N∑
j=1

∥∥∥∥ 1

T
ε

(r)′
j

[
F̂ (r) − F (r)H(r)

]∥∥∥∥2


1/2 1

N

N∑
j=1

∥∥∥∥∥ 1

NT

N∑
i=1

λirω
′X

(r)′
i ε

(r)
j

∥∥∥∥∥
2


1/2

= (NTh)1/2O(C−2
NT )OP ((NTh)−1/2) = oP (1) .

This prove the lemma. �

Proof of Lemma A.10 (i) Recall that X̃
(r)
p = X

(r)
p − EC(X(r)

p ). Let X̃
(r)
p,is denote the (s, i)th element of the

T ×N matrix X̃
(r)
p . Let eqR denotes the qth column of IR. Then∥∥∥∥∥
√
NTh

NT
tr
{
PF (r)

[
X̃(r)
p ε(r)′ − EC(X̃(r)

p ε(r)′)
]}∥∥∥∥∥
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=

∥∥∥∥∥∥
R∑

l,q=1

e′lR(
1

T
F (r)′F (r))−1eqR

√
h√

NT 3/2

N∑
i=1

T∑
t,s=1

F
(r)
t,l F

(r)
s,q

[
X̃

(r)
p,isε

(r)
it − EC(X̃

(r)
p,isε

(r)
it )
]∥∥∥∥∥∥

. (Th)−1/2
R∑

l,q=1

‖ΞNT,lq‖ = OP ((Th)−1/2),

where ΞNT,lq = h
N1/2T

∑N
i=1

∑T
t,s=1 k

∗
h,trk

∗
h,srFt,lFs,q[X̃p,isεit − EC(X̃p,isεit)] = OP (1) by Assumption A.2(iv).

(ii) Recall a
(r)
ij = λ′ir(

1
NΛ′rΛr)

−1λjr. Then

√
NTh

NT
tr
(
X̃

(r)
k PΛrε

(r)′
)

=

√
NTh

N2T

T∑
t=1

N∑
i=1

N∑
j=1

k∗h,tra
(r)
ij X̃k,jtεit

=

√
NTh

N2T

T∑
t=1

N∑
i=1

k∗h,tra
(r)
ii X̃k,itεit +

√
NTh

N2T

T∑
t=1

∑
1≤i<j≤N

k∗h,tra
(r)
ij X̃k,jtεit

+

√
NTh

N2T

T∑
t=1

∑
1≤j<i≤N

k∗h,tra
(r)
ij X̃k,jtεit ≡ IV1 + IV2 + IV3.

It is easy to show that IV1 = OP
(
N−1/2

)
. For IV2, we have EC (IV2) = 0 and

VarC(ω
′IV2) =

h

N3T

T∑
t=1

T∑
s=1

∑
1≤i<j≤N

k∗h,trk
∗
h,sr

(
a

(r)
ij

)2

ω′EC

[
X̃k,jtεitεisX̃

′
k,js

]
ω = OP

(
N−1

)
.

Then IV2 = OP
(
N−1/2

)
. By the same token, IV3 = OP

(
N−1/2

)
. It follows that

√
NTh
NT tr(X̃

(r)
k PΛrε

(r)′) =

oP (1) .

(iii) Let λir,q denote the qth element in λir. Noting that

EC

∥∥∥X̃(r)
k Λr

∥∥∥2

=

R∑
q,l=1

N∑
i,j=1

T∑
t,s=1

k
∗1/2
h,tr k

∗1/2
h,sr λir,qλjr,lCovC (Xk,it, Xk,js)

.
N∑

i,j=1

T∑
t,s=1

(
k∗h,tr + k∗h,sr

)
|CovC (Xk,it, Xk,js)| = 2

T∑
t=1

k∗h,tr

N∑
i,j=1

T∑
s=1

|CovC (Xk,it, Xk,js)|

≤ max
s

N∑
i,j=1

T∑
s=1

|CovC (Xk,it, Xk,js)|
T∑
t=1

k∗h,tr = OP (N)OP (T ),

∥∥∥X̃(r)
k Λr

∥∥∥ = OP
(
(NT )1/2

)
by the conditional Chebyshev inequality. Similarly, in view of the fact that

E
∥∥∥Λ′rε

(r)′F (r)
∥∥∥2

=

N∑
i,j=1

T∑
t,s=1

E
[
ε

(r)
it ε

(r)
js F

(r)′
t λirλ

′
jrF

(r)
s

]
=

N∑
i,j=1

T∑
t,s=1

k∗h,trk
∗
h,srλ

′
r,iE [FtεitεjsF

′
s]λr,j

.
N∑

i,j=1

T∑
t,s=1

(
k∗2h,tr + k∗2h,sr

)
‖E [FtεitεjsF

′
s]‖ = 2 max

t

N∑
i,j=1

T∑
s=1

‖E [FtεitεjsF
′
s]‖

T∑
t=1

k∗2h,tr

= O(N)OP (Th−1) = OP (NTh−1),
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we have
∥∥Λ′rε

(r)′F (r)
∥∥ = OP ((NTh−1)1/2). Then∣∣∣∣∣

√
NTh

NT
tr
(
PF (r)X̃

(r)
k PΛrε

(r)′
)∣∣∣∣∣ =

∣∣∣∣∣
√
NTh

NT
tr
(

(F (r)′F (r))−1F (r)′X̃
(r)
k Λr (Λ′rΛr)

−1
Λ′rε

(r)′F (r)
)∣∣∣∣∣

≤
√
NTh

NT

∥∥∥(F (r)′F (r))−1F (r)′
∥∥∥∥∥∥X̃(r)

k Λr

∥∥∥∥∥∥(Λ′rΛr)
−1
∥∥∥∥∥∥Λ′rε

(r)′F (r)
∥∥∥

=

√
NTh

NT
OP (T−1/2)OP ((NTh−1)1/2)OP (N−1)OP ((NT/h)1/2)

= OP ((Nh)−1/2) = oP (1). �

Proof of Lemma A.11. (i) Following the proof of Lemma A.7(ii) in Su and Wang (2017), we can show that

uniformly in r,

H(r) =
(
N−1Λ′rΛr

)
(T−1F (r)′F̂ (r))V̂

(r)−1
NT = Σ

1/2
Λr

ΥrV
−1/2
r + oP (C−1

NT (lnT )1/2) +O(max
r
‖β̂r − βr‖)

= Σ
1/2
Λr

ΥrV
−1/2
r + oP (C−1

NT (lnT )1/2) ≡ Qr + oP (C−1
NT (lnT )1/2),

where the third equality follows from the fact maxr ‖β̂r − βr‖ = OP ((NTh)−1/2(lnT )1/2) by Theorem 3.4.

Following the proof of Lemma A.7(iii)-(iv) in Su and Wang (2020), we can show that

max
r

1

T

∥∥∥F̂ (r) − F (r)H(r) −B(r)
∥∥∥2

= OP (T−1h−1 +N−1 lnT ) +OP (max
r
‖β̂r − βr‖), and

max
r

1

T

∥∥∥(F̂ (r) − F (r)H(r) −B(r))′F (r)
∥∥∥ = OP (T−1h−1 +N−1 lnT ) +OP (max

r
‖β̂r − βr‖),

which in conjunction with the fact that 1
T

∥∥B(r)
∥∥2

= OP
(
h2
)
, 1
T

∥∥B(r)′F (r)
∥∥ = OP

(
h2
)

and maxr ‖β̂r − βr‖ =

OP ((NTh)−1/2(lnT )1/2), implies that

max
r

1

T

∥∥∥F̂ (r) − F (r)H(r)
∥∥∥2

= OP (h2 + T−1h−1 +N−1 lnT ) and

max
r

1

T

∥∥∥(F̂ (r) − F (r)H(r) −B(r))′F (r)
∥∥∥ = OP (h2 + T−1h−1 +N−1 lnT ).

Then using that 1
T F̂

(r)′F̂ (r) = IR, we have uniformly in r∥∥∥∥(H(r)H(r)′
)−1

− 1

T
F (r)′F (r)

∥∥∥∥
=

∥∥∥∥H(r)′−1

[
1

T
F̂ (r)′F̂ (r) − 1

T
H(r)′F (r)′F (r)H(r)

]
H(r)−1

∥∥∥∥
≤

∥∥∥H(r)′−1
∥∥∥2
∥∥∥∥ 1

T
(F̂ (r) − F (r)H(r))′(F̂ (r) − F (r)H(r))

∥∥∥∥+ 2
∥∥∥H(r)′−1

∥∥∥∥∥∥∥ 1

T
(F̂ (r) − F (r)H(r))′F (r)

∥∥∥∥
= OP (h2 + T−1h−1 +N−1 lnT ).

Consequently, maxr
∥∥H(r)H(r)′ − ( 1

T F
(r)′F (r))−1

∥∥ = OP (h2 + T−1h−1 +N−1 lnT ).

(ii) Using A−1 −B−1 = A−1(B −A)B−1, we have

max
t

∥∥∥∥(
1

N
Λ̂′tΛ̂t)

−1 −H(t)′(
1

N
Λ′tΛt)

−1H(t)

∥∥∥∥
=

∥∥∥∥(
1

N
Λ̂′tΛ̂t)

−1

[
H(t)−1(

1

N
Λ′tΛt)H

(t)′−1 − 1

N
Λ̂′tΛ̂t

]
H(t)′(

1

N
Λ′tΛt)

−1H(t)

∥∥∥∥
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≤ max
t

∥∥∥∥(
1

N
Λ̂′tΛ̂t)

−1

∥∥∥∥ ∥∥∥∥H(t)−1(
1

N
Λ′tΛt)H

(t)′−1 − 1

N
Λ̂′tΛ̂t

∥∥∥∥∥∥∥∥H(t)′(
1

N
Λ′tΛt)

−1H(t)

∥∥∥∥
Note that maxt

∥∥∥( 1
N Λ̂′tΛ̂t)

−1
∥∥∥ = OP (1) and maxt

∥∥H(t)′( 1
NΛ′tΛt)

−1H(t)
∥∥ = OP (1). It remains to study

max
t

∥∥∥∥ 1

N
Λ̂′tΛ̂t −H(t)−1(

1

N
Λ′tΛt)H

(t)′−1

∥∥∥∥ ≤ max
t

1

N

∥∥∥Λ̂t − ΛtH
(t)′−1

∥∥∥2

+2 max
t

1

N

∥∥∥(Λ̂t − ΛtH
(t)′−1)′ΛtH

(t)′−1
∥∥∥ .

Following the proof of Lemma A.6(xii) and (xiii) in Su and Wang (2020), and the proof of Theorem 3.3(ii), we

can show that

max
t

1

N

∥∥∥Λ̂t − ΛtH
(t)′−1 −B(t)

Λ

∥∥∥2

= OP (C−2
NT lnT ) +O(max

t
‖β̂t − βt‖) and

max
t

1

N

∥∥∥(Λ̂t − ΛtH
(t)′−1 −B(t)

Λ )′ΛtH
(t)′−1

∥∥∥ = OP (C−2
NT lnT ) +O(max

t
‖β̂t − βt‖).

In addition, maxt
1
N

∥∥∥B(t)
Λ

∥∥∥2

= OP (h4) and maxt
1
N

∥∥∥B(t)′
Λ ΛtH

(t)′−1
∥∥∥ = OP (h2). Then

max
t

∥∥∥∥(
1

N
Λ̂′tΛ̂t)

−1 −H(t)′(
1

N
Λ′tΛt)

−1H(t)

∥∥∥∥ = OP (h2 +C−2
NT lnT ) +OP (max

t
‖β̂t−βt‖) = OP (h2 +C−2

NT lnT ). �
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