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Abstract

This online supplement is composed of three sections. Sections A and B provide the proofs of the main
results in Sections 3 and 4, respectively. Section C provides the proof of the technical lemmas in Appendix
A.

A  Proofs of the Main Results in Section 3

This appendix provides the proofs of the main results in Section 3. We need some technical lemmas whose
proofs are available in Appendix C.

Recall that V]S;% denotes the diagonal matrix of the first R largest eigenvalues of (NT)™" Zij\il(Yi(r) -
Xi(r)ﬁr)(Yi(r) —XZ-(T)BT)’ arranged in decreasing order along its main diagonal line and H(™) = (N='ALA, ) (T F()'
F (T))Vji,r%_l. Let Vyr denote the diagonal matrix of the first R largest eigenvalues of (NT) ' Z?;(Yi -
X;B)(Y; — XiB)" arranged in decreasing order along its main diagonal line and H = (N~'AA)(T—'F F)Vy1.
Let Cyr = min{v/Th,v/N, h=2} and Conr = min{v/T,v/N}. Recall that we use XI(,T) to denote the pth sheet
of the T x N x P matrix X and X}T') = (Xi(lr), --~»X¢(77;))/- With a little bit of abuse of notation, we also
write X7 = (X, X)), Similarly, let X5, X7, and X" denote the non-kernel weighted version of

X,p, X, and X; which are respectively, 7' x N, T' x P, and N x P matrices. Let AE:) = k;t,lt/,?Ai(t:T) and
Agr) = (Ag), ~-~7A1(';“))/- Define

r *x1/2 rt_T *1/2 T t—r r —1yr(r)—1 r *x1/2
By = kO + k8 () By = N HO B(R AL )N Fik ke,
r ~(r)—1 1 s§—T * ~(r r r r r
Béty)2 = V]Ef% TN Z( T )Qkh,er[CZEs)All,sr]A”‘Ft( )’ and Bét) = Bét?l + Bét,)2’ (Al)

S

where Cg)7 Cg), C‘g), A1+ and Ag 4, are defined before Theorem 3.2 in the paper. Let Sr = BT — B, Let Ay itr
denote the ith element of A; 4 = Xtﬂg) + Agl)Ft forl=1,2.

Lemma A.1 Let F = {F € RT*E . F'F/T = 1z}. Let F° and \)_ denote the true values of F") and .
Suppose that Assumptions A.1-A.4 hold. Then
(i) suppoer | s I X M= = 0p(@1/2 4 N1/,



(ii) SUp g e 7 ’ 7 Zf\;l N FOY M el = Op(T~1Y2 4 N=1/4),

(i) swppre s || s iy 2 (Prcr = Pron)el"|| = Op (=172 4+ N-1/4),

(iv) supporer || wir Sy A (Pro = Proo) A | = Op(h?),

(v) SUPF<r>ef‘ o Ty X M AP = Op(h),

(vi) supprer || 7 Sy A My FOON, | = Op(h),

(vii) suppeo e || sty DI AT (Prer = Pron)el”|| = 0p (112 4+ N1/ 1)),

Lemma A.2 Suppose that Assumptions A.1-A.4 hold. Then

(i) TEO(NT) T () = X B = X8, EC) = Vi) = Vi + Op(Cyr) + Op((16: 1),

(i) T FO'FO = Q, + Op(Cry) + Op([16:4 ),

(iii) H") = Q7' + Op(Cyr) + Op([10: ),

(iv) HOH = EE; +O0p(Cyr) + Op([0:]),

(v) |Pecy = Preo || = Op(CN7) + Op([16:])),
where V,. is the diagonal matriz consisting of the eigenvalues of ER/TZZFE}\/TQ in descending order with Y, being
the corresponding (normalized) eigenvector matriz, and @, = Vrl/ZT;12X3/2.
Lemma A.3 Suppose that Assumptions A.1-A.4 hold. Then

N 2 o

(i) T | B~ FOH — BO|" = 0p(CR3) + 06, ).

(ii) T4 || (B0 — PO O - B<T>>'F<T>H<r> = 0p(C32) + Op([13. )

(iii) T4 | (P = FOEC) — BOYEO)| = 0p(CR3) + Op (16 ]).

(iv) T~ || (F0) = PO ) — BOYY -H = 0p(C32) +Op(l6,]) fori=1,2,-- . N.

(v) T~ H(FW — FOH® — BOYAD| = 0p(C32h2) + Op(||6,]|h2) fori=1,2,-- ,N.

Lemma A.4 Let (), = DD DA }X(T)/ LR PO LA A N (A, 5:)5,(;;)) Suppose
that Assumptions A.1-A.4 hold. Then
(i) N2 X M [0 = FOHD — BOIY,
(i1) ¥ Ll XE”’MMBM” = Op (%) + O (3 ]).
(iii) N7 |2 Ajee B0 = 0p (15, ||)+0P(c 2),

(iv) % A H; [F() — p(O o) — B(r)g(r)]/5§r>

= Op([I3:)) + Op(Cx7),

= Op(Cy + 115,112,
() REE S AX [V FOLFO FOIEOHO- - pe) - BO Ol = [Ty 4 0p()16, )
+VT OP( Cra)-

Lemma A.5 Suppose that Assumptions A.1-A.J hold. Then

N
1 r -
NT > X Mg FO N
=1

N N
1 (r)r (r) (1% ")y s (7) L
- NeT ZZXZ MF(”XJ @ji or — N2T ZZ“ Xi F(E +ﬁ NT

i*lj*l i=1 j=1

LSS XM AV + Op(CRh + B 0R (I3 1) + On(Ci + 1+ Ch),

=1 j=1

where CNT _ _N2T Zz . Z; ) X(T)/MA ( ) (T)’F( NG N, and G = (T—IF(r)/ﬁ'(r))—l (N—lA/TAT)*l



Lemma A.6 Under Assumptions A.1-A.4, we have

VNTh & TSN .,
WZ X - NZGEQXE " Mpgel”
=1 k=1

VNTE S o 1SN, .
_ NT X7,( )I_Nza() x () MF(T)a() g

i=1

+VNThOp((Cy + R0, ]| + 116,11*2) + VNTh(Th) = Op([|0,]|'/?) + 0p(1),

where Enr = wzz L S # (X = VOY RO PO RO LA Ny [ 3 e ef)] and VT =
IZ T)X
k=1 zk

Lemma A.7 Under Assumptions A.1-A.4, we have

N N
vVNTh r 1 r r /N
[Xi( " - N Zaz('k)XIg )/] r)A( D= Blﬁ +op(1),
k=1

NT <
=1
where
B = S S b B (X Vi) A (02
18 NT L h,tr it it,r 2,itr T

§—T.9
T).

N T T
1
+ 2 Z Z Z kh,trkh,sr(Xz Vrzt T)F H(r) [H(T)/F AQ isr T 015 Al zsr](

Lemma A.8 Suppose that Assumptions A.1-A.5 hold. Then

VNTh S | vy 1 s () o . N
VIS X0 = 3l X Mpoc - A B 4 v 0.92,).
i=1 j=1

where Béﬁ) =

Lemma A.9 Let (NT = — a7 ZZ 1 Ej 1 X F(T)E(T) ;T)/F(r)(%F(r)’F(T))_ (% ALA) "IN, Suppose that
Assumptions A.1 A.4 hold. Then

(BY)y, - BY) p) with By = f%tr{PFw Ec[Xe™y forp € [P).

(i) [DW(FO)]=1 = [DO) (FM)]1 = Op(Cih + [13,]/2);
(0 JTHNES) P - ~orl)
(iti) \/m (T) =op(1).

Lemma A.10 Suppose that Assumptions A.1-A.4 hold. Then
(i) 7" tT(PFW (Xg)fw - EC[XS)E(T)']» =op(1)

(ii) LI r(X () Pa,e07) = 0p(1);
(iii) YT tr(PF(T)X,(:)PATE(T)’> — op(1).

Lemma A.11 Suppose that Assumptions A.1-A.J and A.7 hold. Then
(i) max; HH<t>H<t>' — (PO p® 7y ‘ = Op(h? + (Th)™' + N~'InT);

(i) max; H(%f\;f\t)*l — HO(LAA)THO| = 0p(h2 + CREInT).

Proof of Proposition 3.1 (i) Let Syr(3,,F) = ﬁZf\;(Yim - Xi(r)ﬁr)’MF<r) (Y%m - Xi(r)ﬂr). Only
in this proof will we use the superscript 0 to denote the true value. For example, Ft(r)0 = k;?té,QFtO and



For — (Fl(T)O, e F:(Fr)o) where F? denotes the true value of F;. Similarly, A% = (A ..., A%,)" and ° denote
the true values of A, = (A1, ..., Any-)’ and B,.. Recall that A(T) = k:;lt/fAz(t,r) and Agr) = (AEI), o AZ(.;«))’. Let
6y = B, — Y and 65, = F") — F("°_ Noting that YiY) = Xl(tr B2+ )\?;tho + Agr)(t,r) + 65:), we have

Snr (B F) — Syr(82, FM0)

N /

> [_Xi(r)& = Sp X + A + 55”} Mgy [_Xi(r)& —Sp X + AL + 5ET)}
N /
3[40+ Mg [0 61

1

NT

1

NT

LS [x o) (r) 0] 2 N[0 0]’ ("), )
= 7 20 [X70, 4 8w AL My [X76, + 8N | - N—Z[ b+ 07N Mo [A) 4 €]
1

NT

=1
N /
+ 57 D [Az('r) + 55’”] (Prto — Pre)) |:A'§r) + 5?@
=1
9 N
= Snr(8,, F) =20 577 ZX Y Mpmel™ + == N7 O M My
=1
R 1 1
! g A ! g
+ 7 ;sf-” (Ppeyo — P )el™ + 7 ;AE’") (Ppino — Ppon) AT — 20 - ;le Moy A®)
2 = A 2 ) (r)
e )/ (7»)0 ) e )/ _ T
+ NT;Ai Mpey FY77 Ny + NT;Ai (Preo — Pp)e; /s
where
g () (R 0]’ (r) 0
Svr (B, F7) = <= 30 [ X0, + m, AL | Mpcr [ X0, + 65, 4]
=1
N (r)O/M F(’I‘)O AO7AD 9 N
/() (r) F £ PATL 2 ' () 10y
ZSX Mpin X6, +tr{ T ~ ] NT;@Xi Mp FOON,,..

By Lemma A.1, we have
Snr(8,, F)) = Syr(B,, F) + Op(T7Y% + N7V4 4 )

uniformly over bounded S, and over F() e F. Clearly, SNT(B F(T)OH(T)) = 0 because MF<T>0H<7>F(’“)0 =
M p(ro F(M0 = 0. Following Bai (2009), we now show that Sy7(3,., F(")) > 0 for any (3,., F(") # (8%, FOH (™)
where H(") can be an arbitrary nonsingular matrix here. That is, Sy7(3,, F(") attains its unique minimum
value 0 at (B2, F(WOH (). Denote

A A N

N
1 r 1
A(T) = ﬁ E XZ-(T)IJMF(T)Xi(T), B(T) = TT®HT, C(T) = ﬁ E )\ir@j%F(r)Xi(T), and ,’7(7‘) = VGC(MF(T)F(T)O).
= i=1

Then, we have

Snr(B,, F) =6 A, + By 495, /¢y
=6 (AW —cBM=1etys 49BN = 5! D(FM)S, 4 607 BT,



where 0 = (") 4 B(-1¢("5,. By Assumptions A.1(i) and A.3(i), inf pey ez D(F™)) and B(") are positive
definite a.s. Thus S’NT(ﬁr7 F)) > 0. In addition, if either 8, # 8% or F(") £ F(OH ) then Syr(8,, F™) > 0.
Thus, Snr(B,,F ) achieves its unique minimum at the true value (82, F("OH()). Furthermore, for any
18, = By|| = ¢ >0, we have Syr(8,, F0) > P 2 >0, where pU") = inf oo e 7 ponin (D(F™)). This implies
that ﬂ is consistent for 6
Note that the centered objective function satisfies SNT(,BE, F(T)OH(’”)) = 0 and by definition, SNT(Bm F(T)) <
0. It follows that
0> Snr(B,, F") = Syr(B,, FM) + Op(T~/2 + N~Y* 1+ h). (A.2)

It must be true that Syp(8,, F) = Op(T~Y2 4+ N4 4+ h) and B, — % = Op(T~V/* + N~1/8 4 p1/2),
(i) (A.2) also implies that tr[(£F MY Mz, FMO)(LALA,)] = Op(T~Y/2 + N=1/* 4 h). This, along with
the fact that %A'TAT =Y, +O(N~Y2) by Assumption A.3(i), implies that

1 1 1 PR A
TF(T)O/MF(T)F(T)O — TF(T)OIF(T)O _ TF(T‘)OIF(T‘)TF(T)/F(T‘)O — OP(T—1/2 + N—1/4 + h) (AS)

By Assumption A.1(iii), we know 4 FO'F0 Yp > 0. With this, it is standard to show that &F MY F (M0 =
AT kL FOFY =Yg 4 0p(1) under Assumption A.1. It follows that

T*lF(T)IPF(T)OF(T) _ T*lF(T)IF(T)O(Tle(T)OIF(T)O)71F(T)OIF(T)
—1
_ p1perpeo | L peope L peypeo FOR(T Y24 NV )| FOOE®
T T

I+ Op(T™Y% + N7V4 4 ).

Consequently, we have HPF(T) - PF(7~>0”2 =tr{ (Ppm _ PF<T)0)2} _ QtT(HR_T_lFA‘(T)IPF(T)UF(T)) _ Op(T_1/2—|—
N-V44p). =

Proof of Theorem 3.2. Noting that Yi(tr) X(’”)’ﬁ + N F(T) —i—X(T)/do(t,r) —&-di(t,r)’Ft(r) +8( X(r)lﬁ n
)‘ngt(r) + AET) (t,r) + 55?, we have

N
|
Br— B = (D(T)) ~NT > X Mg Y - 8,
=1

N N N
Hr) L (ryy " (ryy (r) (r)’ (r)
= (D) NT{§ X Mpy FONy + 3 X My e 43X My, A7 8 (A4)

=1 i=1 i=1

where D) = D) (F() = 7 Zivzl XZ-(T)'MF(,,,)XY). By Lemma A.5,

N N
(") g _ OV ALy X)) 1 (r) 5 (r)y (r)
NT ZX o FONip = N2T Z ZX 0 X575 (B, = B,) = s Do Dy X Moo,

1=1 j=1 1=1 j=1
1 N N 1 N N
r)/ T ) a(r r ) T T
N 2o DX M e EOGIN = n 7Y X My A )
=1 j=1 i=1 j=1

+Op (O + 16:1V*)Op([18,]) + Op(CxF + h* + Cyph?).
Substituting this equation to (A.4), combining terms and multiplying by v NTh yields

D(T) v NTh(BT - Br)



N N N
NTh ) 1 r )/ r NTh )/ r) r)/ r
- NT ) {XZ( Moy — NZGEJ)XJ( "Mpo | &7 + NT > X Mgy — —Za( X( Mo | A
i=1 j=1 i=1
NTh on & . .
— ez 2o 2 X Mg e OGO N + Op (O + 16,1120 (18:]) + 0p (1), (A.5)

where we use the fact that vV NTh(h* + Cy3 + Cynh®) = o (1) under Assumption A.4(ii). By Lemma A.7,

N

xm NZ:: ] Mpiy A = VNTRBY) + op(1). (A.6)

Premultiplying both sides of (A.5) by [ﬁ(r)]’l, using (A.6), and rearranging terms, we have
N

N
Z Z DX | M el

VNTh (B, - B, - D) B = (D

DO+ Op(CRL + 18120 (15,]) + 0p(1).
By Lemma A.6, we have

VNTh (B, - 8, - DD B{Y)
N N
o1 | VNTR o 1N o )
= (PO LIS X = T3l X | Mpel” \/>§() \ 7 C +op(1).

i=1 j=1
By Lemma A8,
N N
NTh () _ LS o0 5y m_ N g 4
NT > Ox _NZ%‘ X Mg =\ 7y Bay = N (0,2).
i=1 j=1
By Lemma A.9(ii)-(iii), \/Th/N( B(T)) =op(1) and \/N/(Th)( B(T) = op(1). These results, along
with the result in Lemma A.9(i) and Assumption A.Q( ), implies that
N oy JThpey o [N
TR B 4\ B+ 7 Bl

T, <3r _B - [D(r) (F(ﬂ)}_lBﬁQ) _ [D(r) (F(n)}_
7

VNTh (BT — B, [p" F(’“))} [BY) + —B(’“) + B(’“) + —B(”]

T T
— N
— [p ()] YIRS 0 LSRG el \/7 O 4 op 1)

i=1 j=1

N————

4N (o, Dg”*lszrpg'“)*l) .

This complete the proof of Theorem 3.2. B

Proof of Theorem 3.3. (i) Recall that 3, = 3, — 3,.. Noting that VA" — X", = x5, + A, F" + Al +
e A = XDy (s, 1)+ D(s, ) F7), we start with (NT)=L(Y (™) — X3 )(y™) — X3y FO=E = pr)



to obtain the following decomposition for £\ — H™'F{" — B{") as follows
Ft(r) _ H(T)/F(T) _ B(")

A / ) A -~ S ’ 3
= Vls;j)“ 1NT ZF(T) [ gr)gr +ATFS(T) + Agr) +€((gr)} [7Xt(7)5r JrArFt(?) +A§7) +€ET)} =G Ft(T) _ Bt(T)

S

Sr(r)—1 1 r(r r)y (r 1 - (r r) (r r) (r 1 - (r r)’ T
= Vi {TZF£ VB e /N + 7 YD [V IN — B0 D /N + 7 3 EOFD AN

T T
1 [ r) 1 > T T
+7 Z FOFM AN 4 N Z EOAC A FD — v Bl

T
1 ~
+ N S EDAT AL
s=1

T
1 S(r r r Or(r T
|y AR AY Vi)

Z FOACY | Z DA

T
(Mg x ) o M§ x A g _ M5 x A _ 1 (1§ x ()7 2(r)
ZF’&X’“X oy ZF’“&X’AF ZFT(SX’"A T;FST(STXS’" £}
1 . R 1 ) .
L M p)yar y(s 1 (r) A ()1 3 (1) (r) (r)
TZFS FOYA X5, NTZFS A xIIE, ZF D' 5}
s=1 s=1
16
= Z At ), (A7)
=1

where we use the fact that Bt(r) Bg) + B, (T) . The first nine terms do not depend on 5, explicitly and they have
the same expressions as those in Su and Wang (2017, 2020). Following Su and Wang (2017, 2020), we can also
show that MAj(t,r) =op(l)for j=1,2,4,5, 6,7, 8,9, and that vV NhAs(t,r) determines the asymptotic
distribution. As(t,r) and Ag(t,r) are associated with the bias, which we focus on below.

For As(t,r), noting that IA/]S,TT) is asymptotically nonsingular by Lemma A.2(i), it suffices to show that
As(t,r) = VJS,TT)A (t,r) = op ((Nh)™1/2). Let Bg)l and Bg?Q be as defined in (A.1). Let ¢, = Ft(r) -
H(T)/Ft(r) - B(r)v P2,tr = H(T)IFt(T)v P3tr = Bt(r)v Xérl)t =0, Xérz),t = VJ&ITT 2:1a and X(T) = VISI?B£;32 For
As(t,r), we make the following decomposition

3

T 3
e 1 (r r T (T T s i 1
Asltyr) = 7 STEOADNFY - VB = Z N Z 01 AT AET XD =3 A
s=1 =1 =1

Following the proof of Lemma A.3 in Su and Wang (2020) and Theorem 3.2, we can show that vV NhAs 1(t,r) =
VNROp(CR2 + ||6,]]) = op(1) as Theorem 3.2 implies that §, = Op(N~ + (Th)™") = op((Nh)~'/2). For
Asa(t,r), noting that [HV)] 7 W\ BY) = NTVE(FAY A Fok;'[2h%ke = NTVB(FAL , )AF ks, we
have

Asot,r) = ZHW VAF — VGBS,

!

N

1
:H(T)’ﬁ Z © o Fs A“W( ))\/ F(?")

S

Il
—
-
—

‘ -

+ HOY >k aFAn (O D)2 — NTUE(F AL ARk | FY) + Op (h7)

T T

=

T N
S—T
=1

s i=1

= H(T)/A5 21(t ’I’)F(T) + H(T)/AS 22(t T)F( ") + OP (h?’)



For As21(t,7), we have

T N T N
1 1 ST 1 s—r
Asa(tr) = 5% szh o Fs X[ BN, + Ty ZZ’CZWF FALN, T
T N T 2
_ 1 / /5= —1A WAy =
- TN ;;kh,erins r g herF ( A :; 521/ t 7"

As in Su and Wang (2020), A5 515(t, ) Op((Th)™* h(Th)™") = op((Nh)~/?) by the fact that & 32, k7, FoF!
(525) = Op((Th)™/* h) + O((Th)™"). For As 11 (t,7), we have

kh sr F X:s) Bg’l)/\;r

T N N
- 1 s—r 1
Ason(tr) = =D Y ko [FX] — B(EX])] BN, + & Z

s=11i=1

H \

Op((NTh) ?h) + O((Th)™) = op((Nh) ™3,

where we use the fact that & ZS 1 Fkp GE(F X)) =5 ZS LSk S rx = O((Th)~!) by the property of

h,sr h,sr

Riemann integral for interior point r. Then As21(t,7) = 0p((Nh)~ 1/2). Note that

T N
1 - .
=SS K FAr i (T - 52N = NTUE(FAb A F 2y

s=1i=1

1 T N
ToaT ZZkthS[ ﬁ(2)+F)\1('72“)]( T ) Air — == E Ft(B(Q X/+FA(2)I) A h2ko

s=1i=1

T
LN E e @ XAy 1 @ XihAryp
- Z( ) kh,S’I‘FS/BT N 2NE[FtﬁT N ]h‘

~

T
111 S—T. 9,4 1
+5 > )2kjy o, FuFL — E[F,F{]h*k (NAQ)’AT).

It is easy to show that either term on the right hand side of the above equation is Op ((Th)*1/2h2 + (Th)*l + h3)
= OP((Nh)fl/Q), Thus A5722(t,7ﬂ) = OP((Nh)*l/Q) and A5)2(t T') _ OP((Nh)fl/Q).
Note that AU = X" dy (s,7) + D (s,r) ) = (A, ., ALY, and

VR s BICY) AL A F = o F,

1,sr

VJ&I?“Bg)z -

It follows that
1 1 T T T r T a T 1 T
As3(t,r) = TN ZBgr)AgT)IArFt( ) VJSH)“Bét 2= TN Z ZB )A( )>\ (1 ) Ft( )= A5,3(7")Ft( )

For As3(r), we have

A5731(T‘) = Z Z B T) )\/ T

kh sr 1s Al ZST)\Z’I‘ Ofﬁ + OP (h'g)

)k C Arisr Ny — al) + Op (1P)

kh sr Cig)Al sr [Cfg)Al sr]}AT + OP (h3)




= Op((N/h)"Y21%) + Op (h®) = op(Nh)~1/2.
In sum, we have shown that v NhA5(t,7) = op(1).

For Ag(t,r), we want to show that Ag(t,r) = V]S,?Ag(t,r) = op(Nh)~1/2. Note that

T 3 3
1 1 ~(r r r S(r r 1 r r r 1
Ag(t,T) = ﬁ E Fs( )Fs( )IA;Ag )~ VJEH)“Bit) = E , AT E (pl,srAg ),ATFt( )~ Xgl,)t = E :Ag,l(tvr)’
s=1 =1

(r)

where X7, =0, X192, = VJST%BU and X3, = 0. As in Su and Wang (2020), we can readily show that

VNRAg1(t,7) = VNhOp(Cxh +16,]|*?)0p(h1/?) = 0p(1) and
VNhAg 3(t,r) = VNhOp((Th)™Y2h*2 + (Th)'hY/? + h%/?) = op(1)

under the conditions that N/t/T — 0 and NhS — 0 in Assumption A.4(ii). Noting that V{2 B, = V(A [ky/20f) tr

;:125/70261(7“)(]E 7")2] = a2’1 + a2’2 With O[Q’l = N_lk;;’lt/fH(T)IEFA;AI’tT(tT) fOI‘ l = ].7 27 we have

Aga(t,7) ZH(T)/ (T)IAI A(T) A]&Q“Bgt (T)/ Z kh, s F's F;A;Ay) — (21 +a22)

= HY EFA’ A — (1 + ans) + Op((Th)"/2h)

Tk*l/Q

1 1
_ H(T)IEF [N Z)\'M‘ (letﬁg’l) + )\Ei)/Ft) - NA;ALM' T h,tr

(T2 L2 + Op(Th) 20+ 1)

1 1
+ QH(T lN Z Air ( —l— /\53)/}7}) — NA;Az,tr
= Op((Th)™'/2h + h3) = op(Nh)~1/2,

Then VNhAg(t,r) = op(1).

In summary, the bias term B{" is

B = By +B"“’1+B§?2

h,tr h,tr

* T t— *1/2 T Sr(r)—1 — T
N {k 1/208 T p C()( T D+ VG HON VE(F,Ab 1) A FL Wk

+V( kh sr [C§Z 1 sr]ATFt(T)

% nt— r -7 r .
= kh?t/TQ |:C£t) T +02(t)(7T ) +h2’120§t) +}12/‘1204it)
where Cl(f), 1 € [4], are as defined in (3.1).

The terms Ay (t,7) to A7 (£,r) are either Op (]|, ) or 0p(||3 ||) This, in conjunction with the fact that
6, = Op(N~1+ (Th)™1) by Theorem 3.2, implies that v N Zz 10 A4i(t,r) = op(1). In addition, Su and Wang
(2017, 2020) have shown that K (455)~Y/2V/NhAs(t,r) 4 N(0,V,71Q,T'+Q.V,71). Combining these results
yields the desired result in Theorem 3.3(i).

(ii) Let Y = £() — F(VH() — BT), Recall that AL = (A7), AN with AY) = k7'/*A; (t,7) . Noting

)



that \;. = %F(T')’(Y-(T) - Xi(r)ﬁr) and Yi(T) - XZ.(T)BT = —XZ-(T)(AST + FON;, + AET) + EET), we have

2

1. . LN r s —
FEO X6, 4 FOX, + A7 4| |- BN,

10 1 1. 1
_ L@ per o L Lyer ) L per @ -1y, Lypera®
T & tplie T Air + :

S\ir - H(T)_l)\i'r =

1 1 1 A0y 1
il = X1 A COTN SO Ry = 1Co TN Co Ry Al (O s TCO ¥ 4 CORS S Wy - IO LN )
T CrpPE T At i

1 N 1 R 11
_ My M5 2 g )y () B ;
TT X; 6, TH FY'X 6, T X 5 E 1 Dy(i,r), (A.8)

Su and Wang (2017, 2020) have studied the terms Dy (i,r) to Dg(i,7). The only difference for these terms is
that

Al = k;}té?{xztw;)ﬁ(Q)HF{[Ai(;)Ai(;n}

2 3
e s ] () or (7))

in this paper, instead of A(T) = k;lt/fF’[)\ (%) = Xi(#)] in Su and Wang (2020). Following the analyses in Su
and Wang (2017, 2020), we can show that vThD;(i,7) = op(1) for | = 2,3,4,6, while Ds5(i,r), D7(i,r) and
Ds(i,7) contribute to the asymptotic bias. Following Su and Wang (2017, 2020), we can show that

1
Ds(ir) = HOVFOAY = 25, HO B (FAg i1,) + Op((Th)™Y2h + h?).

For D;(i,r), we have

T
1 T T K T T‘
~Di(i,r) = 7 S 1B H- 1)\W+ § HOED B - 1)\W+ § BB g1y, § _ Drilin),

t=1 fl fl

where T{" = £ — HO/F") — B™) Note that when r € [|[Th], T — |Th]], we have
1 T
ID7a Gl S {T > e
t=1

) 1/2 ) T
()
bzl
t=1
T

. LS ptr nt— :
Dea(isr) = 7> kiwHO'F, [C“ 7 e

t=1

1/2
2 N
} = 0p(Cxip + [10-1)Op(h),

!/
) +(C§:)+Cg))ff2h1 HO7N,

= HQhQH(r)/E {Ft(c_'é’t”) —I—C_'é;) +C_’£?)/} H(r)—l/\ir +Op((Th)_1/2h),

/
(r)t (1) o2 (r) (mt— (1), 12 (r) 2| prem—1y.
D73TZ[ h+C(T)HC T+c 2h+C(T)}H Air

= koh®E (Cl(:)Cl(:)’)H(’")_lAir +Op((Th)"Y2h + h?).

and thus D;(i,r) = kah? {H(’“)’E[Ft(C‘Q(? + O + iy + E(C@C{?’)} HO=1\, + Op(T~Y2h3/2 + B3).
Whenr € [1, [Th])U(T—|Th],T), it is easy to show that the leading bias term is contributed by & Zthl k;‘;,trH(T)’E(FtC‘g)') &=
O(h).

10



Similarly,

T
T - T t—r T
2 {C& ) () 4+ (C5) + O3 ) h2] (X080 + AR ki 4+ Op(0?)

T

’ﬂ\H

T
= koh?E(CY) Ay 1) + Op((Th)"/2h2 + h?).

In addition, noting that Dy (4, ) = op(||d,]|) for I = 9,11 and D14 (i,7) = Op(||8, ), we have VTh S g Di(i, ) =
Op(||6-]]) = op(1). In sum, we have shown that

Z Dy(i,r) = koh? [E(ég)Al,itr) +H"'E (FtAZ,itr):|
— hgh? {HWE {Ft(ég) +C 4 Czﬁ?)’} + E[Cg)ég)’]} HO= N, + Op(T~Y2 + 13).

Finally, by Assumption A. 6(ii) we know % Zle kp,srFseis S N(0,€;,). It follows that vVThDq(i,r) =

/

FH(T)/ S KA (55 Faeis 4 N(0, (@) Qir (Q71)). This completes the proof of Theorem 3.3(ii).

(iii) Noting that Y;; — X/, 8, = —X/,01 — [Aie — HO- I\ HO'F, + X;tH@)'Ft + €44, we have

1 N ,
E,—~HYF, = SA%NZ)\M w— XLB,) — HY'F,

N
= S’; t) ! Z )\ztgzt + S Z()\” - H(t)_l/\it)éit

N
A 1 A
S S Al — O HOR, - §5) Z Nt X1, ZAe (A.9)

N N
N 1 o Al ~
Sxe = N Z it Ay = Q1A Q) + op(1) and Z(Ait — H(t)_l)\it)eit =op(1).
i=1 ‘
Then vNAy(t) = op(1). For Ay(t), we have H\/ e H < H Ly XitX{tH VN|b:] = Op(1)VNOp(N~
(Th)=t + h?) by Theorem 3.2. Noting that NTh® = O (1) and 1/(Th) = o(1) implies that Nh* = o(1),

H\FA4 H = op (1) under Assumption A.4(ii) and the additional condition NTh? = O (1).
For A4 (t), we have by Assumption A.6(ii),

N N
1 _ 1

VNA () = IH(t) 1 — E Nit€ir = (QeXa, Qy) L Qi —— E Xitgir +op (1)
VN = VN

d,
-

N (0.(Q=4,Q) 7 Q@ (@4, @) ) = N (0, (5310 Tz Qr ).

Last, we show that As(t) contributes to the asymptotic bias. To this end, we make the following decompo-
sition
N

it

=20

1:1

—VNA;(t — HO )iy — HOTNG HO'Fy + — ZH‘” Wit hie — HO7 N HO'F,

2)—‘

11



= A3’1(t) + A3’2(t).

Noting that ‘ Xit — H® 1/\itH = Op((Th)~'/2 4 h?) by Theorem 3.3(ii), we have

N
43,11 Z\

2
i — HO7I\,

= Op(NY2((Th)™' + 1*)) = op(1).

Next, Azo(t) = 3,2, fzjvzl HO=I\,Dy(i,r) HO'F, = 371, Az o(t) by (A.8). Su and Wang (2020) have
studied the terms A3721( ) to A3728(t)

Following their analysis, we can show that Az o (t) = op(1) for I =
3,4,6. Now, we consider the terms Aj 5(t), Az 27(t), and Ag 25(t). First

Az o5(t) = H® 172

HYOHOE,

?
— H(t>—1LZN:)\,t {12T:k (X’ (1) +)\(1)/ )F/8 }
N&~""\T h,st T

T )2 }H(t)H(t)’Ft + Op(N'/2h3)
s=1
_ h2 \/NH(t)—l A (2)’ X F/ A£A1(52)
- ? Z ztﬂ 18 5)"‘ N

EF} Yt ko Fy +op(1),

Where we use the fact that ZS K5y s Fal X

1)+>\(1)/ Fot T _ Op((Th)_1/2 h) = OP(N71/2) and H®O g® —
Yo'+ Op(Cyh) by Lemma A.2(iv) and Theorem 3.2. For As o7(t), we have

A3 27

HH-1

N T
ZZ HO= U\ (HO-1Y BO FO g1,

N T 3
1
Eﬁ n)\;t) H®- (T E Bg”@i,g) HY'F, = g Az oni(t).

s=1 =1

7\/>
3
For As o71(t), we have

Az 271 (0] S

1
T~ Z Ait}‘;t
‘m i=1

T /
7O BY [FO —HYFO - BY)| H = N'Y20p((Cyr + 116, 1)h) = 0p (1)
s=1

For Asz 272(t) and As 273(t), we use B = C(t) st CQ(?(Tt) + (C?E? + C(t)) K2 to obtain

N T
1
Az 79(t) = \F Z Z H(t)f1)\itA;tH(t)71/B£t)Fs(t)/H(t)H(t)/Ft
NT i=1 s=1

— VNHO (LA

—1
HO™Y Zk[ "+ O (2 + () + O s | ELHO O,

= fh?H(t)_letH(t)_llE[(CQ? + CSS + C14s ) S]E;1K2Ffa + OP( )

12



and

A3 273(t> Z Z H(t) 1)\ )\ H(t) 1/B(t)B(t)/H(t)/F

\/>Tz 1s=1

N
— 1
= VHe lNzAitA;t] HO™Y E,’fh eiiei e T | HOE, + 0p(N1)
=1

s=1

= VN ke HO12y HO-VE[C]) OV | HO'F, + 0p(1),
where C_'l(;) is defined analogously to Clt with V(t) and H® replaced by their probability limits for [ = 1,2, 3.

It follows that As o7(t) = VNh2ka HO-15,, HO- 1’{E[( i)+ D 4+ CNF) + B(CHCYYHONE, + op(1).
For As 25(t), we have

Aso8(t) = HH-1 Z >\zt B(t)H(t)/F
) \/7

= VNH®-! Z A\ ay 1 Z ki G FCD (2 - D2 HOE, 1+ 0p(NY217)
= VNh2koH® *12AtE[Fscls ]H(t)’Ft + 0,(1).
In addition, it is easy to see that \/Nleis A3 oi(t) = VNOp(||6]]) = op(1). In sum, we have

A/
_|_

N
1 ~ «
TVE it [/\it—H(t)_lz\ ] HY'F, = \/ NH®- 1{ ZF}E;H@E

N

1

5 D AuBP (X, F)
=1

~ VNI HOT 50 HO BICL) + O + CVF + B HO" ) F

+ VNRZHO-1S, B(F,CYYH Fyiy + op(1)
= \/NBF(t)HhQFt —|— OP(l)7

Br(t) = HOTINE (A o FL) S5t — HO-'s, HO-V(E(CY) + O + CDVF + E(CD D HO"
+ HO-1s, B(F,COYH.

Therefore, we have

VN A;(t) = 854 \ﬁZAzt[ i — HO-\ HOE, = VN (QiSa, Q)" Br(t)sh?E, + op(VNE?)
=VNBp(t)F, + op(1),

where Bp(t) = (QX4,Q}) " Bp(t)xh?. Under the additional condition that Nh* = o (1), VN As(t) = op(1).
Combining these results, we have \/]V[Ft — HY'F)] LY N(0, (E;}Qt_ ) IyX, Qt b,
(iv) Noting that C% = X,,F}, and Cy; = X;tﬁh we have

= )\ltFt )\;tFt
= [Nt = HO™ Ny = Ba(i,t)]'[Fy, — HY'F, — Bp(t)] + Ba(i,t) Bp(t) + [\e — HY™ Xy — Bo(i,t) HY'F,

13



+ [N = HO7INy = Ba(6, 1)) Br(t) + Xjy (HO ™YY [Fy — HY'F, — Be(t)] + Xy (HD ™) Br(1)
+ BA(i, t)’[ﬁt — H(t)/Ft _ BF(t)] + BA(i, t),H(t),Ft

8
= Z Cit,l~ (A]-O)
=1

By Theorems 3.3(i)-(ii), Cit,1 = Op((NTh)~Y/2), Cirs = Op(h*), Civa = Op(T~Y/2h7Y/2h2), Ciy 7 = Op(N~1/212).
By the proof of Theorem 3.2(ii), vTh(Ayy—H® = \iy— By (i, t)) = %H(”’ ST kj Fseist+op (1). By the proof

of Theorem 3.3(iii), VN (F, — HO'F, — Bp(t)) = (Q:2A,Q}) " Q: i SN Niegir+op (1) . By Lemma A 2(ii)-

(iv) and Theorem 3.2, H® = Q;'+0p (Cyp) and HOH®' = £.'+0p(Cy%). Define Cyr = min{vTh, V' N}.

It follows that

Cits + Cis = Ny (H71) Bp(t) + Ba(i,t) HV'Fy
= Ny @Br(t) + Ba(i,t) Q4 VY Fy + 0p(Ciy) = Belivt) + o (Ch).

Therefore,

Cnr[Civ — C% — Be (i 1)

N —
C 1 C Vh <
%Atht (QeZa,Q}) - Qtﬁ Z Ait€it + \/I%Ft/H(t)H V== VT & Z kh st Fseis +op (1)
i=1
_ Cnr Cnr
\/* d)llt \/71/}2125 +op (1)
where 1, = N, X, \le 1 Aitgir and g, = F[Y Zs 1 ki s Fs€is. By Assumption A.2, ¢y, —

N (0, Vi) and vy 4N (0, Vair) . It is easy to Show that {m and &,,, are asymptotlcally independent. Conse-
quently, we have Vi;lmc_’NT(CA'it — CY — Be(iyt)) 4N (0,1), where V;; = NT Viie + Th LVoir. B

Proof of Theorem 3.4. By (A.5) in the proof of Theorem 3.2 and the fact that 6, = 3, — 3, = Op(N~! +
(Th)~=! + h?) and

N
Z X - Za t)X(t)/ M A

where we use the condition NTh? = o(1) in Assumption A4(ii) to ensure that \/NThOP(C;]%F + ||St\\1/2 +
mOp([8:]) = op(1). Let Z( = My [X" = £ 5N o) X(V]. Then

j=1 %

DOEDY B - 8,)

— {[w(p(t)) _ D(t)@(tw [Bt —Bt] + DO(FW) [5 54 _ [ © 4 ﬁBm NBm i Tth]

N
. . o N 1 - 1 -
_ t t t t () (¢) (t) (t) AQING)
- [D( )(F®) — DO (frl >)} [Bt —Bt] + |7 2 2V - =Bl - NB NT § AN
=1
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N N
1 ) 1.
s 2 0 X M FOGON, — B | 4 op(NT)™'/?)

i=1 j=1
= Q" + QY + QY + QY + 0p(h') + op(NTh)~1/2).

As in the proof of Lemma A.9, we can show that

Hba)(p(t)) _D<t>(p<t>)H < Hf)(t)(p(t)) _D<t>(p<t>)H + HD(w(p(t)) —D(t)(ﬁ(t))H = Op(CR2 + |15:]1M2).

As a result, Qgt) = Op(CNZ + [16:]|*/)||6¢]| = op((NTh)~1/2). This rate can be strengthened to be uniform in
t under Assumption A.7. By Lemmas A.6 and A.8, we have

N T
t 1 t) (t) 1 t t 1 t (T _ t t t
O p oA [ ]+ 7 - Y] =+ o+l

Note that Qgt)l contributes to the asymptotic variance of 3, — 8, : \/NiTth/)1 LN N (0,9;). By Assump-
~7 Ziv 1 ZéT 1 }fg? fz) = Op((NTh)~Y2(InT)'/2). For notational simplicity, let &® (i, j) =

T Ze 1 kh st€is€js, and 5(t)(Z =7 Zs 1 kh st€is€js- Then

tion A.5, max;

1 K1 A
(= 3 30 HXD - VO FO(LAA) A g)

N2 T[
i,j=1
L Loy oL porpo=1 L A -1y 0
- N2 Tl VTR [TF FOI Y+ v Aehe) T A (0, )
ij=1
11 & aw LA y-1 (t) ) 1(¢) )7 (¢) ’ 1 (t)
=2 X, TFW(=AA) T NE (4, §) — X F [ FO p®1=1(— AAt) e (4, 7)
ij=1
N
1 1oipy o 1o ) 1 ¢ 1 1 _ -
_ﬁ [T%(t)lF(t)(NAéAt) )\Jte(f)( ) T‘/;(f)/F(t)[TF(t)/F(t)] 1(NA£A2£) 1)\jt€(t)(l,j):|
ij=1
Q221 Q222

We first consider the term QY. Using the identity abéd—abed = (a—a)béd+a(b—b)éd+ab(é—c)d+abe(d—d),

6 .
we can decompose Qg )21 into four terms:

N
1 1 - 1o~ i . .
ét)Zl N2 Z in(t)/[F(t) _F(t)H(t)](NAiAt) 1)\jt5(t)(7’m7)

,j=1

N
1 L v@rpw [ go L iy Loy o) / L) | 5 20) s .
Jrﬁi;lei FONHY (G A AT = [ FE]T % AA) HWHAje™ (4, )

+ 5 > FXOFOLLFOFOIN (L NA) O [3y - HO- ] €06, 5)

1,9=1
1 S 1y 1 1 .
1) (¢ t t)1—1 —1y . |20 t _
2 3‘::1 in Ft )[TF( VF )] (NAQAt) Ajit [5 ( ) el ) } = ;:1 2, 21z
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For Qét,)zna we have

N
1 1 - 1,5 1 . .
HQét)QHH < max || <7 Z TXZ(t)/[F(t) — F(t)H(t)](NA;At) 1/\jtg(t)(z,j)
ij=1

N
1

I . |
i,j=1

1
T

max
,t

Following the proof of Theorem 3.3(iii) and using Assumption A.7, we can show that %Xi(t)/[lf’(t) ~FOH®] =
Op (N~ + (Th)~! + h?) for each (i,t) and max; ; H%X}”’[F(t) — FOH®)] ’ =Op (N7 4+ (Th)™")InT + h?).
Next, note that

LA R
2 2 [ 22 A
i=1 ||j=1
A
< | = HOTIJM ) HH(” 1” Z ZAJta (i, 5)
i=1 |[j=1 i=
A A L Nl
S 3 |2 = HOT D @) | + 5 | = HO TN EY ) — €9 5)]
i=1 ||j=1 i=1 ||j=
A N 4
. . t
o 2|12 hiee® )| + 2 Z i, j) — D)) =D af”.
i=1 |[j=1 i=1 ||j=1 =1
For a( ) , it suffices to consider the rough probability bound:

(®)

maxa;

IN

N N
max Z Z[;\jt — H(t)il/\jt]e’:‘(t) (Z,j)
=1 ||g=1

max
t

Op((Th/InT)~ Y% + h?)Op(N~1/2

N 2
L,

where we use Theorem 3.5(i) below and the fact that

2

1/2

X
P>

ij=1

1 & ’
k*
T h,stsisgjs

max N2 Z

E kh st€is€js

1/2

s=1

+ (Th/InT)~/?),

3,j=1 s=1
2
< i i _ o
< mtax Zkh s (€is€js) +max Zk‘h stl€is€js — El(cisejs)]
1,j=1 s=1 i,j=1 s=1
2
< X 7 Zkh ot Zkh -t N2 Z E (gisejs) E (girgjr) + mAX 75 Z ki sil€isejs — E(gis€js)]
1,5=1 3,7=1
N
< N- 1max— > |E (cisgjs)l + Op ((Th/InT) ") = Op (N~ + (Th/InT)").
4,j=1
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It is easy to show that

(t)

max ag
1 N N 1 T
< mtaxﬁ 4 ZAjtTZkzastgisgjs
i=1 ||j=1 s=1
1 & 1
< max 3 ; Z Ajit Z kit B (€ises)|| + max ; NT Jz; ;)‘ itk stl€is€js — B (€is€js)]

N
1 1 _ _
max — Y |E(eisejs)| + Op(NTh/InT) /%) = Op(N~' + (NTh/InT)""/?).

A

Similarly, we can show that max;, aét) and max; ay) are of order no larger than max; agt) and max; a:(f), respec-

tively. Then

maXZa( ) = Op(Th/InT + N~V2h2 4 (Th/InT)"Y2h2 + N~' + (NTh/InT) /%)

and max, Q;?mH = Op (N + (Th)"Y)InT + h2) Op(Th/InT + N=Y2h2 + (Th/InT)~V/2h? + N-1 +
(NTh/InT)""?) = op((NTh)~1/2).

Noting that H(t) L A/[\ H @y _ 1 AIAt H(t ( L AIAt — 4 A/At) t)l = H(t) L (At At)l(]\t At)H(t)/
+H® L (At — AN H t)’ +H® A' (At A )HW' it is easy to follow the proof of Theorem 3.3(ii) and using the
H(t LNAHO — LAA| = Op (Th)™' + N~ InT + h?).
(HOHO) ™ = LFOFO| = 0p (Th)™ + N~ InT + h?)
established in the proof of Lemma A.11 and the uniform consistency of H®) and %F @’ F® implies that

uniform consistency of H® to show that max;,

This result, in conjunction with the fact that max;

1., 4 1 1
H(“(NAiAt)*l - [TF(t)/F(t)rl(NAQAt)le(t)

1 1
= [H(t)H(t)/(H(t) NA/A H(t)/)—l _ [TF(t)/F(t)]—l(NA;At)—l] H®

IN

O O [% Fy po1-1| | H(t)% AAH®O -

H® H

e o Laaen - g

‘H(t H = O0p ((Th)™ + N"'InT + h?).
Then as in the analysis of Qéf)ml, we can readily show that

w0t

HO(—AA)™ - [%F(t)’F(t)]‘l(%AgA —ta®

AN
B
o
b

= Op((Th)™* +N~'InT + h?) Op(Th/ T + N~*/2h* + (Th/ lnT)_1/2h2 + N~ 4 (NTh/InT)~"/?)
op((NTh)~/?).
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Now, we study Qét,)213- Note that

(t) _
2,213 =

N
XO'p F(t) Ol ( A,At Z[ je— HOTIN; } )

an

1 1 1 4,1 _ Q ROYY .
— Z TXi(t)/F(t)[TF(t)/F(t)] 1(NA2At) Lpr(®) [/\jt HO-1), }[s (i, ) — ™4, 4)]

ij=1

t t
Qé,)213a + Qé,)213b'

— Op((Th/IT)~1/2),

Following the proof of Theorem 3.3(ii) and using the fact that max;; max; % 25:1 k;’steisejs

we can readily show that uniformly in ¢ and i,

=i

<
I
—

P\jt - H(t)ilAjt} E(t)(iaj)

T
a1 . _
Dy (],t)TZkh,st&sEjs+OP((NTh) 1/2)

I
2=

Il
-

J
1

N T T
- = HO'STS ky i Feeje > ki wisejs + op(NTh)™Y2) = HOWY 1 op(NTh)™Y/?),
j=1r=1 s=1

¢ N T T o
where b\ = 1 Simt Yoret s K gikis i Frejrgisejs. Note that

T T

N
maXHb )H - NT2 Zzzkh rtkh st ‘E Fg]r61.55]5)|

j=1lr= 1
1

A

N T

1s=
T
+ max NT2 E kg, vikh silFrejreisess — E(Frejreiseys)]
2
j=1r=1s=1

A

N T T
T 1
N7 1p=2 max Z Z Z |E(Frejreisejs)]
j=1r=1s=1
N T T
+ max NT2 ; ,_Zl SZ: k;"wtkh st Frejr€is€is — E(Frejreis€js)]

i, 1

= ON'T W 2) 4+ Op(N"V2T A= (InT)"?) = op((NTh)~/?).

Then max; ; + Z [ s — HOLN, t} eW(i, ) = % ZJ 1 [ st — H®O7IN | e® (4, 5). With this, we can readily

show that max; Q2’213a = op((NTh)~'/?). Noting that

[() s _ @) (t)]

is jS €is jS

N[ =
M’ﬂ

eW(i,5) —eW(,5) =

s=1

{9 — D) — D) ) — e 1 D - Z%y

I
Nl =
[M]=

s=1
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we have

N
1 1 1 1 )y o
Do = 75 2 X FOZFO RO (S AA)THO [Ny = HOT ] [0, 5) — 9, 5)
,’7]'_1
3 1 X
= Z]\ﬂ Z X(t>/ Ol F(t)’F(t)]‘l(NAQAt)‘lH(t) [)\jt_H(t)_l)\jt} v _Zsz
= 1
Using
&) — il
= xWs, _(FO — gOFEOYFO-1\0O _ (50 - gOrp@Oy A, - gO-1N,) - FOHEO R, - BFO-1),)
4

Il
D
S~
FRGS
—
—~
o~
~—

we can readily show that

[A(t) (t)] ®

max | —
1,95t

N~
HMH

) x (07§ LS g _ g poy -1y
< %}2¥ng X, +I}’1%§(T;(F HYFYYH Ae
1 . .
2 &) _ g ROV A g1y .0 @ (o) -1y, )
+max TS;(FS HOEDY Qs = HO™ I\ el | + max | ZF H — HO7 )l
= Op((N"'+(Th)™")InT + h*)
and similarly,
L 5 20 _ (1, x ()
L t 1, 1 v &) = (t)
mtaxT; NT ;[ JW X F
1 1 ) -1 -1 2
= max NT;;ICM — e W X Fr || = Op (N2 + (Th) ™) InT + h?).
With the first result, it is easy to show that max; HQ;)m% (Z)H = op((NTh)=/?) for I = 1,2,3. Then

maxg HQét’)Ql?’bH = OP((NT/’},)*l/Q) and max; HQE’%BH = Op((NTh)*l/Z)_

For Qét,)m, we have

N
t 1 1
é,)214 = ﬁ ljZ:1 TX F(t T (t)’F(t ] ( A/At) 1)\jt |: t)(’l, ]) — E(t)(’L ])i|
3 1 N
_ Z e Z z(t F(t) T (t)/F(t)]— (NA/At ]tCl ZJ ZQQ b
=1 z,]:l

We can show that max;

Qét,)zmH = op((NTh)~/?) by showing that max;

Qét,)m (I)H = op((NTh)~1/?) for
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Il =1,2,3. For example, note that

max \w Qz b4 (2)
= maxtr [lF(t)/F(t)]_l(iA/A )_112T:i§:>\ Ok 2% s(t)]lw’X.(t)’F(t)
t T Nt Tslejzl ]tj8N11ZS is I p
T T N N
S x| g 2o 203 bl I - X,
T T N 4
< Zmax N2T2 ;;j lkhrt gtE Ze E;El

and we can show that By = op((NTh)~'/? for | = 1,2,3,4. In sum, we have max; HQ&%H = op((NTh)~'/?).

(t)

Now, we consider the Q2 5o term. The only difference between Qgt)zl and Q;t)m is that X" is replaced by Vi(t).

The proof will be virtually the same if V( ) is substituted by Vi(t). It is easy to argue that this substitution does
not cause any difficulty in the analysis of Q2 59- To see this, note that ‘A/i(t) — Vi(t) Z (@ &) _ %))X ,gt),

where

aly) = o) = D = HOT NG (N RA) ™ Mg+ X HOH (VAR ™ = HO(NTUAA) T HO | A
+ X (NTIAA) T HD (A — HO 7). (A.11)

Using Theorem 3.5(ii) below, we can readily show that max; j . |@ (t —a! ik ‘ = Op((Th/InT)~/2 + h?), which

implies that max; s Vi(st) — VZ-(;) = Op((Th/InT)~Y/2 4 h?). Using the above decomposition, we can also argue

that

1 NN
max m;z

T
0yt 11 - 1 t -
(70— VOY FO L FOFO) (A Ay 3 D] = op(NTH) )

is ©js
s=1

’ﬂ ik

and similarly for other differences arising by replacing V;(t) by f/i(t). Then max; HQg)mH =op((NTh)~/2) and
QG| = or((vTR)~172).

maxy

Now, we consider the Q23 term. Note that Béﬂ is analogous to Bsy7 defined in Su and Ju (2018, SJ
hereafter) and the only difference is that both the residual & ( ) and the regressor Xi(’ S) are now kernel-weighted

in this paper and they are non-weighted in SJ. Following the proof of consistency of By in that of Corollary
QY| = maxi 75 | BS) - B = o ((NTR)112).

QY| = or((vTR)71/2).

3.9 of SJ, we can a,so show that max;

In sum, we have shown that max;

Note that B (t) is analogous to Bint defined in SJ. There are two main differences: 1) both the residual ég?

and the regressor X (¢ ) are now kernel weighted while they are non-weighted in SJ, and 2) the definitions in SJ
use the fact that the error terms are serially uncorrelated conditional on the common sigma-field C while we do
not assume so. Despite these differences, we can follow SJ’s proofs of Corollary 3.9 closely and show that

= max

max|| QS — op((NTh)™2).

B{) - BY)

Th‘
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By Lemma A.7, Q(t) = %7 Zf\il Zi(t)/Az(-t) = Bfg) +op ((NTh)~/2) . It is easy to show that max, ng” =
Op(h?) = Op((NTh/InT)~/?) when h = O((NT)~'/%).
It follows that max; HB?C — B4l = Op((NTh/InT)~'/2) and \/NTh(Bt —B,—[DW (F ))]*1B§2) is asymp-

totically normal with mean zero and variance-covariance matrix given in Theorem 3.2. B

~be
Proof of Theorem 3.5. Given the fast convergence rate of 3, in Theorem 3.4, the proof is almost the same
as that of Theorem 2.5 in Su and Wang (2020) and is thus omitted. W

Proof of Theorem 3.6. The proof is almost the same as that of Theorem 3.6 in Su and Wang (2017), and
is thus omitted. W

B Proofs of Theorems in Section 4

To prove Theorems 4.1 and 4.3, we need the following lemma from Su and Chen (2013, Lemma A.5). It is also
a conditional version of Lemma 2.1 in Sun and Chiang (1997).

Lemma B.1 Let {{,,t > 1} be an l-dimensional strong mizing process conditional on C with mizing coeffi-
cient ac (+) and distribution function Fy (-|C). Let the integers (t1,...,t;) be such that 1 < t; < tg < -+ <
m < T. Suppose that maz{ [ |9 (v1, . v) | dFyy 4 (01, s 0m|C) [ 10 (01, ey 000) [ dFy, ..+, (v1, .., 05]C)
dFt ot (Ui, 0m|C) ) < Celty, . tm) for some ) > 0, where, e.g., Fy, . 4, (v1,...,0m|C) denotes the
distribution function of (ftl, ...,§tm) given C. Then

‘/ (1, .oy vm) dFy, 4 (vl,...,vm|C)f/0(1}1,...,vm)dFt(l{)___,tj (V15 0oy 031C) dF ot (Vi1 wves Um)

< 4CC (tla "'7t’m)1/(1+ﬁ) ac (tj+1 - t])ﬁ/(1+ﬁ) .

Proof of Theorem 4.1 (i) For the convenience of proving Theorem 4.3 below, we prove that under H{ )(al NT)
with ayyp = N=YV47-1/2p~ 1/47 we have

JGp = TNV2R20® B -1 4 N0, VD).

Noting that Ay, £y = (A — HO=N0) HO'F, 4+ X, (HOY (£, = HO'F) 4 (\ig = HO 7N\, ) (B, — HO'F,) +
)‘;tFt and 5‘;0F~‘t = (S‘iO_H 1)\i0) HlFt+)\i0 ( ) (Ft H/Ft)+(5\i0_ 1)\z0) ( H/Ft)+)‘10Ft7 we have
Al A ~ ~
Ay — A;oFt = dyit + doit + d3it, where

die = FIHONy — HO7INy) — FIH Mo — H " Nig) + Ny (HOY (B, — HO'E) — Ny (H™ Y (F, — H'F),
doit = (Nit — Nio)' Fy, and
dziw = (i — HON) (F, = HYE) — (\io — H ') (F, — H'E,).

Let daj = X.,(B,° — B). Then

N T
TNY2R2 N0 = N=1/2p1/2 Z Z [dyit + doit + dsit + daie]’

=1 t=1

N T
N™L2p1/2 Z Z (35 + d35y + d3; + 2d1idai + 2dviedsis + 2daidsi + diy, + 2d1idaie + 2doiedair + 2dsidai

EMl+M2+M3+2M4+2M5+2M6+M7+2M8+2M9+2M10.
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The terms M; to Mg have been analyzed by Su and Wang (2017, 2020). Following their analyses, we can also
show that My =TIV +0p(1), and M, = op(1) for j = 3,4,5,6. It remains to show that (i1) M; — B — 11" 4
N(0,VY), (i2) My =T1" + 0p(1), and (i3) M; = op(1) for j = 8,9, 10.

First, we show (il). The asymptotic bias and variance of M; are different from that of the corresponding
object in Su and Wang (2017) because we do not have the m.d.s. assumption on the error term. As in Su and
Wang (2017), let Ly = k:;;stH(t)H(t)’ — HH' and Ly = (kj; ,, — 1)HoHj, where Hy is the probability limit of
both H® and H under the local alternative. By Lemma B.1(ii) and B.2(vi) in Su and Wang (2017),

max || HO — Ho|| = Op(Cy% (0 T)"/%) and | H ~ Hol| = Op(N~1/2 +T71/2). (B.1)

Following their analysis, we can show that the leading term in dy;; is given by dy;1 + dm 5 such that M; =
M, + M o + op (1), where dy;¢1 = F/+ 2321 st E'Ls» diit,2 = aynr[F{HH' ZS 1 Fsgls + Xjo (H™ )/ Vs
x(% F)Abgl/N], and M ; = N=/2p1/2 Zi\; thl 1ir, for I =1,2. Following Su and Wang (2017), we can
show that M; 5 = Hg ) 4 op(1). Let Ly = (k;;,st — 1)HoH{. For M; 1, we can decompose it as follows:

p2 XN
My = NWTQZ Z F/LyF.F.L, Fieiseir
lt,s,r 1
Bl/2 N . . }
- N1/2T2Z; Zl{F s FoF' L, F;Fc(i o) + F/ Lot FsF/ L, F&;
[ t,s,r

4
7 Fops 7 7 - ¢
+2F(Lst — Lot)FoFL Ly Fii s + F{(Lat — Lat)FsF{(Lnt — Lyt) B} = > M{Y,
=1

where €; 5 = €58 and &; o = €58 — Ec(€i5€4r). Note that M1(1) = B(l) Following the analysis of M1(2)

below, we can readily show that Ml(l% =op (1) for | = 3,4. For Ml(l), we can further decompose it as follows

2) ht/? ZN ZT ET
/
]\4171 = W tr{FSFTT FLst}Ez ST

i=1s,r=1

- N1/2T Z Z Ztr {FsF/HoHp (kf, otk o — 2kn,se + 1) FLF{ HoHy } & or

21571 t=1

2,1 2,2 2,3
= M1(71 ) 2M1(71 )+M1(71 ), say.

We will show that Ml(?l’l) is Op (1) and contributes to the asymptotic variance and similar analyses show that
M5 and M%) are both Op (h'/?). Let €, ., = FLHoH, - S0 ki ki FeF{HoH} Fy. Note that &, ,, i
C-measurable and

2.1) N2 X
Ml,{ :ZNl/QT Z fh srgz ST—ZZNTw
=1 s,r=1
where Zn7,; = 1\?117//2; er—l h.srEisr- By the CLT for independent but non-identically distributed variables

o /27 r(2,1)
(conditional on C), it suffices to prove V Nl My 4N (0,1) by showing that

N N
2= "Fc(Zkr;) =op (1) and Y Z3p, — Vip = 0p (1). (B.2)
i=1 =1
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First, we verify the first part of (B.2). Note that

256h2 )
NnuE:EC E: Ensrisr| = 1621 + 25625,
1<s<r<T

4
Z Ep,ssEi,ss

16h2
< Not Z Ee

For Z;, we have

-
Z = N2T4 E E fh,slslgh,3252§h,33335h,5434EC(€i78181Ei,stzgi,S3835i7S484)
=1 s;€[T),l=1:4

R T
4 ~4 2 2 =2 =2
N2T4 E E Eh,ssEc(Ei,ss)+ E : Eh,slmgh,SzSzEC(si,swlgi,swz)
i=1 | s=1 1<s1#52<T

3 ~3 ~ 2 ~2 ~ ~
+ Z 5}1,5151gh,SzSQEC(Ei,8181£i732S2) + Z éh,slslgh,3232£h,5333EC(Ei,slslgi,stzgiyszsza)

1<s1#52<T 1<s1#s2#53<T

A

+ § gh,slslgh,5232§h75353€h75454EC(57378181€i78282€i733<‘?35i78454)
1<s1#s2#837#54<T

=211+ 212+ 213+ 214+ Z15.

By straightforward moment calculations, we can show that Z; 1 = Op(N~!T73h71), 215 = Op(N71T~2),
2173 = Op(]\[ilTPZ)7 2174 = OP(NilTilh) and 2175 = Op(Nilhz). It follows that Z; = op (1) . Next,

94
h &
Z2:WZEC Z fhsrfzsr
i=1 1<s<r<T
- 4 N 4
16h2 16h2
S N2T4 ZEC Z gh sr€i,sr + W Z fh,erC (f‘:i,sr) = 16(22,1 + 22,2)~
1<s<r<T i=1 | 1<s<r<T

. K2 N
We first consider Za,1 = 5w 251 D, e, si<riimtid Shosirs ShusaraShyssrs€hisara BC(Eisir EisaraCi,saraCiysars)-
For the summation over s; and r;, I € [4], in the last expression, we consider seven cases depending on the

cardinality (#) of the set S = {s1,71,..., 84,74} : #§ =8,7,6,5,4, 3,2, and write Z5 = 21721 25,1, where

h2
ZQ,ll = W E fh,slrlfh,szr2£h,53r3£h,54r4EC(gi,slhEi,szrzei,ssrssi,mm for I € [7}
i=1 s, 7 €[T], $p<rp,r=1:4,#S=9-1

We will show 2511 = op (1) as the other cases are similar or simpler. Now, we can rewrite Z5 11 as follows
h2
22711 = N2T4 E €h751sth75354£h,3556§h,3738EC(EZ'S1€Z'82"'5i58>'
i=1 s1,...,s8€[T], s1,...,88 are distinct

Let 1 <ry <ry <--- <rg <T be the permutation of s, ss, ..., g in descending order and let d. be the c-th
largest difference among ;1 —7;, j € [7]. For notational simplicity, let L; (71, ...,78) = & 5, 5,8 h.s554EhossseShosrss
X E¢(€is,Eisy--Eisg ). Note that &, .. S ||Fy | [|Fs| Rk (25%), where k** (-) is the 2-fold convolution kernel of
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k* (-). Then by Lemma B.1 (with 7 = 7n/2)

-
WZ Z |L7, (Tla"'7r8)|

=1 1<r <--<rg<T, ro—ri=d;
N T-7 T—6 T-5 T

AMNTh? 7

S N2T4 Z Z Z Z e Z |éh,sl52§h,5354£h75556§h,5758| [O‘C (TQ - Tl)] Z+n
i=1r1=1 T2:T1+man>3{Tj_Tj71}7‘3:k2+1 rg=r7+1
T—6
4AMNTh? n_
S mac| B T = > > 1Evul (2 = m1)° e (ra = )] 77
r1=1lry=ri4+max;>s{r;—r;j_1}

T7/(8+4n) p—2 "

S g 2 lae ()T = Op(NTIT T EH2) o) (1),

r=1

4 . . 2 N
where Myt = [maxi,t EC(|5it|8+ 77)}77/ 2+m) = Op ( ) : Slmllarly, # Zi:l ZlST1<“'<T‘8§T7 rg—rr=dy |Li (Tl’ o T8)|
=op (1). If for some [, with 2 <[, <6and 1 <a <4, r_41 — 1y, = d,, then we can show that

n &
WZ Z |LZ (T‘l,...,’l’s)|

=1 1<r1 <--<rs<T, 11, +1-T1,=da, 2516 <6,1<a<4

AEC RS o NE & ) FA* R S .
max, 12l v - Z”VTy Zr"am (r)+ 7maxN||T I Zr%zm (r)+ maxy 17~ y\f I ng’am (r)

r=1 r=1 r=1
—  Op(N“IT2H6/EH =1y 4 O (N-LP— 13/ (40 L O (NITV@HDR) = o (1) .

AN

In sum, Z51; = op (1). Analogously, Z;, u =op (1) for Il =2,...,7. It follows that Z51 = op (1). For 235, in
view of the fact that &, ., = FIHoHy& S0 ki, ki o FoFY HOHOFg and K, = & S0 ki ki

1
T Z gh,erc(Ei)ST)
1<s<r<T
1 1 &
= = > FT’HOH(’)ZFHOH(’,FSTZki’stkﬁ)rtEc(ei,sr)
1<s<r<T t=1
1 - 1 T T
= 7| X R FHHES HH P E )| S 75 D 9 Fiar (I + I [Be(e o)
1<s<r<T s=1r=1

T T T T
1 —, 1 —,
< T E mganlh,sr ||FrH2 E |Ec(ei,sr)] S Hilfix E |Ec(is€ir)| T E m?th75r HFT||2 =0Op(1),
r=1 s=1 Tos=1 r=1

we have Z o = ]}\1,—22 Zf\il [% D i<scr<T €h,erC(5i7sr)r = Op(N~1h?) = op(1). Consequently, Z5 = op (1) and
Z=op(1). -

Now, we verify the second part of (B.2). It suffices to show that (I) Zf\il E¢ (ZJQVT’Z-) =Vyr +0p(1), and
(IT) Vare (Zfil ZJZ\,T’Z) = op (1) by conditional Chebyshev inequality. (I) follows because

N 2
S Ee(Zin) = o ZEC ( S 6 )
i=1

s,r=1
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N T 2 N T 2
h 1 h 1 )
N Z 7 2 Enertistin | = D\ 7 D EnrBelistin) | =Vir —op (1)

s,r=1

(IT) follows because

N 2
ZVarc (Z%1.) = N2T4 Z E | Vare < Z Shysri, ‘”) N2T4 ZEC

i=1 s,r=1

N
Var¢ (Z ZJQVTJ)

i=1 s,r=1

= op(1).
In sum, we have shown that Ml(zl) - 1535;; 4N (0,Vy) and M; — B% - Hgl) 4 N(O,Vél))-
Now, we show (i2) and (i3). Note that
duie = X4(B)" = B) = X4(B)" = B) = X0(B — Bo) + Xy (B, — B

Apparently, X/, (58, — 8y) = 0 under Hgl), and X/, (8, — By) = a1nT X190+ under HS)(alNT). Then, we can
further decompose M7 as follows

N T
_ N71/2h1/2zzdiit

i=1 t=1

NS S LG~ 3P+ X5 = B0 + (X8, — o)

=1 t=1
20,8 — BB — Bo) Xiu + 2X0 (B — B)(B, — Bo) Xiu — 2X1y(B — B) (B, — Bo)' Xt}
= M7,1 + M7,2 + M7,3 — 2M7,4 + 2M7)5 - 2M776.

By Theorem 3.4(ii), we have max;

ch - B ‘ = Op((NTh/InT)~'/?). Following the proof of Lemma A.1 in
Su and Chen (2013), we can show that under HS)(alNT),

Bfﬂo =aintD (F)717TNT+0P (ainT), (B.3)

where D (F) is defined in Section 4.4. Let myr = (anT1,.... N1, P)s TNTp = ﬁtr(MFXpMAOAg) for
p=1,..,P and Ag is a T x N matrix with (¢,7)th element given by X/,go:. With these results, we can readily
show that M7, = Op((Nh)~'/2InT) = op(1),

1 N T B 2 1 N T
M7o, = WZZ{X;tD(F) 17TNT] +op (1), M7,3=ﬁzz fhgor]”, an
i=1 t=1 =1 t=1
Mg = iiinD(F)‘lw 0 X +op (1)
' NT < it NTYotAit T Op L)

s
Il
_
~
I
=

Then M7 4 < {M7,1M772}1/2 =op(l) and M75 < {M7,1M773}1/2 = op(1) by CS inequality. Consequently, we
have

M; = M72+M73*2M76+0P(1)

2

ZZ[ oo = D(B) )| +op (1) =T +0p (1).
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Similarly, we can show that M; = op(1) for | = 8 and 9. For M;, we have My < {M3M4}1/2 =op (1) by CS
inequality.
In sum, we have shown that J{}. = TN/2p1/20 0 — B() — 1) 4 N(0,V"), where TI(! =3, H(l)
(ii) As in the proof of (i), we prove that under H (aanr) : B, = By + azntgor with agny = (NT)~1/2h=1/4,
we have J(z) TNRY/2M®) — (2) 4 N(O,V(()Q)). First, we decompose TNh'/2M 2 as follows:

TNRY2N® = Ny sz |3 - 80 - B~ 80|
DY {HB o N T e AT m)} = Av+ Az — 245,

Following the proofs of Theorems 3.2 and 3.4, we can argue that Bt —B, = [DO(F®)] -1 L Zi\; ZST 1 %fz §§

Rgp(t) and Rg(t) = op(agnr) uniformly in ¢ under Hf)(agNT) under the additional bandwidth condition
NTh?/? = o(1). For Ay, we have

2
+ [ Rs (@)1 +2

Nhl/2 Z

=A10+A1p+24,5.

(t ,1L N T )
D NT Z Z xls €is

i=1 s=1

pOEOL S S 100 g

i=1 s=1

We will show that the first term is the leading term, while the second and third terms are higher order terms.
Before that, we first analyze the %E? term in detail. Note that the (s,7)th element of My is
(Mpw],, =1{s=r} =T FW' T FO'FOINED = 1{s =7} — T~ 'p{1)

ST

2] ’
and by = FV(T U B EOY LR Let B = FUTV S K FF])CE The (s,z)th clement of the
T x N matrix X(*) is given by

and the (i,7)th element of My, is given by [My,],; = 1{i=j} — N~ La'M) | where a = A\, (AJAy/N)1

x\) = jij kP IM oo Be (Xg0) [Ma, ], + (X0 — Be(X(D)]

T
T

i

Sk [1s =) =170 Ee(Xp) [16 =) - NN + X - Be(X?)]

¥

j=1r=1

*1/2 *1/2 *1/2 t
= Z kh s/t Z ky, r/t bgtr) Z Z kh r/t ng )a’z('j)

] 1r=1

1 N 1 T N

*1/2

= kh s/t Xis — N Z Ec (Xj f Z kh rtb N Z Z kh T‘tbgtT 71 (XjT)

j=1 r=1 =1 =1

_ k2,

For A; 1, we can readily show that

t) _(t t t
Nhl/?z N2T2 Z Z 655) §7)x( )/ t):{§7)

i,j=1s,r=1
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B1/2 T
h,

1/2 T
NT2 Z Z Z kh stkh ri€isCir, 1(5) D¢ )xz(‘i) + % Z Z Z

i=1 s,r=1 1<j<i<Nt 1s=1

Qh / Z Z Z kh stkh, rtfzefyrx(t)/m(t))((t) = Z Ay 10,

1<]<2<N t=1 s#r

2 (€is€j gz’\,’(t)/ID)(t)X(t)

where D) = [DO(FO)=HDO(FO) =L and Y- . = Y1 o < - We will show that A; 11 and A; 12 contribute
to the asymptotic bias and A; ;3 contributes the asymptotic variance. Apparently,

h1/2 N T
An = T SoDTDT Bk it DO XD = BE ., and
i=1 t=1 s,r=1
2h1/2 T T
A1712 _ W Z Z kh gtgmg_]sX(t)l]D)(t) ( ) _ ]B(QQJ)VT,

both of which are of Op(h~"/2). Let &, = (ej0, X4,) and &; = (&1, s Ei7)- Let Gijoor = ~ S0 K7 K7, X0 DO XY
1/2
and W;; =W (§i,§j) = 21}(,; Z,r:l €is€jrSij,sr- Then Aglg = Zl§i<j§N Wi;. Define

Gy = Y. Ec(W}), Go= > Ec(W Wi +W,Wj +WZW2), and
1<i<j<N 1<i<j<k<N

Gz = Z Ec(Wi Wi Wi Wi + Wi, Wa Wi Wiy + Wiy Wa W Wih).
1<i<j<k<I<N

2
Let V(Q%“ —VarC(Ag %) Note that VS\%“ = Zl<z<]<N EC(W2) = N2T2 Zl<z<]<N Ec (Zs;ér Eisgj?"gij,sr) =

V(()Z) > 0. By straightforward moment calculations and the repeated use of Lemma B.1, we can show that

4
16h2
G = % Z Ec Zeisejrgij,sr =0Op (N72h72) ,
1<i<j<N S#ET
2
16h? »
G2 rg W Z E¢ Z €is€jrSij,sr Z €is€krSik,sr = OP (N ) ,
1,7,k are all distinct SHET s

and similarly, G = Op (h?) . Consequently, G; = 0p((V§\2,)T)2) for I = 1,2,3. Then by a conditional version
of the CLT in Proposition 3.2 in de Jong (1987), we have (Vig)~/2A{) % N (0,1) conditional on C. The
unconditional limiting law is also given by N (0,1). Then A; 1 — BE\Q,)T 4 N(O,V(()Z)).

Under the additional bandwidth condition that NTh%/? = o(1), we have that A, , = NThl/QOP(GJ%NT) =
op(1). With some tedious calculations, we can show that 4; 3 = 2Nh'/2 Zt D(F®)~1 i1 ES 1 f{g E?}

Rg(t) = op(1). Then A; —BZ) % N(0, V).

Now, we consider the A5 term under the local alternative Hf) (aanT) With asyT = (NT)_I/2 R4
bc ’ ) 1 ) be 1 T 2
Ay = Nh'/? ¢ =NR'2Y NN "(B, —B)— = a — gos
; ; vt T 321(55 55) T 2 2NT (90t g0 )
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Z - Bs) ZG2NT (90t — 9os)

s=1 s=1
-2 1/2 g Abc
—2I""Nh Z Z Za2NT B) (got — gor) = A1 + Az o — 245 3.
t=1 s=1r=1

Under Hf) (aanT), we can follow the proofs of Theorems 3.2 and 3.4 and show that %Zstl(Bzc - Bs) =

Op((NT)™"2 4 h2). Then Ayy = NThY20p((NT) ™ + h*) = Op(h'/2 + NThY/?) = op(1). For Ay 5, we have

T T T T
1 1 _
A2z =5 DD (g0 — g0s) (900 — gor) = T > ghigor + 0T

t=1 s=1r=1 t=1

1
_ /0 lgo(P)|2 dr + Op(T™1) =TIy + O(T),

where the second equality holds because ZS 1905 = 7 ZS 190(F fo go (1) d7 4+ O(%) = O(7) under our
normalization restriction on go () . By CS inequality, we have |As, 3\ < {A,, 1}1/ {Asz,2 }1/2 = op(1). Tt follows
that Ay = Ils + op(1).

Now, we show that As = op(1). Noting that @bc - B, = % Zstl(BZC —B,) — % Zle aanT (got — Gos), we
can decompose Az as follows:

T T T
R 1
= Nh'/? — Nh'/? ' —gs) = Ag1 — A3,
tzz:l(ﬂ Bt g Z Bt 5:&) T s;azNT (QOt g ) 3,1 3,2
As 1 is the same as As 1, which is op(1). For As o, we have
1 )1 T
Azp = (NT)l/QhIMfZ Z got — Jos)
t=1 s:l
1 ~be 1 ~bc
= (NT)'/2h/* Z(ﬁt — By) gor — (NT)/2h1/4 = Z(ﬁt - B,)O(T™).
t 1 t 1

Noting that go; is nonrandom, we can follow the proofs of Theorems 3.2 and 3.4 and show that % ZtT:l(,@ic —
Be) gor = Op((NT)fl/2 +h?). Then Az o = Op(hY/*+ (NT)'/2h%/%) = 0p(1) and Az = op(1). In sum, we have
shown that TNhY/2M 2 — Bg\%)T ) P N(O,V(()Z)), where TIs = 0 under H((Jz) and Iy = fo llgo(7)||? dr under
HY (aznr)-

(iii) As above, we show the asymptotic distribution of TNY2pY2N[3) under Hf) (ainT) With a1np =
N-YAT=1/2p=1/4 As in the proof of part (i), we can make the following decomposition:

A EW W EW — W gl g

EV, 5\:/(‘)/ and

FtW7 respectively. Given the fast convergence rate of Bt — B, under our bandwidth condition, the error in the

where for | = 1,2,3, d, is defined analogously to dm with )\zt, Ft, )\,0 and F, replaced by )\

lit it

estimation of 3, is asymptotically negligible so that we can readily show that under Hf)(al NT)s

TNY2RY2N[®) = My + My + op (1),
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where M7 — Bg\% - (1) A N(0, V ) H( ) + op(1), and V(()?’) = V(()l). Consequently, we have
- d
TNV 203 — B — 115 % N (0, V),

where IB%%)T = B%)T and I3 = H(ll) + Hg2). This completes the proof of the theorem. W

Proof of Theorem 4.2. (i) By Theorem 4.1(i), it suffices to show (il) ]IAB%)T—IB%S&,)T = 0p(1) and (i2) V%)T—V%)T =
op(1). For the use in the proof of Theorem 4.3(i), we prove the claims under Hgl)(alNT). Recall that

T lr
Ly = kp 4FiF—FF;, Ty =7 Z LytLs jt€is€is—j, and g ZFit,o+QZwTjFit,j~
s—=j+1 J=1
1/2 N T 2h1/2 N T Ir T
g _ N 2 L
33 S IR 53 3T SE A
i=1 t=1 s=1 i=1 t=1 j=1 s—=j+1

Let 0, o = F{ Lo Feeis and iy , = (kjy (FLF, — FIF,)é;, and 0, , = (K, F1F, — F/F})e;5. Then

2
h1/2 N T T
1
Bg\/'zf - N1272 ZEC Nit,s
i=1 t=1 s=1
h1/2 N T T h,l/ N T T-1 T
_ 2
S0 35 AU RER S 55 5 S oF TR
i=1 t=1 s=1 i=1 t=1 j=1 s=j+1
L (1) R/ N T T 2 2hn1/2? T
et Byr = yizre Doim1 Qi1 Dos=1 Mit,s + Ni/2p2 Zz 1 Zt 1 Z; 1 WTj Zs:j—H Nit,sMit,s—j- Lhen
5 (1 1 5 (1 (1 (1 1
B -mg) — [ - 8] + B - n2)

NONEE-Te) W2 QNN N2 2
= {BNT - BNT} + N1/272 ZZZ[%t,s - EC(T]it,s)]
i=1

=1 s=1
piiz N T I T
"'W Z Z ZU’TJ’ Z [nit,snit,sfj - EC(nit,snit,sfj)]
i=1 t=1 j=1 s=j+1
pl/z NOT Ir T " 4
N12T2 ZZ Z Ee( mf $) 2 wr Z Ee(it,sNit,s—j) ¢ — Byr | = ZBI%
i=1t=1 | s=1 j=1 s=j+1 =1
Tt suffices to show that B; = op (1) for [ € [4].
We first show that B; = op (1). Note that
B = By —BY;
pe LI , opt/2 N T lr T )
= Ni2T2 ; ; ; (Uz‘t,s — Mit, s N1/2T2 ; tz:l JZ1 W ;1 nzt,snit,sfj - nit,snit,sfj)

By +2B;p.

We will show that By = op (1) by showing that By 1 = op (l;l) and By 2 = op (1). Using a®> — b* = (a — b) +
2(a — b)b, we obtain

N T T
Bl,l = Ni/272 Z Z Z (ﬁ?t,s - ﬁ?t,s) + N1/272 Z Z Z (ﬁ?t,s - n?t,s)
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p1/2 N T T A ) ) opl/2 N T T ) . i
= N1272 Z Zl Zl (mt,s - nit,s) + N1/272 Z z; Zl (mt,s - Uit,s) Nit,s
=1 t=1 s= 1=1 t=1 s=
h1/2 N T T 2h1/2 N T T
N1/2T2 Zl ; Zl nzt s nzt s 2 N1/2T2 Zl ; Zl nzt s 77n s nit,s

= DBi11+2B112 + Bi,13 + 2By 14.
Using 7y o =it s = (kZ,sth'Ft - Fs/ﬁ‘t) (Eis — €is); Tit,s — Mit,s = [(kz,stﬁ‘s/ﬁ‘t - Fs/Ft) — F{ Ly Fleis, the expansion

for &;5 — €45, and the mean square convergence of Ft and Ft under the local alternatives, one can readily show
that By 1; = op (l;l) for | € [4]. For example, for By 13, noting that

7_7it,s —Mits = [(kz,stﬁ:ﬁt - F;Ft) - FtlistFS} Eis

= {(kz,stﬁslﬁt - Fslpt) - Ft/LstFS:| Eis + Ft/(Lst - Z/st)Fseis

Ko (F;Ft - FS’H(t)H(t)’Ft) eis — (F/F, — FLHH'F))eis

4

kL F (H(t)H(t)’ - HOH(’)) Fyei — F{ (HH' — HyH}) Feeis = > 0., (1)
=1
we have
piz N L , 4 g N T 2 4
B = s SO0 s ) 2437 35S s 0 =43 B
=1 t=1 s=1 1= 1=1 t=1 s=1 =1

Noting that F/Fy—F/HOHO'Fy = (F,—HW'F)) (Fy—H'F)+(F,—HO' F)YHO F4+ F/ HO(F,—HO'F,) =
Z?:l gl,ts

h1/2 3 T

N T T R prz N T
Bias() = Fimm ZzzkhstF‘Ft_F;H(t) HY' R, ZN1/2T2 DD kit
i=1 t=1 s=1
3
= ZQ.
1=1

Using the fact that H®Y = H + Op (CONT) under ]HI( )(alNT) and max; TZG 1kh : (t)’FsH2 =
O (h*ICX,QT lnN) , we can readily show that ¢; = NY/2hrY/20p (h ( 1CN§ lnN) =op (lTl) ,and ¢; = N1/2p1/2
xOp (h’lC;,% lnN) = op (l;l) for | = 2,3. Then B;13(1) = op (l;l). By the same token, Bj13(2) =
op (l;l) . For By 13 (3) and B 13 (4), we have

12 N T T
B3 (3 N?/2T2 SN B HEWHEY — HyH)F)e, = NY2h?0p (h'Cy5 InN) = op (I7")
i=1 t=1 s=1
and
h1/2 SN 1/231/2 1
Biis () = §i7are DD Y IF{(HH' - HoHg) FJ*el, = NY2hY?0p (Conp) = op (I7') -
i=1 t=1 s=1

Consequently, B; 13 = op (l;l) . It follows that B1 = op (l;l) .
By the uniform boundedness of wr; and arguments similar to those used in the analysis of Bj 1, we can
show that By 2 = lrop (l;l) =o0p (1). Then B; =op(1).
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Next, we consider By :

Note that E¢ (Bz) = 0 and

N T T
h *
Vare (By) = WZVE%TC (ZZ(khyst—l)z (F|F,)? [s?S—Ec(s?S)]>
i=1 t=1 s=1
XN T
< s 2oV (i 1 (2R - ]
i=1 s=1
4h al * 2 (1ot 2712 2
+NT4 ZV&I‘C Z (kh,st - 1) (FtFS) [gis - Ec(gis)}
i=1 1<t<s<T
For the first term, we can readily obtain a rough bound Op(T~2h™3) = op(1); for the second term, an

application of Lemma B.1 yields the probability order Op (T2h~! +T~'h) = op (1). Thus B, = op (1).
Next, we consider Bs :

N T lr

h1/2 x
B3 = N1/2T2 Z Z Z wr Z Nit,sMit,s—5 — Ec (nit,snit,s—j)] = Z wr; B j,
j=1

i=1 t=1 j=1 s=j+1

1/2 N T T . .
where By j = 7w Yoict Yoiet osmjpt (Ko — Dk oy = D FFFy_j [eiseis—j — Ec(€isciys—;)] - By mo-
ment calculations, we can show that E[Bj ;] = E{E¢ [B§ ;]} < CT" for some constant C. Then by the union
bound and Chebyshev inequality, we have that for any € > 0

lr
P(|Bs|z¢) = P ZwTJB?’J >e|l <P Z|wTj||B3J|>6 <P 1Byjl=e/ew
Jj=1 j=1 j=1
Ir lr 2 lr
< D P> IBs;l > e/(culr) g ZE B3] =0@3T7") = o(1).
j=1 j=1
Then Bs = op (1).
For B4, we have
2h1/2 N T lT T—1 T
By = Ni/2T2 ZZ ZU’TJ Z Ec(mt.,smt,s_j)* Z Ec nzt,snit,s—j)
i=1t=1 |j= s=j+1 j=1 s=j+
opl/z N Tl opl/z2 N T T-1 T
- D HATEND SPTIRISEE: ) 3) Db S DRI
=1 t=1 j=1 s=j+1 i=1 t=1 j=lr+1s=j+1
= 234,1 + 2B472.
For By o, we have
opl/2 N T-1 T
ElBio| = apmP ZZ > (Khse — D(Ejymjo — DF/FoF{FojEe(cisis )
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1)Ft/FsFt/Fs—ja%§Z (.])

2
2
3
(]
M=
&
(]
e
e

p—1/2 N T-1 T oo /2 N T T-1 T sion
S Ni/272 Z Z Z ar (j) + N1/2T2 ZZ Z Z ™ (j)
i=1 j=lr+1t=j5+1 i=1 t=1 1 s=j 1,5t
Nl/Qh—l/Q T s1o N1/2h1/2 T ]
S e YL 0 () > at (j) = o(1).
Tl ] 12, '
J=lr+1 j=lr+1
For By 1, we have
hl/2 lr N T T
|B4’1| S WZ |wTj B 1| ZZ Z EC nlt,snit,sfj) )
Jj=1 i=1 t=1 s=j+1

: o . = 12 N T T
where the right hand side is dominated by By = W > lwry — 1] ’21:1 Dot Dasmjrr Be(Mi sMits—i) | -

h1/2 lp N

T
B4,1 = WE:I ZZ Z EC(nit,snit,sfj)
=

pl/2 o | N T T
= Wz ZZ Z (kp,ot — D)(Kp o—jie — V) FyF{Fs_;Ec(cis€i,s—;)

h1/2 lr N T
= N2 ST (i = V(K sy — V| F/FF{FayEBe(gisiot)

t=1 |i=1 s=t+1

h1/2 lT N T
tyieT2 Y0 D0 K = Vi oy — V| FIFF/ Py Be(eiseis—j)
J=1 |i=1 s=j+1

plrz | N T T 3
+W Z Z Z Z ’(k}’;,st = D(kh syt — 1)| F{FF{Fy_jEc(ciscis—j)| = 234,16-
J=1 |i=1 s=j+1t=1,t5s,j =1
By Lemma B.1 with 7 = 3 4+ 27, we can readily show that
_ pl/2
/ !
E[Bin] = i) Z Z | (Kt = DKo = D| B F/FaF{ Foey Ee (€isiot)
t=1 1=1 s=t+1
2 X 342n

N

N1/272 ZZ Z | (K st = Dk e — D] @20 (1) = O(NY2T=1p=1/2) = o(1).

1=1 t=1 s=t+1

Then By 11 = op (1) . Similarly, By 12 = op (1). For By 13, we have

B pl/2 lr NOT T
/ /
Bz = Ni2T? E E E E kh st (kh s—jt )} | Y FsFth—jEC(Sis&,s—j)‘
Jj=11i=1 s=j+1t=1,t#s,j

B1/2 N
N1/272 Z
i=1

=1 r=

N

T—-1 N T (r+lp)AT
1i=1t

> Yo K = DG e = DIEN (N + IF ) | Be (eiseir)|

i=1 t=1 s=r+1

= Op(NY2T7'h=Y211) = op(1).
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Then B4,1 =op (1). Since lim7_,oc wr; = 1 for each j, it follows from the dominated convergence theorem that

B4’1 = op (].) .
In sum, we have shown that IB%E\l,)T — IB%§\1,)T = 0,(1).

_ 2
Now, we prove V) — Vily = op(1). Let V) = & 5, (557 € nreieeir)

1 1
%«() %g\f)T

1 1 (1 1
&() xE\rT) (WVT) _&SV))

T 2 BN T 2 )
Z ( Z éiréis> N Z (T Z & srglsflr> + (Vg\yf - Vg\lfzf)
i=1 sr=1 i—1 —1
N h E. =
+ % Z (111 S;I(gh,sréiréis - gh,sr&—isgi’r)> (;v Z fh,srgisgir>

i=1 s,r=1

B

2

T
Z gh erWE'Ls gh 57‘515517’)

(V(l) VE;)T) Vi + 2V, + Vi,

where &, ., = & 30, kjy ki FLEF[Fy and €, o = & S0, ki ki FrHoHY FyF{ HoHy Fy. Note that

é.h,sréi’r‘éis - gh,srgiSEiT = (gh,sr - Sh,sr)(éi”’éis - EiSEi”‘) + (Sh,sr - gh,sr)gisgi’l‘ + é—h,sr(éiréiﬁ - EiSEiT)

and

Sh,sr

= (éh,sr - gh,sr)(ézﬁ“ — €ir)(8is — €is) + (éh,sr - gh,sr)(éir — €ir)Eis
+(éh,sr - £h,sr)(éi8 - EiS)Ei’f‘ + (gh,sr - Sh,sr)gisgi”‘

+§h,37-(éir - gir)(éis - eis) + gh,sr(éir - Eir)eis + gh,sr(éis - Eis)gir

7
Z spl,isr’ (B4)
=1

T
1 A
~Ghw = 7 O K aiki o (EI R, — FlHHy FoF{HoHF )
=1

T
1 N N ~ A A ~ ~ ~
= = > ki ki o {(Fr — F,Ho) (EF] — H)F,F{Ho)F, + (F, — F,Ho) HF,F/Ho(F, — HjF,)

+F'Hy(F,F] — HyF,F/Ho)(F, — HyF,) 4+ (F, — F,Hy) H)F,F/ HyH} F,
+F/Hy(F,F] — HyF,F{ Ho) H\F, + F,HoH(F,F{ Ho(F, — H)F.)}

6
Z Elh,sr' (B5)
=1

In addition,

€is — Eis
X/ (6 v - 6s) + (S‘ZSF«S - A;sF‘é)
X/ (ﬂbc _ ﬂs) + (5\15 B H(S)il/\is)/H(s)/Fs i )\gs(H(s)fl)l(FS o H(s)/FS) + (;\13 o H(s)flAis)/(Fs o H(s)/FS)

E Al is-
=1
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We can readily show that
| NI ;| NI
ﬁzz(é” —i5)? < ZWZZ’%S = Op (Cy7InT)

1=1 s=1 =1 i=1 s=1

~ 2
Ais — HO | AT F? = Op (CxZInT) . Similar-

where, e.g., NTZl 12 —1 s SzmaXSNzl 1’
ly, we can show that

N T
1 . a _
MAX 7 Z Z kj o (8is —eis)? < maxz Z Z ki o0 = Op (CyaInT),
i=1 s=1 i=1 s=1
A
Max o Z Z kp s Fs(Bis —€is) = maXZ Z Z kp, stFssais = Op (C’K,% lnT) ,
i=1 s=1 i=1 s=1
1. (1 ’ 1 <
N Z T Z(éz‘r €zr)2] = Op (C;,‘}(ln T)Q) and T2 (fh,sr - §h,sr)2 =0Op (CX/QT) .
i=1 r=1 s,r=1

1 N T * 2 1 N N s)—1y .
where, e.g., 57 Y in1 D st Ky st7s Smax, Do ‘ Ais — HO=1)

and ﬁ vazl 23:1 k;;,,stFS%Q’iS < max; % Ez]\;1(5‘%s - H(S)_lAiS)
For Vi, we have

hN
M=yl

Noting that Vi3 = Vi3 and Vi7 = Vg, it suffices to study Vi; for I = 1,2,4,5,6. For Vi1, it suffices to consider a
rough bound:

T * 2 _
LK IEP = 0p (CR2InT)
max, & 7 ki [EP = Op (CR3InT) Op (1).

7

T 2
f Z <Plzsr‘| EZVU'

=1

1 E 2 h
? Z (gh,sréiréis - Shﬁsrgisem" ] 72 N Z
s,r=1

=1 i=1

ALl & . ’
i = > T > Enor = Enor) Eir — i) (Bis — 61‘5)]
1=1 s,r=1
1 & . 1 L1 & ’
S TQhE Z (Sh,sr - gh,sr) N Z T Z(éﬂ" 517’)2 = TQhOP (0&31) OP (C];fll“(lnT)2) =op (1) .
s,r=1 =1 r=1

To study Vi, for I = 2,4,5,6, we first notice that

T

Z th,sr - €h7sr)5i8

s:l

—_

z7r

6 1 X 6
< E max |~ E Eni,sris| = E 1;, say.
1,7 T
=1 s=1 =1

We focus on the study of I as the other terms are of the same or smaller order:

Iy = max Zk,mF HoH\F,FHy— Zkh st (Fs — HyF)eis
s=1
1 1 -
S mlBime g 36 ”Ft”gH“%%XTZ@,SAFS—H(;FJQS = TS0, (O InT)
t=1 ’ s=1
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= Op (TYEHMC2 InT) . Similarly, we have

T A
% Zszl(gh,sr - gh,sr)gis

Then max; ,

T T
1 1
maX Zgh 57‘ - 87‘.5) = X T Z T Z k;,stk;,rthiHOH(/)FthHOH(I)Fs(éis - 51’5)
s=1 t=1
T
< max|F| max— Zkh e | P || ma Zkh o Fs (Bis — €is)
t 1

= 0P<T1/<8+4”>>0 (1) Op(Cy7InT),

= max
i,T

Z kjy o FLHoH, F,F{ HoH) — Z ki 1 Fscis

t 1 =

Zgh sr€

m ax

N

max || F | max— Zkh e | P || ma Zk;,Stheis
t 1 s:l

= Op(TY®+)0p (1 )Op((Th)’l/z(lnT)l/z).

It follows that

h 1 « :
Vie = N Z Z_: (gh,sr - gh,sr)sis (é“” - 67:7’)‘|

T
i=1 s,r=1
T2h 1. 1 Z 2
< A ; max T Sz:;(gh,sr gh sr)€is sl ; |&ir — €irl
1z 2 LT )
2 ¢ A
s T hII}?“X f Sz:;(ghﬁr - gh,s7")‘€i8 N ; T 72:1 |5ir - Ezr']

= T*hOp(TYH2 O (InT)?)0p (CxanT) = op (1),

ALl & ’
Vis = N; nglgh,sr(gir_gir)(gis _EiS)‘|
X1 ’
9 R
S T hmaX Zgh S’I“ _Eis) N; ?z::l|€i1” _€1T‘|

= T?hOp (Tl/(4+2")0 +(InT)?)0p (Cy2InT) = op (1),

and
L T 2 T 2 N 2
1 . 9 1 1 .
V16 = N ’L:ZI [T Srzl gh,sr(gir - Eir)gis =T hma'X ;é-h,s’r N 1:21 T ; |Eir - Ezr]
= T?hOp(TYU 2O L(InT)?)0p (Cy%InT) = op (1).
For Vi4, we use the decomposition in (B.5) to obtain
2
T?h & d S L1 &
V14 - T e 9;1 gh sr gh sr 5zs€zr‘| < 6 Z N Z T2 srzl flh sr€is€ir =6 Z V14l
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We can prove Vi4 = op (1) by showing that Vi4; = op (1) for I =1,2,...,6. For example,

T2 & ?
V1416 = T Z Z 56}1 sr€is€ir
=1 s,r=1
72 N T 2
— TZ (HOHO ZFfF Hy~ Zkh st (Fs — H\F)eis— Z MF;EMN
i 521 N T - 2
< T2hn7lat,x 7 Z;k:h (Fs — HoFy)eqs | max Z ;X;k;;ﬁs”

= T?hOp (Cy7(InT)?) Op ((Th) ' InT) = op (1 ) .
In sum, we have shown that Vi = op (1).
Similarly, we can show that Vo = op (1) . Next, noting that
N T

h 1 o 1 « ’

(1 (1)

‘/3 = Vg\’)T NT - Nz <T gh,srgngiT> - NZEC (T Z Eh,s’r‘eis&i?”> ;
i=1

i=1 s,r=1 s,r=1

we have E¢ (V3) =0 and

N T 2 N T 4
h? 1 h? 1
VaI'C (‘/3) = WZVMC (T Z gh’srgissir> S m ZEC (T Z fhﬁsrgisgir>
i=1 i=1

s,r=1 s,r=1
4
h? & 1«
= ﬁ Ec <T Z gh’srsisgir = op (1) .
i=1 s,r=1

Then V3 = op (1) by conditional Chebyshev inequality. So we have shown that V(l) Vg\l,)T =op(1).

(ii) By Theorem 4.1(ii), it suffices to show (iil) Iﬁ%g\?%w - BE\QZ%« = op( ) and (ii2) Vg\z,z‘,« — Vg\z,g,« = 0,(1). For the
use in the proof of Theorem 4.3(ii), we prove the claims under Hl (asnT).

We first prove (iil) by showing that EgQJ)VT - BgQJ)VT = 0p(1) and Iﬁ%éQJ)VT - ]B%; I)VT = 0p(1). We make the
following two decompositions:

€ij,sréjréis - gh’STEiSEZ‘»,-
= Qijsr = Sigosr) (Ejris — €is€ir) + Qigosr = Sig,sr)€is€ir + Sig,sr (Eris — €isEir)
= (Sigsr = Sijosr) (Ejr = €5r) (Bis = €is) + (Sijosr = Sigosr) (Ejr — €jr)éis

+(€ij,sr - gij,sr)(éis - 8is)gjr + (éij,sr - gij,sr)gisgjr

7
+§ij,sr(<§jr - Ejr)(éis - Eis) + gij,sr(éj'r - 5jr>5is + §ij,sr(<§is - Eis)gjr = Z (bl,ij,sr (BG)
=1
and
1 T
Cior =it = 5 D Kb [ 2L DO (FO)TDO(FO) IR — 2 D(FO) T D(FO) x|
t=1
T

1 * * $ - - —1 7 [ — —
= 2 Mk (1A = XD EO) D (EO) T - DFO) T DEO) ALY - ]
t=1
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H[AD — xODWO(FO) L DO (FO)=1 _ p(FO)~ID(F®) 1 x

[/’)E‘(t) 7‘)((75)} (F( ))71D(F(t))*1[)el(t) _ X(t)} [)E‘(t) X(t)} ( (t))*lD(F(t))*l‘Xz(:)
+xXDDO(FO) DO (FO)=1 — p(FO) = p(FO) 120 — x ")

+ X (DO(FO) DY

7
+Xi(;)lD(F(t))71D(F(t))fl[)Ei(rt) - Xi(rt)]} = Z Sl,ii,sr

(FO)~! — D(FO) 7 D(F®)~ 11

and
1 T
Citor — Siisr = T Z ki ook e [Xg)/D(t) (F(t))—lD(t)(F(t)) X(r) Xz’(;)/D(F(t))_1D(F(t))_1xi(:)}
t=1
= Zkh sk {1 — X DO (FO)=1 PO ()1 p(P®) "L p(FO)RD — a1
+[X5; — xDIDW(FO)" DO (F®)=1 _ p(FO)~1 D(F®)~1]x D
HAY — XVDEO)TIDFO) TR - 0+ (2D — 2P DEO) T DFO) T Y
+X D [DOEOYLDO(FO)=1 - p(FO)=1D(FO)~1x0 — 2]
+20 [DOFEO) T DO(FO) =1 — p(FO) T D(FO) 71 x[Y
7
+ X DFEOYTDEO)TRY - 0 =3 i (B.7)
=1
Note that
( ) ( ) N T 7 h1/2 N T 7 ( )
5(2 2 o 2
IB1,NT - ]BNT - NT Z Z Ezs£zr§n sr — €is€irSii, sr) = Z 7T Z ¢l,ii,5r = ZBZ
=1 s,r=1 =1 i=1 s,r=1 =1

Noting that Bf) = B§2) and Bé2) = B;Q), it suffices to show Bl(Q) =op (1) forl =1, 2,4, 5, 6. The proofs of
these claims are straightforward so that we only demonstrate that Bf) =op (1) and Béz) =op(1). For Bf),
we make the following decomposition:

(2) hl/ N T 7 N T 7 @
B4 Z Z gzz sT gu sr)ezsgw = Z 7T Z Z gl i, sr€is€ir = Z B4 1"

=1 i=1 s,r=1 =1

We can show that Bfl) =op(1l) for I =1,...,7. For example,

(2) Th1/2 1 I ORI [ paa
‘B4,7 - Z T Z tr D F ) D(F ) f Z kh rt [er z E“‘ Z kh st€ 18
1=1 t=1 r=1
Th'/? N 1 d 1 T ” (t) 0 1 T N (t)r
S N pt T Z f ; kh,rt [er - er }EW T ; kh stglsxzs

37



where we use the fact that max; , % Zr 1 kh t [X(t) X(t)]sw =0Op (CR,QT In T) by straightforward verifica-

tions. For Béz), we have

N T
) h1/2
B = T [ X s —ein)eis
i=1 s,r=1
ThY? |[{L 1 & o ()
= N Zfztr D(F(t))ilD F(t Zkhﬁu)( 5zr 761’!‘ Zkh st€ H‘X
1=1 t=1

ThY2 N1 K1 ® 1
: T T i X w T k;, is
~ TN ;thl T; hortXiy (Eir — € T; 7 sl
= ThY20p (C’]QQT lnT) Op((Th) 1/2) — op (1)

Consequently, we have established that I@%fJ)VT - IB%SJ)VT = 0,(1).
Next,

. op1/2 L & s e o A o
By B0 = TS SN e ABOLD e, DO
1<j<i<N t=1 s=1
2h'/2 SN a2 (e /D0 0 OF0 50 O 3
= N7z Z szh7st{[5i35js_5isgjs}‘x D + €166 j[ Xy XY — X DY
1<j<i<N t=1 s=1

+[éiséjs — Eisffjs][/"?g)lm(t)/“?j(? - Xi(;)/D(t)Xj(z)” = 2By + 2B + Bas.

For Bs 1, we make the following decomposition.

2h/ o
Bay = S S i - e ADORY 4 e [RODIOAY - D0 0]
1<j<Z<Nt 1s=1
= DBy + Boaa.

Noting that éiséjs — Eis€js = (éw — Eis)(éjs — €j5) + (éis — 5is)5js + gis(éjs — E]'S), we have

2h 1/2
32711 = — Z szh st 6“639 gmgjg] (t)/D(t)X(t)

1<]<1<Nt 1 s=1

2h 1/2 R R R
= 3 Z ZZ h, | 519)(53'5 - €js) + (&5 — €is)€js +€is(€js - Ejs)]Xi(t)/ X(t) = ZBz 111-

1<]<1<N t=1 s=1

We can readily show that By 11 = op (1) by showing that Bs 11; = op (1) for [ = 1,2, 3. For example,

1/2 N T T
[Baviel =\ DD ks — )X, t)/D(t)ZX(t)%s +op (1)
i=1 t=1 s=1 j=1
h'/? D) N
= NT? Zkh st 518 ls)Xi(s)/D(t)ZXj(s)gjs +op (1)
t=1 s=1 = j=1
2y 1/2 2y 1/2
h\ 2 || 1 (t)r I o || 1 s
S ONQTE 2D ki | 5y 2 G — ) X 77 2 2 ke || 57 20 Xe s +op (1)
t=1 s=1 i=1 t=1 s=1 j=1
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= NOp((NTh)™Y2)Op(h™Y2N=Y2) 4 0p (1) = Op(T~ 2™ 1) + 0p (1) = 0p (1),

LS e e X0 = 0p (VTR 4+ %) = 0p (NTH)).

Similarly, we can show that Bs 12 = op (1) .

T T *2
as we can show that % >, > 1 k2,

For B; 2, we make the following decomposition:

2h1/2

A o (t t t
3272 = W Z Z Z kh 5t€1&8_73 D(t)‘)(j(s) _ XZ(S)ID(t)Xg(s)]
1<j<i<N t=1 s=1

2h1/2 T T A ) A
= S O 2D Eienen{[A - X0V DY - DAL - X))
1<j<i<N t=1 s=1

HAY — 20V DO - DO + (2D — XD DO — 2]
+20 — xPDOXY 4+ »cf“’(nf»“) — DAY — 2Dy 4 20(DO —p®)x?

+X¢(;)/D(t) [X(t X(t I} = Z Bs ;.

It is easy to show that Bao = op (1) for [ = 1, 2, 3, 5, and 6. Next, Baos = Baos + op (1), where Baoy =
1/2 ~
i > g Zt 1 Z Ky qtgstJS[X(t) - Xz’(st)yD(t)Xj(;)' Note that

NTZ
_ npt/2 L L | X
|BQ’24| = T2 h st ZEZS X(t X,L(St)]/ D(t) N ZXJ(z)ng
t=1 s=1 =1
1/2 9y 1/2
by o oyl . 1 X o
t *
S NQ7m DD kil z&sx —x) A Sk A
t=1 s=1 t=1 s=1 j=1

—  NOp((NTh)"/?)0p((Nk)~2) = 0p (1)

Similarly, B o7 = op (1). Then Bz s = op (1). Lastly, one can also show that By s = op (1). Then I@gQJ)VT
2
By = or (1).

2
2 T
Let ng)T = Wity doi<icj<N (st:l siseﬁgij)sr) . Note that

2 2
o) g@ 2R L N PUIPI 1 72 _y@
Vir —Vyr = Nz Z T ZEiﬁjrgij,sr 7 Zgisgjr?ij,sr + [Vyr — Varl
1<i#j<N SF#T S#T
) 2
2h 1 NP
= ﬁ Z TZ[Eisgjrgij,sr_Eisi‘:jr§ij,sr]

1<i#j<N s#r

4h 1 A 1 —(2 2
+ﬁ Z T Z[EiSEjTCij,sr — €is€jrSij,sr) T ZEiSEerj,sr =+ [VEV)T - ng)T]
1<i#j<N SF#T SF#T
2Vy +4Vs + V.
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2
Note that V; < 72::1 e Doi<iti<N (% Dsktr (bl,ij’ST) = 72::1 Vi1 We can readily show that V4 = op (1)
by proving that V4 ; = op (1) for I = 1,...,7. For example,

2
h 1 «
V21,7 = m Z f Zgij,s’r‘<€i5 - 5is)5jr
1<i#j<N SFET
2
h 1 - (t)r -1 t)y—1 ()
- N2 Z T Z T Zk;’i,stki,rtxis D(F( ))_ D(F( ))_ Xj’r‘ (8is — €is)Ejr
1<i#j<N S#ET t=1
2
T2h 1= 1 &y 1
_ Lt hn = = * o(a (t)y—1 (t)y—1 * * ).
= T S (A R bl - e A DI DEO) L S k=,
1<i#j<N t=1 s=1 S#T
T2h 1 ) 1 ) ) ? 1 ) 1 ) i
/a t)1 X t
S N2 Z T Z T Z kh’st(‘gis — €is) T Z T Z T S T
1<i#£j<N = t=1 s=1 t=1 s#r
= T?hOp(Cr7(InT)*)Op((Th)™') = op (1).
For V5, we apply CS inequality to obtain
h 1 e . . 1
Vs = N2 Z m Z[sissjrgij,sr - 5is£jr§ij,sr] _ Zgisf’:jrgij,sr
Nz &= T T
1<i#j<N S#T S#T
9y 1/2
1/2 h 1
VARSI DI P P —0p(1)0p (1) = 0p (1),
1<i#j<N .
where we also use the fact that
2
h 1
N2 Z Ec T Z‘Sissjrgij,sr
1<i£j<N sr
2 2
2h 1 2h 1
< 2 > T > Ec(eistjrsijer) | + N2 > Vare T > eiseirsijer | =0p(1) +0p (1)
1<i#j<N SFET 1<i#j<N s#T
and
1 I 1w
T Z Ec (Eisgjrgij,sr) = T Z T Z ki,stk}t,rtEC {Eiing),D(F(t))_lD(F(t))_1Xj(;)€jr
S#T S#T t=1
1 1w
5 T Z T Z k;,stk}t,rttr (EC {Xj(i)EjTEiSXi(;)/})
SFET t=1
1 1w
= T Z f Z ki,stk}t,rtEc [EiSXi/SXjTEJT]
S#ET t=1
T T
<

T

1 1 N N

T E T E :m?x kh,stkh,rt E :|EC [EiSXi/szTEjTH
r=1 t=1 s=1
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T
< max g |EC [515 TejT E max kh stm E kh rt — )
2,7,T 1 T
s=

2 2
Note that Vg = N‘é—hTz Zl§i<j§N [(ZS# 5i55jr<ijvsr) — FE¢ (ZS# Z:‘iSEjTQj,ST) . It is easy to see that E¢(Vs) =
0 and i

2 4

16h? 1 16h2 1
Vare (Vo) = <73 > Var T > Eistjrsijar < N > Ee T > ciscirsijar | | =op (1).
1<i<j<N SFET 1<i<j<N SFET

(iii) The estimators are the same as those in (i) and the proof is similar to that of (i) and thus omitted. W

Proof of Theorem 4.3. By the proof of Theorem 4.1, we have JI(\?T 4 N(w(l) 1) under the corresponding
local alternatives for [ = 1,2,3. By the proof of Theorem 4.2, we have I@%)T = IB%(ZT + OP( ), and VE\I,)T =

VS\Z,)T + op(1) under the corresponding local alternatives for I = 1,2,3. It follows that JI(\?)T 5 N(z®W, 1) under
the corresponding local alternatives. B

Proof of Theorem 4.4. The proof of this theorem is almost the same as that of Theorem 4.5 in Su and Wang
(2017). We do not repeat it here. B

C Proofs of the Technical Lemmas in Appendix A

Proof of Lemma A.1. (i) Note that wx S X Mpiel™ = . Xl . X" Prgnel”
For the first term, we can apply Chebyshev inequality to show that = S | Xl = L S™N ST s Xiey
= Op((NTh)~'/2). For the second term, noting that Pp¢, = T~ 'FF) we have

N N vrpery 1 T N (™) ()
() | _ | L X 1 () _(r) 1 X;"'F0
ZXi Ppme; || = NZ?TZE it SNZ ZF
i=1 =1 t=1 =1
/ 2\ 1/2
N (") ey |2 N T
1 x"'F 1 1 ") ()
<= i - N F
“\v&| 7T v Tt )

where the first inequality holds by the submultiplicative property of the Frobenius norm and the second in-
equality holds by Cauchy-Schwarz (CS) inequality. It is easy to apply Markov inequality to show that

= sz | Xutl* = 0p(1).

sup HF r)
F( ver T

EOR I

FeF

N (r)! 7(r)
1 X'F

sup N E HZ
i=1 1

In addition

1N
¥
i=1

T N
1 T s 1 T [d T s
=y 2 2 D ED s 3o = L+ b

i=1 t=1 i=1 t#s

T
Z (T)

'ﬂ \

2
. 1 T T 1V 2 R 1y 2 —1) aq i
For I, we have I} < Suppmer 7z 2 1—q HFt( )H max; & ;g kfped < Emaxy 5 YL kied, = Op (T71) as it

is standard to show that max, & SN | kf e < max, & S0 ki B(e2)+max, £ SN ki 62— E(e3)] = Op (1) .
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For Iy, we have by CS inequality:

| s > S A RO
Fer i=1 t#s
r % 7% \1/2
- o | SR 0502 S
Fner t#s

1/2 1/2

N 2
2 1
HFS(T) T2 2 k:rk:r 1/2 [\/N E E2’7561'8‘| = OP(N_l/z)’
=1

1 2
< N—1/2 sup — HFS(T)
rorer T° z;

2
where we use the fact that - Dtts (k;k:r)l/z [\/% Zf\il Eitsis] = Op (1) by Markov equality and Assumption
A.2(1)-(iii). Tt follows that

Z F(T) zt

t 1

sup —Z

¥ Op(T~1/2 4+ N~1/%) (C.1)
F(MeF i=1

and SUP (o e 7 ﬁ HZZ]\Ll Xi(T)/MF(T)EET)H _ Op((NTh)_1/2 + T2 4 N_1/4> _ OP(T—1/2 + N_1/4).
(ii) and (iii) The proof is similar to that of (i) and thus omitted here.
(iv) Note that suppmer mp HZfil Agr)/(PF(T) - PF<T>0)AE7") H < & Ziil HAET)/AET)
because
RN INGING
— AA
NT ; H g

(v) Note that

. The result follows

N T
ﬁzzkh tr thdO t T)+F d (t T)] :OP(hQ). (02)

i=1 t=1

sup
F(MeF

/2
} =0p(1)Op(h) = Op(h).

1 & () (r) X v 1 A2
LS X0 0 A H , 1 HAT
NT; i o {NTZ NT; i

(vi) The proof is quite similar to that of (v) and thus omitted here.
(Vii) We only show that supp cr 77 HZZJ\; AET)IPF(T)EET) H = Op((T~'24 N~Y*)h) as it is easier to show

that L Hz VAP P el H — Op((T~Y/2 4 N~Y4)h). By (C.1) and (C.2),
sup ZA(T)' = sup ZA(T)' FO Ry (r)
FreF NT FMeF NT2

IN

sup T2 HF(T)

1/2
1 H ]| ) (r)
— A; sup H
F(eF {NT ; FOYEF NT2 Z

< RY20p(R)Op(TYV2 + N~V4) = 0p((T7Y?* 4+ N~ 1/4)h).

}1/2

It follows that suppe HZZI\; AET)/(PFM - PF<T)0)55T) H =O0p((T~Y2+ N~Y*)h). B

In the following proofs, we suppress the superscript 0 for the true parameters 52, Ft(r)o, FO X9 and A9
unless confusion may arise.
Proof of Lemma A.2. This Lemma is parallel to Lemma A.1 in Su and Wang (2017) and we try to be brief
in the proof.
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(i) Noting that Yi(T) —XZ-(T)BT = —XZ.(T)ZST—&—F("))\Z'H—AET) +€§T> with &, = 3, —J3,, we start with the eigenvalue

problem [ﬁ(Y“) — XM ) (Y — X(’")Br)’] F) = ) V]&“T) to obtain the following decomposition:

P 1 & .
FOyO o7 Z FO X N, FOVED)

n n

1 (M5 3 () 7 1 (M3 y () £ 1 »
= —ZX 5.8, X0V D — N xI§ N FOEO) ZX dpe; ) F()
NT £ NT & NT
n n N N
— LS ron Xt pe - ng L ZX(T)(S A E0 LSS A X0
NT &7 NT &7 NT &

n N n
1 . 1 N 1 /A
F(T))\l.r (1) fo(r) (’“)/\’ F F(T) (1) () fa(r) F(T))\irA(’") )
T.Z & + ZE NT;gl Si JrNT'Z i

! A 1 n A~
NT Z A(T)A £ 4+ NT Zgz(f)Az(f) ) + ~T Z AET))‘;TF(T) ) _|_ Z A (T)/
=1

i=1

1/2

Pre-multiplying both sides of (C.3) by (N*ALA,) " T—1F ) we have

NANY? (FOYEEN NANY? (FOFON AA, [ FOY B
v v _ (A r +d0) (C.4)
N T NT N T N T NT

where d%)T = (%A;A,.)UZ%F(T)/ S I We note that Su and Wang (2017, 2020) have shown that ||( A’ )2
x LR S0 I = 0p(T*h 1 + N 1/2 4+ h2?). This, along with the asymptotic nonsmgularlty of
=tr(% F(T)’F(T) ) =R,

, im-
plies that it suffices to study the order of %F(T) I for s € [7]. Noting that & HF(T
we have by the triangle and CS inequalities,

<RYV2_1_|Ipm

1 vt .
|zrera Or (I, I

zd

1 & .
7 2 IX )2 8,
i=1

= Op(||5,]) for I = 2,3,4,5. Next,

Similarly, we can readily show that H %F ™'r l(r)

97 1/2 51 1/2

N r
Ly Al
Ni:1 T

F(T

Loy (e .
—FO' = 0p (|15, |1h)

E

N
§R1/2 Z

2
AET)(t, 7‘)H = Op(h?). Similarly, we can show

2 N =T
= ﬁ D1 2ot=1
= Op([|6,]|h). In sum, we have shown that d\\). = Op(T*h=1 + N=V2 + h2) + Op(||5,.])).

S 1N (r)
where we use the fact that = > ;" HAZ

that H Lpe) )
Now, letting

/ 1/2 ) () / /2 / 1/2 (r) pr(r)
B _ A A, FO'F A A, and B — AA, FO' R ’
NT N T N NT N T

we can rewrite (C.4) as follows: [B](\? d(r) R(T) 1]R§\% = R%;V(r) Hence, each column of R( N is a non-

standardized eigenvector of the matrix B(T + d(r) RUTY Let V) be a diagonal matrix consisting of the

43



diagonal elements of R(r) R(T) Denote the standardized eigenvector T(T)T = R(r) Vjﬁ,r%_l/ 2, Hence, we have

[BJ(\?T d%)TR%)T 1]TS\?) T%)TVIS;% That is, VIS[T contains the eigenvalues of BJ(\Z’ + d%)TRg)T_l with the
corresponding normalized eigenvectors contained in T( ) . It is trivial to show that

| BSr + dWr RS = B = 0r (CRE) + 0 (16, ). (C.5)

where B, denotes the probability of BJ(\QF, ie., B, = E}\/T ’y FE}\/T 2 By the perturbation theory for eigenvalues
of Hermitian matrices (e.g., Stewart and Sun (1990, p. 203)),

= Op(Cyy) + Op(]I5,1)),

r T r)— r)—1
,uj(BJ(V%“ + dg\/'ZFRE\/')T ) — Hj (B HBNT + dNTREV)T

Ve Vi

where f1; (A) denotes the jth largest eigenvalue of a symmetric matrix A and j = 1, ..., R. That is,
Op(CyT) + Op(|[0,])-

(ii)-(iv) The proofs are essentially the same as those of Lemma A.1(ii)-(iv) in Su and Wang (2017) and thus
omitted here.

(v) As in the proof of Proposition 3.1, we have ||Pz¢) — Pre ? = 2tr(lg — T F) Ppey (7). Using
the decomposition that F(") = (F() — pY g — B0y 4 FIHT) 4 B() and Lemma A.2 (iv) and Lemma
A.3 (if)-(iii) below, we can show that Tg — T~ E(") Py F0) = Ty — T=1FCY ) (RO M) ROV ) =
Op(Cy3) + Op(|[3,]). ®

Proof of Lemma A.3. (i) We consider the decomposition in (A.7). By CS inequality, we have

W R 3 s

1< - , 2
1S e
t=1

. 2
By Lemma A.2(i), we can bound 7! Zil | Ay(t,7)||* by determining the probability order of T~ Zthl HVIS[TI)’AI (t,7) H .
The terms A; (t,7) to Ag(t,7) are almost the same as those defined in the proof of Theorem 2.1 of Su and Wang
(2020), except that their bias term D(s,7)F\") has been replaced by A" = X" L(s,r) + D(s,r)F") here. Fol-

. 2
lowing the proof of Lemma A.2 in Su and Wang (2017, 2020), we can show that Z?Zl T-1! Zthl ‘ VIS[?AZ (t,r) H =

. 2
Op(Cy2). Similar to the proof of Lemma A.2(i), it is easy to show that Zl I Zthl HVZS,TT)AZ (t, )

= Op(Cy7) + Op([18:])-

Op(18,). Then T 37 |57 — 1 B — B

(ii) By (A.7), we obtain & (F") —FC) g®) Oy pO) ) — Y=t ™16 4 () H®) | where A)(r) = L7,
VJS;%Al(t, r)Ft(T)/. Su and Wang (2017, 2020) have studied the terms A;(r), I € [9]. Following the results there,
we have 327 A;(r) = Op(Cy2). For Ayo(r) and Ay, (r), we have

N

_ 1 A A

1/27—1/2 r (r) 2 2 _ 2
A < BVETTVE|FO T;ﬂ 1717118117 = O (I6,]), and

T /2

_ 1 2 1 2 A

1/2 (r)! = (r) _
lAnm)] < R {NQT;HXS ATH} T;Hﬂ 13,11 = O (I8, ).

Similarly, we can readily show that || 4;(r)|| = Op(|[d,|]) for | = 12, 13, and 14, and || A15(r)|| = Op (|6, ||h) for
[ =15 and 16. Combining the above results and using Lemma A.2(i) yield the claim in part (ii) of the lemma.
(iii) This follows from (i) and (ii) and the triangle inequality.
(iv)-(v) The proof is almost the same as part (ii) of the lemma and omitted for brevity. B
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Proof of Lemma A.4. The proof is similar to that of Lemma A.3 and we only sketch it here.
(i) Let Y = F() — pYH() — B() Then

N

(NT)™' X Mg, TON,
=1
N N N
= WD) Y XN, — (ND) TS X Py TONX, — (NT) TS X (P — Peey )TN,
=1 i=1 =1
= Ifl - IIQ - IIg

Following the proof of Lemma A.3(ii), we can show that ||I;]| = Op(Cx2) + Op(||8,]) for I = 1,2. For I13, we
can readily apply Lemmas A.2(v) and A.3(i) to obtain

N
15| < {N1T1/2Z |x
i=1

|x@| = 0r(czt) + 0r 15 ):

||)\7/"||} ||PF'("‘) - PF(T) T1/2
It follows that (NT)"1 N, X' My, YN, = Op(C2) + Op([16,])-

(ii) Let w be an arbitrary nonrandom P- Vector with [|w| = 1. Note that SVT El LA Z( Y Mgy B =
R Doiey Airw W X'BO — 7 iy Airw W X" P B® — N Diny Airw X| (Pg _PF('“>)B(T) =1l —
II5 — IT5. Recall that B." 0z k:}/tic” kPO ()2 + k;{;cgf;th% where CY), = C§) + O, we

can readily show that

/

N T
_ i)y 1 mt—r )t (r) 52
I, = NTZZAMX B, WZZkW aw' Xt {C Lot T Ty + C5q B2k

=1 t=1 =1 t=1

= ﬁ4+0P (h2),

where TTy = b 2N S0 ki dir X4wCyy 622 Noting that Cf)) = Vi "HSp (A Ay 4, /N) and Ay, =
Bfnl) A7(~1 F;, it is easy to see that the probability order of II4 is determlned by that of II4,1 and II472,

where

-7
and

1 T 1 N "
— * ! (1)1 51
II4: = NT tE:1 K tr <N ;:1 )\WX“> wB, " XAy
— 1 r 1 N t—r
- * . / A1)
o= ;:1 Ky 4 < ~ ;:1 AZTXit> WA —=.

Using the fact that 4 Ziil Nin Xl = % Zf;l Nir E(X!)) + Op((N/InT)~1/?) uniformly in ¢, we can show that

N T
— 1 ) 1
Mar = 7 L B Xy 8% Z 72 b XX oL 4 Op(N/ I T) /2,
This, in conjunction with the fact that
T T T
1 * t—r 1 * 1 t—r
T Z kh,tertT = T Z kh,trE( + T Z kh tr Jt ( ]t)] T
t=1 t=1

= O(T™Y)+O0p((Th/InT)"** h) uniformly in 7,

implies that 11,1 = Op((N/InT)~Y2h 4 (Th/InT)""/* h + T=1). Similarly, T1,, = Op((N/InT)"*/2h +
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(Th/InT) *?h+T-1). Thus T4 = Op((N/InT)"Y/2h + (Th/InT)"* h+ T-1) and
I, = Op((N/WT) Y 2h + (Th/InT)* h+ T~Y) + Op (h?) = Op (h?) .

Similarly, we can show that Il; = Op (hg) . Following the analysis of T3 in the proof of (ii), we can show that

1116

N
1 . .
7D N X (Ppry — Ppny) BT
i=1

H B™

ARTR
S 1Pees = Prooll 57773 22| X7 7272
i=1

= Op((Cyr + [16:[1")h).

It follows that bz SO0, Aipw WX )/MF(T)B(’”) = Op(h?) + Op(||4,]) and the conclusion follows.

(iii) N-17-1 E;VZI in€ ET) F(r) — N-lp-1 Z;\LI /\jT€§_T)’T(r)+N—1T—1 E;V: T€(T) FOgE L N-17- 12; )
)\jrey)/B(") = [I; + Il + I1y. Following the proof of Lemma A.3(ii), we can show that IT; = Op(Cy3) +
Op([[8.])). For IIs, we have N'T-2 SN Xl PO = NIt 2N 5™ ke N By = Op((NTh)=1/2),
implying ITs = Op((NTh)~/2). Slmllarly, Iy = Op((NTh)~'/2h). Consequently,

N
NS N EO = 0p(C2) + Op(18,1) + Op(NTh)/2) = Op(CR2) + Op([15.]).
j=1

(iv) The result is related to Lemma A.4 of Bai (2009). Following his arguments, one expect that %T(’")’sy) =

(Th)_l/2 Op(|16-]) + Op(Cy3) for each . Here we prove the corresponding mean square error result. By (A.7),

2

T(?")/ (7") <16 HV(T) 1H ZA("')

T())
T

s

2=
.MZ

i=1

. 2
where Al(r) = %Zf\il H% Zthl V]STT)Al (t,7) EE:) for I € [16]. Following the proof of Lemma A.4 of Bai
(2009) and the proof of Lemma A.3, and using the results in Lemmas A.2-A.3, we can readily show that
= Zt 1 VIS,ZZAI (t,r)e; (T) = Op(Cys + 116,]?) for 6 [9]. In addition, it is trivial to show that Zt 1 VZS,T%
At r) el <»wu>mmN21Wﬂwm = Op(Cih + 18,1,

(v) By (A.7) we have

NTh ()1 1 .
X" FO 2 pe) p) =11 fp(r) gr(r) =1 _ p(r) _ gr) g(r)=1y.(r)
”MjuT [ FC PO e
NTh & 1 / ")
- (N2 pr) (-1 ( <r>71> () (r
NT 2 F [TF FW1™ (H TV e,
15 NTE ML T 15
NTh T T T T T)— ! T AT
= DB Lyt )[TF( VRO (HOT) Atr)ely) =0 A,
=1 i=1 t=1 =1
Let w be any nonrandom P-vector with ||w|| = 1. Then

1 7(r)
1

VNI F)  peype)N -1\ -1 1 e f(r) 7o (1) (7) ("), x
= |VNhtr§ s (—F— (H )VNT 5 20 D FBED &) N) X

AN N
r Y _(r r )/
Tf E > EE(ED| )/N)N > eifw'x(”
t=1 s=1 i=1

A
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T T
< VNh %ZZ FB(E Zw X

t=1 s=1
T T
ZZB(T)E e'e (T)/N Zg(r) /X(T)/
t=1 s=1

T

+V/Nh T2 ZZ(FS(T) —H"'E™ — BIE (g(f‘) es” Zg(T) /X(T)/

t=1 s=1

= 11104—][11 —‘y—[[lg.

Asin Su and Wang (2017), we can readily show that -5 SIS, Fk,e,(T)E(egT)lgy)/N)||2 =1 and 75 Sy IF= N

i=1
Egt)w’X "I =0p ((Th)~* + N—') by Markov inequality under Assumptions A.1(vi) and A.2(iii) as

%

1

r) 1y ()
—Zaithi
N’i:l

T2
1 T 1 N T
= N2T2 Z Z k;,trk;,er{[Eitgjt _E(Eitgjt)}Xi{sXJS} + W Z Z k;,trk;,er(Eitsjt)E(Xl(szS)
‘,j—l s, t=1 i,j=1s,1=1
N T
S b Igljazizw{ eineje — Beinejo)|[ Xis X} 72 Zkh ¢+ MAX 5 N2 > 1E(eiei) T2 D ki ki o
7,j=1 s,t=1
= O((Th)™'+N71).
Then

I

IN

Z FMEED " /N

1 L
72
t=1

= \/J\Thop(T—l/?)op((Th)—1/2 + N2 =0p(1).

1o (1) 1y

r / )/
—Zsithi
Ni:l

Similarly, 1111 = op (1) . For II5, we have by CS equality and Lemma A.3(i),

T T N
1 r- r(r 1 r r
Iy < VNR|lzs 32 (B = HOED = BOYEED e /N) 5 3 e w' X[
t=1 s=1 i=1
) 1/2 2y 1/2
: { [N L N [P

NT3/2 ZZ T) /X 7

t=1 =1

(1612 + Cx1)O (1) Op (1) = op (1).

Then A(f) = op (1) . Similarly, we can show that Al(r) =op (1) for 1 =2,4,5,...,9. For Ay), in view of the fact
that (H™-1y )~ = (NflA’rA,o)f1 (T~ F)F())=1 by the definition of H(™, we have

N T () ) ()N " Al -1
) VNTh X;""F" (FOVF ALA, , . Th
A Sy & r A N TR0
’ NT T T N mt g N NT

=1 t=1

. . -1 _1
(M _ 1N N X7VFO (peype) AA, ) _(r)
where YN = § 220 2k o7 T N Zt | it ER
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Next, it is easy to obtain the rough bound for the remainder terms:

AW = VNThOp(||5,)2 (Nh )—1/2)), A" = /NThOp(||6,| (Nh)™/?) for 1 = 11, 13, 14 and 16, and
A" = VNThOp(||6,|h (NR)™Y?) for 1 = 12, 15.

(r)7 m(r) ’ A r r ~
In sum, we have YT 5N X F (F”F”) [FOHO=1_F@) B0 @1yl = [Thy ™) o JTOp()15,])+

NT T T

op (1) . n

Proof of Lemma A.5. Recall that H(") = (N~=1A’A) (T FCEOW=L By (C. 3) FOHM=-1_ p0) =
2 16O, where G = (LFCY BNV (LAZA, ) satisfies |[GT)|| = Op ( ) s (TLFV )= = -1y

op(1) by Lemma A.2(ii) and N~'A’ A, = £5, + O(N~/2) by Assumption 3(i). It follows that

N N
1 (r)’ ) _ 1 ()’ ") A pp(r)—1
WZ;X Mpoy FON, = ﬁ;X Mg [FT — PO HON,
15 N 15
- L X(T)/MA I("")G(r))\ — J r)
= D 7 L X Mpo VG N =) )
NT <
=1 i=1 =1
For Jl(r), we have
r) (r)’ (r) (r —1/2 || 7(r) _ 512
| | NTZXi P L ZHX T2 i irll = Op(13,11%),
where we use the fact that G = Op (1), ||Mpw ||, = 1,%2?; HXZ-(T) = Op(1), T71/2 HIY)

Op(||6-]2), and max; ||A;r]| = O (1) . For JQ( ), we have

N n N N
m_ 1 () (M3 v (L 1y 1 " 2r () ()%
Jy _WZZXZ. Mg X; JT)\jT(NA’TAT) )\iT_N2TZZXi Mgy X, a5y,

i=1 j=1 i=1 j=1

where a\7) = X (&A;Ar)fl Air. For Jér), we have

_]l

= (M5 () () A(r
Js = NQTQZZX FUX 55 F()G())\
11]1
1 (r)’ (75 N pp(r) (") o R0 .
NQTQZZXT MF()XT ZTU +HO Y + B leje G(T)AirEZJ?EZv
=1 5=1 t=1

where Y\ = B\ — HO/ ) B i) — . Zj\;l Xi(T)IM (T)X(T b D, (T G0\, and JS
and Jég) are similarly defined. Note that by Lemma A.3(i)

b

_ N2T2 ZZX(V) MF( )X(T)(S ZT(T) (T)G(r))\

i=1j=1

A 21
{T;HTET} } max{ Z’
Op(

Crr + [18:11"*) 0 (116 1).

A

161

1/2 N
1 H ™||?
w2
} NT =1
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Similarly, we have

2y 1/2

N T
r 1 1 T T < — <
[52] = SSIFS AR b 1l = 0@ 5] and
j=1 t=1
N T 2 1/2
T 1 1 T T N - N
2] s Sl o B b 18 = 0p(n) T s
j=1 t=1

by straightforward moment calculations and Markov inequality. It follows that Jér) Op( ](,%p—&—H(AST 112)0p (16,
Next, we consider J, term:

N N
n_ 1 ORI My 5 ) B) () y
Jy NTZXZ. MFMWZF Ajr0, X GO N,

=1

= N2T2 ZZX S [FOHT — B0 4 O ()= 1§ X(T)’F(T)G(T))\W
i=1 j=1

N N
1 () -1y & O B Ay, — ) ()
*WZZ)‘? Moy B HO™IN,0, X FOGO N, = 037 — J45).
i=1j=1
Noting that T—l/QHF(T)—F(”H(”‘1+B(’°) = Op(CRL) + Op([16,]1Y/2) and || B = Op(h) when |t — 7| <

h, one can readily show that J, (r) = Op(Cyp + 16,112 4+ h)Op(||6,]]).
(r)
For J; '/, we have

N
’yr () 1 X0 PG
NTZ W' X" M) 5o Sl G\,
=1 J=1
N 1/2
- - 1 12 1 1/2
= | ,,NTZX g <>G<> ZAW X Ml || 9 57 D0 [X87 {7 18,1,
j=1

(. &Y 3112 —(r
where J{" = %Zj\[ﬂ Hﬁ PR A’ X7 MF(7'>5§‘7)H . For J{"”, we have

A

)

2

+

IN

3 N 1 X o
/ r r
—E |N g Airw' X £;
: =1

3(II+ I+ 112).

N
1 §
ﬁ E )\M’WIX»L( ) PF(r)gg )
i=1

NT ZA”’ PF(’) 7PF(T)) ( )

By moment calculations, we can show that Il; = Op (( h)~! ) for [ = 10,11. For 1115, we can apply Lemma
A.2(v) to obtain IT1y = Op(Cy2 + [|6,]). It follows that J\" = Op(Cyk + [16.1/2)0p (|6, ). Next,

) _ (r)’ (M5 AT ) () )
g NTZX FmNTZX 0, A FGM N,

T
Nsz Z ZX M X783 {8, = 8,) X57 + (e = Ajp) FDFED GO0 = 35 + 5.

=1 j=1 t=1
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It is straightforward to show that Jélr Op(h?)Op(||6,])) for I = 1,2. Then J6l = O0p(h?)Op(]|0,). Similarly,
we can show that J7T) = 0p(h2)0p(||6,]). In sum, we have established that

7 N N
r 1 r) s
E Jl( ) — NoT E :E :Xi( M, <r>X( 5 +Op(Cyy + 116:1M*)0p(/[0,])-

1=1 i=1 j=1
The last nine terms, namely, Jér) to J1(g)7 do not explicitly depend on 5, = BT — B,. We will show that
the term Jér) contributes to the limiting distribution of 3, — 3, the terms Jl(g) and JI(Z) contribute to the
bias, and the other terms are op((NTh)™'/2) + Op(CyL + |5, ||1/2)Op(||3 II). We first consider JB(T). Using

Mme(” = Mpe [F(T)H(r) —_Fm +B(T)]H(r)fl —MﬁmB(T)H( -1 _ _ M- oY (r) gg(r)—1 MpmB(T)H(r)fl7
we have
(r) _ (r)/ r
= N2T2 ZW/X MFWZF iy FOG Ny
j=1

N N
1 R 1
| g ) ) ) X )
=tr | ;1/\ ey FOG ;ZlA”-in Mpy T

N
+tr Z F(’”)G(” Z/\” "X My BY | = I+ J5).

By Lemma A.4(i)-(iii),

N N

/ r ) (r N — N —

i T S 577 |22 X M YO 577 |32 Nares EO|| = [0 (181 + 0p (O3] [0 (181 + 0r (R3]

i=1 j=1
and

1 al . .
|74 ZAW X Mpr B s |32 e EO) = Op 0+ 1) [0p(18:1) + 0r(C33)]

Then HJB” = Op(|5,]| + Cx2 + h2)[0p([13,]) + Op(C2)]. For Jo, noting that FIVEGE) = (LA7A,)~1,
we have

(r) _ (r) (r) y/ rANL _ () x () pr (r)
Jg N2T2 ZX MF()Zg >\ A )" Air = = NZTZZG X EmEj -
=1 j=1

For Jl(g), we have

N N
. 1 ) o
J( = T N272 ZZXz( )/Mp(r)&?g» )55 )/F(T)G(T))\ir
i1 j—1

1 r r) _(r r r r _
i S X by D O PO A aa

=1 j=1
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For Jl(;), we make the following decomposition:

N N
(r) _ 1 O )y A ) Ay
T = = e ZZXz M PN A FOGON,
i=1j=1
N

N
1 (r)r . ) (e . 1 () B
= 273 2o X My [P = FOHD = BO] HOZN, AT OGN,
i=1 j=1

N N
1 r T
+ e Z Z Xi(T)IMF(r)B(T)H(T)71)\j’r‘AgT‘)/F(T)G(T))\'L—T = Jl(l?l + J1(71"’)2
i=1j=1

By Lemma A.4(i),

1

/J(T)
N

11,1 irW /X(T)IM , 1)

N
IS XA EO| = [0p(13,11) + O (CR20p(I13,]] + Cxb),
j=1

where we use the fact that

IN

N N N
1 (r)y £ 1 (r)y 1 (r)r
—Z)\ﬂA. EF) 5 > A AT == " AT (R T 4 BM)
NT = J NT £ i NT &~ J

Op(h(|6:1' + Cy1)) + Op(h®) = Op([I8,|| + h* + hCx3) = Op(I8.]l + Cyr).

For Jl(;?z, we can apply Lemmas A.2(iv) and A.3 to show that

N N
(r) _ 1 (") p(r r)—1 (r)/ r r r r
I = sz 20 2 X BOHO AN (FOH + BO) GO,
i=1 j=1
N N
Y X Py BOHO=1) AY)/ ( FO e 4 B(r)) G,

i=1 j=1

1
- N2T2
+op<<oNT+ 15,11/2)h? + Op((CR2 + [16.1)h?))
Ty + Iy + Op((Cxk + 18:1V2)h2 + Op((CR2 + [16,1)h2)).-

Note that
1 N
W | S Nfz (PO EE 4 B0) H ZAWX"” = Op (h?) Op (h2) = Op (h*).
Similarly, w'J{]'?ﬂ’ < Op (h?) . Thus,
J = [0p(18,]]) + Op(CRENOP(IS] + Cxk) + Op(h*) + Op((Cxh + 16, 112)h3) + Op((CRZ + |5, 12
1 = p([0-]1) + Op(CNP)IOP(I6:]] + Cnp) + Op(R7) + Op((Cyp + 11047/ 5)R%) + Op((Cyr + [0-1)R7)

Op([I6, % + Cxg + h* + Cyph® + [18:2h%) = Op (16| + O + h* + Cyph®),

where the last equality holds because ||6,]|'/2h3 < (||6,-]|h2 + h*)/2 by CS inequality. Analogously, we have

(7") ) g () A ()
N2T2 ZZX My Aj AJ’ FOG! )A"
i=1 j=1
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N N
-1 r T T r r r
= 277 2 2 X Mp AV AT (FOHO 1+ BOYGO N, + Op(CR + 1,120 + Op(CRF +113:1)h2))
i=1 j=1
= Op(h*) + Op((Cyg + 16,11'/*)h* + Op (O + 16:1)h%)
= Op([16:]1* + Cxg + h* + Oy rph® + 116, 11'21%).
We note that the Jl(g) term is a higher order term than Jgr)7 and J{g) term is a higher order term than JST),
which are both asymptotically negligible. Finally,

N N N N
() _ YN 7 _ 1 ™ MalD)
S = — Z ZXi MF”)TAJ' )‘;TF(T) OGN, = - N2T Z in Mo B .

i=1 j=1 i=1j=1

N2T

Collecting terms from J{T) to Jl(g) gives

1 r .
WZXZ( My FO Ny

N
1 - () A
- N2T ZZXZ( )IMF<T'>XJ('r)a§‘i)5T N2T ZZ“(T)X(T)I Fr >5( g

ifljfl i=1 j=1

N N
() ) (L gy iy -1 1 1 1 (ry (r) (r)
N2T2 ZZX F( )‘€ j F( )(TF( )/F( )) (NAITAT) )‘i?“ - N2T ZZXZ MF(T)Aj a’ji

i=1 j=1 i=1 j=1

+0p(Cxk + 15:17)0p (I3 ]) + Op (O + h* + C5h%).

Proof of Lemma A.6. First, we consider YNZh Zil Xi(r)/ (MF(T) - MFm) 51(-T). Recall that T(") =
FO O HE B0 Lt TV = " — HOVE — BM . Noting that £ = T + FO H® 4 B we make

the following decomposition:

VNTh L .
NT X (Mpoy — Mpy) el
i=1
[ FO RO po) (pe)y pe) )=t F(r)/} £l
N
_ \/]]\\ff;ﬂh ZXi(T) ;T( )T(”) y Lo (T)IF(T)/ T ZX(T)/ r) (T‘)T(T)/gg’r‘)
=1

vVNTh N (ryr 1 vVNTh
viysn () = g(r) (r) gy(r)r _ (r)r p(r) -1 (r)! (f) viysn (r)! (r) (T)/ (T’)
+ > X ZF [H HO — (P& pO) /) }F e+ 5m § X! T B

i=1 i=1
vVNTh () 1 1
vy o x\r B(T)T(T) X V= p(r) g () gy (r)
TONT ; Z T 5
VNTh <= oy 1 y  VNTh )1 2
VNI r ('r) (r)r p(r) (j) VNI (7)/7 (r) p(r)r (1) (r)
+ 7 2 1X FBOHO PO - S ;X BB ;A

We consider these nine terms one by one. First, for AY), we have

N
Z (T)’T(T) T(T)/ (T)

e
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1 N 1 2 1/2 1 N 1 2 1/2
< X /T('r - 7*1*(7")/ (T)
< {3 }{NQT -
1 N ok 1 1 N 1 () 2117
V/ _ T v il Z ()
= NTh{NT;HXi } T1/2 HT {N;HTT & }

= VNThOp(Cyp + 6:12)0p(CxG + 110.])) = VNThOp(C5 + [16-]%/%),

where the first equality follows from Lemmas A.3(i) and A.4(iii). For A{”| we have

N
A0 — 1 1 0 L) gy ()
WA = NThﬁZin FXOHF

LSS RIS s L |

s=1 =1 t=1

1/2 97 1/2

| NI
~NT Z Z ky o Freiw' Xig
i=1 t=1

1 T 9 T
7o |1 fZ Ko
S= s=1

= VNThOp(CRL + 16,]?)Op((NTh)~Y2 + (Th)™Y),

where we use Lemma A.3(i) and the fact that

| I | DT 2
T Z k;;,sr NT Z Z kh trFtElezsw
s=1 =1 t=1
5 I ;| DT 2 9 | N 2
< T Z k;kL,s'r W Z Z kh,tr [Ftsiths E(thltha)} + T Z k;z,sr W Z Z k;;,trE (FtsitX )
s=1 i=1 t=1 s=1 i=1 t=1

— Op ((NTh)™") + Op((Th)~?)

1 N T ’ 2
mas, gt Y S 1B (FieuX )|

2
by noticing that max, || 7 Eil Zthl ky B (FreiXj,)|| < max; k:,*ftr
< h_zOp(T_z).

For A{” | we have

N
AP = 7%1 Xf”'% FOR [0 - FO RO - B(r)}’gzm
=1
N (") (e
_ Vjvvgh Xi TF( )[%Fv)/F(r)]fl [ HO — F0) - B<r>H<r>71}’5y>

=1

VNTh <~ X{"'F® g e _ L perpen-1 | [pe) ge-1 _ pe) _ g -1’ 20 — - 40

N7 7 -7 I — P - E
i=1 =1

By Lemma A.4(iv), Agi) = %z/}(erf +0p(||6,]]) + VThOp(Cy2), where

) (RO EEON T AN T T
(r) _ F R AA, 1 () _(r)
5 9) SRt (et By S R E e

zlkl t=1
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Let 20 = HOH® — [LFCFM]=1 Note that

. T

1 1 3 Z !

fF(T)/F(T) Y = T ki o FrF{ — X = Ky o [FeFY — Zkh tr =
T

t=1

= Op((Th)"*)+O((Th)™) = Op((Th)~?)

by our assumptions and the approximation property of Riemann summation to a definite integral. This fact,

along with Lemma A.2(iv), implies that

=01 = 0p(Cxy + 116:1)). (C.6)

SEP) (g}

= VNThOp(Cxg + [18:1)Op(1)Op (CxT + I6:11) = VNTROP(Cg + 16:1° + Crzl16:1)

Then we have

X(r)/ (r)

=(r) W g(r)

5

by the CS inequality and A.4(iv). Thus Aér) = 7;\?1/)“) +0p([|8,]) +VThOp(Cy%) +VNTROp(CrNa 416, ||

+COnrllo:1).
For A'"”, we have

A = [E(T) <\/J\T iF el X' F m) <= e X P
=1
= Op(Cxy + 16, 1)0p (1 + (Th/N)~/?).
For Ag), we have
1 2y /2 AT oy 1/2
a9 = 1) () <\/7{ 2_; 1 o) } {Nz_; 1 g }
= VNThO <0‘T+||5 NOP((T/R)~/2).

Next,

1 N 1 1/2 . N . o 1/2
HAér) _ NT2 ZX(r)/ By (r <\/7{N; TX(T)/B(T) } {N; TT(H’&ET) }

= VNThOp (h)Op(Cx7 + [18.1)-
For A" we have

NTh
NT?

w’A?) ) F

N
tr (H(T) > B<T>’5§T>W’X§T>’F<’“)>
=1

VTR I L ) )
= DY B FOX D = Op(NVATTV2h) = 0p(1),
=1

N S
t=1 s=1
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where we use the fact that B(r) — kr/2 {C(r) br Cé:)hQ + ngg)(

ek £)2]. Similarly, ALY = Op(NY/2T1/2h) =

op(1). Finally, for Aé ), we can readily show that

m N T T
A(r) — X(r)/ Ar _ X(’I‘)B(’I‘)IB(T) (r)
P -y Ve Ll
SAREAgES t—rs—r
* )/ T - - o r
- N S S S bk X O I +op(1) = A +op(1).
=1 t=1 s=1

Recall that C\}) = V) HOVSp(LALAy ) and Ay = X B +AVE. Let O = VI HOVS pE(LALA, ).
Then we can show that A(Sq) = Agl) + op(1), where

T

N T N T
—(r h ~(r =(r t—rs—r \/m * ) AT s—r
A!gl) = Z Z Z kh tr kh ol ito{t)/)cis)eis T T = NT Z kh787'Az('T) Cfs)gis T
i=1 s=1

i=1 t=1 s=1

and AE? =7z Zt VKb (XZtCI: /)% O (h) . By straightforward moment calculations, we have E(/_lérl)) =0

and HAgl = O (h*). Then A91 = h?) and A(ST) =op(1).
In sum, we have
vV NTh

ZX(T) (Mpey = Mp) g(r)

\/ wNT +VNThOp((Cyp + I, || + 116:1*%) + VNTR(Th) = Op(||6.['/?) + 0p(1)
where we use the fact that (NTh)l/2 Cyr(Cypt+h) =0o(1), WTh+VNh)Cyna = o(1), (Th/N)~Y2CyL = o(1)
and Nh2T~1 = o(1).

Recall that Vi(T) = Zk 1 (T)X( "), Then replacing Xi(T) with Vi(r), the same argument leads to

MF(T) - F(r)) S(T)

\f w}‘é?w ThOp((Cxr + W3l + 18,1%%) + VNTR(TH) " Op(6,]]) + op(1),

where N )
w1 3 VO R® e R AANT Z (1) ()
NT N ot T T N it “kt '
() ) gx()
Define &y = —[¥ N7 — ¥y ). Then, we have
N N
NTh r) 1 r r
NT le My N Ek)Xk : MFm] €
i=1 k=1
N N
NTh " 1 ) 3 (r
S O3 GRS S WS T
i=1 k=1

+ﬁ§ +VNThOp((C + W8I+ 110:*%) + VNTR(Th) "' Op (8,1'/%) + 0p(1).

This completes the proof of the lemma. B
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Z‘(T)/MF(T) A,ET) first.

i=1

VNTh $~ oy EOED ()
NT < v T v

1=1

\/NZhN ()/ () \/N]hN ()/ ()
e Y X M A = = XA -
NT &7 TR NT &7 7

We study the two terms on the right hand side of the above equation in turn. Recall that A; ;4 denote the ith
element of A; 4, = Xtﬁg.l) + Ag)Ft for [ =1, 2. Noting that

r * * * t
AN = kPN (1) = kP (XD do (8 ) + Fd; (8,7)] = khl/r‘"{Al,m 7 Dt Aga (= . "2 4 0p(h3)),

h,tr h,tr

for the term YAZLh Zz 1 X(r)/A(r) we have

A _ ZX(V)AO")

i
i=1 t=1

\/7 t—r
zt Alztr +A21tr( T )]+0P(1)

i=1 t=1

\/NThN I t—r VNTh ea t—r
=NT Z p i [Xit Avitr — E(Xit Ax itr)] T + NT 2 Z kp o [XitA2 itr — E(Xi Az itr)] (T)Q

i=1 t=1 i=1 t=1

<~¢-

VNTh A - t—r VNTh X t—r
g 2o D ke XA i)+ S kaE Xir Ao ior) (—5 ZSﬁoP
=1 t=1 i=1 t=1

By standard variance calculation and Chebyshev inequality

N T
1 * t—r _
NT SO ki [XitAvite — B(Xip Ay )] ( T )) = Op((NTh)~'/?1?).

i=1 t=1

This implies that S; = Op(h!) for | = 1,2. By the property of Riemann integral,

N T
NTh t—r
S3 = NT ;tzzlkh trE thAl 1tr) T
N T
NTh oyt—r
= SN b | B(XGX])BD + B(Xu A
T 2o 2 i | |7
N
NTh 1
= Z[E( Xa X)W + B(X; F)A“)} {/uk(u)du—i—T} = O(/Nh/T) =0(1).

1

K2

It follows that YNTR S™N (VA — YNTR 57N ST e B(Xj0 Az i) (55)7 + 0p(L).
Next, we btudy the term YNTR S~V X /F(T)F(T)/A(T). Noting that £\ = Y\ 4+ HOVE™ + B we

3

make the following decomposltlon.

VNTh SN oy FEOFO 0 VNTh o = o o (r) A0 () (1
NEZAL SO o) o SINUPETTENG
i=1 t=1 s=1

N T T
VNTh e . " . .
= SN S X+ EO EOY 4+ BT 4 HOED 1 B
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9
+ FOHO D + B E + FOHO B + B BOIAD = Y DY,

where DY) = vTh Zz 1 Zt 1 Zg 1 X 7")'f(r)/'I\(T)A(TS) and other terms are analogously defined. For D% ). we
have

oy 1/2 oy 1/2

LN T
NZ ZT(T)A $,7)
i=1 s=1

|27

N

1

< VNTh{ =
AR EPN E

ZX“& (r)/
= VNThOp((Cy2 + 118.]))2h)

by similar arguments as used to obtain Lemma A.3(iv) and (v). Following the proof of Lemma A.4(iv) and (v),
we can also show that

D" = VNThOp((CyZ + |6,)h?) for 1 =2, 3, 4, 5 and DY = VNThOp(h* + (Th)"*/?h%) = 0p (1).

For Dér), we have

NT N T T
DéT‘) Z Z X F(T)/H(T)H(T)IF(T) ASTQ
=1 t=1 s= "
N T T 5
NTh N s )
:Z NT? Zzzkhtrkhsr thH( JH ™ "FoAyisr(—— T ) +0p(1) = ZDél)""O;D()
=1 i=1 t=1 s=1 pt

N T T
r NTh B
P \/NTi ; {H(T)H(r)/ Z Z Z FsAl’iSTijk;ﬂb,trkz,srw/)(itFt/} H
=1 t=1 s=1
VNTh | L E ) .
5 NT2 Z Z Z kh’STFSAl’iSTTkh,trw/XitFt/
i=1 t=1 s=1
N T T
NTh
S \/Z\g ZZ{Zkh ST FAl zsr) T }kh trw E(XZtF) —I-\/mOP ((Th)_1h+T_1)
i=1t=1 \(s=1

= VNThOp(T™} ‘OP(JW/T)MP(U-

It follows that

(r) NTh NI Z S r
r) * * r r B 2
DG - NT2 Zl t—zl Z1 kh,trkh,srXitFt/H( )H( )/FSAQ,isT( ) +0p (1) .
Similarly, we can show that Dy) =0, (1) . For Dér), we have
D(T') _ Z Z Z X(7)F(7)/H(T)B(T)A<T)
) NT2 i=1 t=1 s=1 o
N T T s
ki X FHO O 1 (2002 40, 1)
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It follows that

\/ NTh
ZX r)l F(T)A(T)

VNTh A t—r
= Z Z kh,trE(XitAz,itr)(T)z

NT
i=1 t=1
VNTh s, . . s—r
+ NT? Z kh,trkh,srXitFtIH(T) [H(T)/FSAZ,Z'ST + C1(S)A1,isr]( )2 + Op(1)~
i=1 t=1 s=1
Recall that V") = N=U 2V al) X7 and VY = N7V al) X4 = Ky Ve, where Vi, = N7 Y00 al)) X,
By replacing Xi(r) with V;(T) in the above analyses, we can show that
N N
NTh 1 ) o (r r VNTh r r
NT ZNZCL )X( )/ F(’")A( ) NT ‘/’L( )MF(T)AZ(' )
i=1" k=1 i=1
N T
NTh
NT Z Z kh trE it, T’A2 ztr)( )
=1 t=1
N T T
NTh » g r
+ NT? Z ZZ LT S He )[ VFAg ior + Cls Aise)( T )2 +0p (1)
i=1 t=1 s=1
In sum, we have
N N
NTh T r T /
NT Z X Mgy — D ) X\ M | A 315 + op(1),
1=1 k=1
with
) 1 N t—r
Blg = 7zzkh trE [(th it T>A2 ztr] (7)2
NT i=1 t=1 T
1 DL s—r
NT2 Z Z Z kh,trkh,sr(Xit - ‘/it,r)Ft/H(T) [H(T)/FSAQ,isr + C{:)Al,zw]( T )2- n
i=1 t=1 s=1
Proof of Lemma A.8. We note that My (X ~ Zj 1 Xj(r)al(-;)) = Zi(r) is a T x P matrix. Stack Zi(r)

into a T x N x P three dimensional matrix Z("). Followmg Moon and Weidner (2017), we denote the pth sheet
of Z(") as Z,(:), where p = 1,..., P. Recall that X(T) denotes the pth sheet of the three dimensional regressor
matrix X (), )_(](f) = E(Xé”), Xl(f) = X,(f) X(T) and %(T) Mg >X( )MA + X( ") 1t is easy to verify that

Z\) = Mpoy XMy, = X — Ppoy X = XUV Py + Pron XU Py,

Zz 1 { ZT)I + E (T)X( )} Mp(r)egr) can be written as

Then the pth entry of =1 Qij

VNTh
et (Mpo X My, 60
NTh r v (T v (7 v (T r
=t ([x; ) = Py X0 = XV Py, 4 Py X0 Py e >’)
NTh VNTh ~ VvVNTh ~ ~
7 tr (xér)g(r)l) -7 tr (PF(v')E[Xj(aT)E(T)/]> -7 tr (PF(T) (X;T)E(T)/ . E[X;T)E(T)/D)
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5

vVNTh = NTh -

~NT tr (X,(:)PATE(T)/) + NT tr (PF(T)X,(;)PATe(T)’) = ZIZ'
=1

Note that I = VAT er(x(e)) = YHTE SN 330 200, and I = YTt (Ppo BIX{e0V]) = /8B,

where Bég),k =—Ltr (PF<1>E[X( )E(T)’]) . By Lemma A.10 below, I; = op (1) for | = 3,4, 5. It follows that
VTR~ | 6 LS ) o0 m_ N g VNTh g~
1:21 Xi 7 - N;%‘ Xi | Meoei” =\l B2s = —p ;; el +op(1)
4 N(0,Q,),
where X7 = (%Y}t, .’{g)lt) Bgﬁ) = (Bérﬁ)l, = Bgﬁ) p)/, and the convergence in distribution follows from

Assumption A.5. B

Proof of Lemma A.9. (i) Note that

N
~(r r 1 T T 1 T T
D(F®) = DE) = 555 3 X" (M) = Me) X7 = o5 | 5 LSS X (M = My ol X
i=1 i=1 j=1
It is easy to show that either term on the right hand side is bounded above by Op (HPF’U) — Ppn ||) , which is
OP(CX,%F + ||3T||1/ 2) by Lemma A.2(v). The result then follows from the asymptotic nonsingularity of D(F (”))
(ii) Let GO = (LFOVFM)=1(LA/A, )" and G = (LE [F(’")’F(7')])71 (%ALA;) "t We can readily show
that

N

. . 1 o (X!
¢éhr— Bl = N >
i=1

AR A amL ) —1/2
T T Z Z kh i Ajr [Eitgje — E(eueje)] = = +op((Th/N)™/7),
j=1t=1

where ) = 1> SN (X7 — vy FOIGO) DORID DAY VR R O s B

N N T
1 -
80 = YO XIVFOG SN K A e — Eeleusie)
i=1 J=1t=1
| X N T
-T2 Z V(T)/ "G Z Z Ky oo Ajr [€i€je — Ec(engj)] = <I>Y) — (bgr).
i=1 J=1t=1

For <I>:(LT), we make further decomposition:

N T T
r 1 T r
(bg ) = NT2 ZZZZEC F( ) G( )kh tr Jr [E’Ltgjt EC(Eitgjt)]

i=1 j=1t=1 s=1

N N T T
1 r r r r ~ _ r r
TN leltzlzl {X( VE0 — Be(X\DF! )/)] GO knirNjr [0 — Ee(eigji)) = ‘I’H - <I>§%

i=1 j=1t=1 s=
We can show that Varc(@ﬁ) = Op ((Th)~'), which, along with the fact that Ec(q)ﬁ) = 0, implies that
®{") = Op ((Th)~/?) . Similarly, for ®{"), we can show that Ec(®{')) = Op(N/T), Vare(®\}) = Op ((Th)~")
and thus ®{) = Op (N/T + (Th)="/2) . 1t follows that /Th/N®\") = Op(N~1/2 + (Nh/T)~"/?) = op (1).
Similarly, we can show that \/Th/N@g) =op(1). Then /Th/N [ (NT)T — Bég)] =op(1).
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(iii) Denote G = (XFF)=1(LAZA, )~ and G = (LFF)=1(LAZA,)~1. Then

N r r r T ~(r r T T ) (7
7 (Shr = BY) = N3/2T3/2 ZZX( " Mo e eV PO — M FOGD] A

=1 j=1
h'/? S (r) (r) (") £5(r) ()

- szxz [Mpoy = Mpo ] e)7e/ " FINGTN;,

i=1 j=1
h1/2 N N o B
+ g 2o 2 X1 Mpeey el {F“)G(” - F(T)G(T)} Aoy = 11, + IT1.
i=1 j=1
For I11,, we have
e ()
Hh = wmmpsn ZZX Piy = Ppeo] eV EO GO,
i=1 j=1

2GRN o (1) ) 1) () (o)
< sz 2 2 X1 [Prey = Peen ] e FOHD GO N,
i=1 j=1

h1/2 N N s r s
t N3 SN XT [P — Pro] e e [EC - FOHOIGOIN, = 111 + 11T 5.

=1 j=1

For 111, 2, it suffices to consider the rough probability bound

pl/2 N . . " .
lw'ITT 5] < N3/ Zs F( F(r)H(r)]G( )N\t ZX ) PF(T) Py )] €§- )
=1
N 1 ) 12 LN X 2y 1/2
)/ r r r )/ T
< (NTh)'? Z VBT — O HD) NZ WZXZ‘()[PF(T)_PF(T)]E )
j=1 j=1 i=1
1/2
1 2
< (NTh)Y/? eVEM — 0 | Py — P
] 1
= (NTh)'20p (Cy7) Op (Cyt) =op (1).
Using the decomposition
P — Ppoy = %A(r)p(r)/_ FOREY =1 p)
— % ( P _ g H(r)) POV ) g () _ pe) gy
_i_f FO ) [H(T)/lF(T)IF(T)H(T)]—l_HR H )y
T T
— l(pm_ FO g _ B(r)) JAG N HO(FO — g0 g _ g0y
T T
1 . 1 1 1
LW pey L 2 pe) g gy L 2 gt ] ey pe=1 _ g @) g L gy
+ BOF + PO HDBO 4 R {T[FF] HH}F

(r)!

we can readily show that = Zf\il XZ-(T)/ [Prory — PFW] ") — 0p (Cy=) for each j and & Zévzl 5o Ef\il X; )
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[Pﬁm - PF(7~)] EY)H2 =0Op (CK/;) . Then

h1/2 a T ks T
WiIlhal < || <777 Z (! ) OGO A0 ZX( " [Ppory - Ppin] )
i=1
N 1/2 N 2y 1/2
r r 1 r r
SJ (NTh 1/2 )IF( ) W ZXZ( y I:Pﬁ'(r) - PF(7‘>] 5;— )
j=1 =1

= (NTR)'?0p((Th)"'/*)0p (Cy%) = or (1).

Then II11; = op (1).
For 1115, we have

2 GRS 0y R 1 1
_ r ) (L pery per (L pey pey-1p Ly e g -1y
IU%NS/QTWQ;;X Ia (TF FN-1_F (G FOFO) AT AT,
AR S S R 1oy p 1
__ N ) V) ) gL per pey-1r Ly @1y
_N3/2T3/2i:1;Xi e; ey I = FOHD (PO PO AT AT,
AR et @@L peypeny-1 _ (L peype) gey-1 1 Aoy -1
+N3/2T3/22121X VEOH [(FE BT = (R FO FOHO) LA
i=1j
AR et O ) L gy -1 ) 0 O ) _ ) ey L pey gy -1 L a1
N3/2T35/QZZX FOTL RO gD FO — O HO) (PO FO) T S ATAD)
=1 j=1
B2 GRS o g Ly pr=1 g ) 00 ) gy L e peny=1 _ ¢ L ey i) g1
_N3/2T35/QZZX FOTL R e De M FO (PO )T — (PO FO H )T
=1 j=1

X %A“)’A(”]—uir

= 1112,1 —i—[[[g,g —1112,3 —1112,4.

We can readily show that III5; = op (1) for [ € [4]. For example,

1/2
\w’1112,1|:m};27;3/2 Sl {F“ F(’”)H(”} (T (r) fo(r)) = [1 AT Z)\ W XD
j=1
N ) 12 N N 2y 1/2
< (NTh)Y? 1 3 EROY |:Fv(r) B F(T)H(r)} 1 3 LZ)\iTw/X(T)/s(T)
Nj:l T Nj:l NT pt L

= (NTh)'?0(CRT)Op((NTh)™V?) = op (1).

This prove the lemma. W

Proof of Lemma A.10 (i) Recall that XZ(,T) = XS“) - EC(XZ()T)). Let Xl(:i)s denote the (s,4)th element of the
T x N matrix X,(,T). Let e;r denotes the gth column of I. Then

H‘/Wtr P [Xm (ry _ Ec(x;%(r)/)]}H

61



R

3 o (L P ) Vh Z Z FORD) [Xm ") _ p(x) ()ﬂ

eqR D,18 z p,1s zt
l,q=1 T fTS/Z i=1t,s=1
R
S@N)T2 Y [Evrill = Op((Th) ™),
l,g=1

where Enr,q = ﬁ Zivzl ZZ:S:I k27trk27ert,lFs,q[Xp,isgit - Ec(Xp’iseit)] = Op(1) by Assumption A.2(iv).
(i) Recall ai" = X, (& A/A,) "), Then

NTh ~ T N N
N7t (X](J)PATE(T)/> - N2T Zzzkhtr O X e
t=1 i=1 j=1
= szkhtra’”)‘xkltgzt‘F N2T Z Z kh,tra/gj)Xk,jteit
t=1 i=1 t=11<i<j<N
T

Z Z k;,tragg))zk,jtgit =1V +1Vy+1Vs.
t=11<j<i<N

N2T

It is easy to show that IV} = Op (N_l/Q) . For IV,, we have E¢ (IV3) =0 and

Vare(w'IVy) =

T T
2 . -
Z Z Z k;,trkz,sr (a’g)) W/EC |:Xk,jt5it5ile/c,js:| w = OP (Nil) .
t=1 s=11<i<j<N
Then IV, = Op (N~1/2) . By the same token, IVs = Op (N=2/2). Tt follows that YNZEtr(X(") py () =
op (1) .

(iii) Let A; 4 denote the gth element in A;.. Noting that

R N T
Ee HX,ET = Z Z Z th/rQ le/f)‘w gAjriCove (Xk,ithk,js)
ql=14,j=1t,s=1
N T T N T
SJ Z Z (k;;,tr =+ k;:,sr) |COVC (Xk,it7 Xk7j8)| =2 Z k;;,tr Z Z |COVC (Xk,ita Xk,js)|
ij=1t,s=1 t=1 i,j=1s=1
< max Z Z |Cove (Xk ztan:,js |Zkh = N)Op(T),
1,j=1s=1
H ~k =0p((N )Y %) by the conditional Chebyshev inequality. Similarly, in view of the fact that

Ao po) |

:MZ
[M]=

I
-

d

N T
E |: E:){{( )Ft(r)/AiT)‘/ (T):| Z Z htrkh sr [thltEJSF } )‘ij

t,s

)

1

]

A
Mz
M=

(ki + ki) 1B [Freire s F|| = 2max Z Z 1B [Fieie;s Fl Zkh r

1t,s=1 i,j=1s=1

:O( Op(Th_l) :OP(NTh_1)7
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we have ||ALe™F™)|| = Op((NTh™')'/?). Then

\/NT \/NT

tr PFMXT)P elr

/F(r)) 1F(T)/X§:)Ar (A;A )" A’ /F(T))

F(T) —1p(ry

VNTh N Th H A )

= \/]TOP(T*U%OP((NTh*1)1/2)OP(Nfl)OP((NT/h)lﬂ)

= Op((Nh)™V?) = op(1). W

<] Jsan ™|

Proof of Lemma A.11. (i) Following the proof of Lemma A.7(ii) in Su and Wang (2017), we can show that

uniformly in 7,
H® = (NTIALA) (T RO EOYW = 5127, V.2 4 0p(CRL(InT)Y?) + O(max |3, — B,]))
= S/7,V Y2 4 op(CRh(InT)Y?) = Q, + op(Cik(InT)V?),

where the third equality follows from the fact max, |3, — 8, = Op((NTh)~/2(InT)'/2) by Theorem 3.4.
Following the proof of Lemma A.7(iii)-(iv) in Su and Wang (2020), we can show that

max o H P _ pe e _ go|?
T

r

= Op(T7'h™ '+ N~'InT) + Op(max |3, — 3,|), and

(EC) — ) g0 _ gy ()

1
max —
T

= Op(T"'h™' + N"'InT) + Op(max||B, - 6,I),

which in conjunction with the fact that L |B®||* = Op (h2), & ||[BOFO|| = Op (h2) and max, |3, — B, =
Op((NTh)=*2(InT)'/?), implies that

1 R 2
max Hpm _ g™ Op(M+T'h™' + N"'InT) and

FO _pM @ _ pOY RO = Op(h? +T'h™ '+ N~'InT).

r

Then using that %F(’")’F(” = [r, we have uniformly in r

g g\ L ey e
(a0 7

_ g {1 201 g _ L gy gy g H(r)] -1
T T

< H(T)’—1H2 Hl(pm _FO gy (RO F(r)gm)H vaaor] Hl(pm _ FO Oy RO
= T T

= Op(h*+T 'R '+ N"'InT).

Consequently, max, |[HWH® — (LFCFO)=H = Op(h? + T~ *h~ ' + N~'InT).
(ii) Using A=' — B~! = A=1(B — A)B™!, we have

1., - 1
(NAQAt)_l - H(t)/(*AQAt)_lH(t)

max
t

—H(A;A) [H“ Y= A’At)H(t A’At] H<t( AIA) §210)
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1,
(NAiAt) !

< max
t

1 1,4
’H“)—l(NA;At)H(f)/—l - M

1
’H(t)’(NA;At)‘lH(t)

Note that max; H(%AQ&)*H = Op(1) and max, ||[HY'(AjA;) "' H® || = Op(1). It remains to study

max i/A\/JAX —H(t)_l(iA'A YHO=H < maxi HA —A H(t)’_lHQ—i—QmaXi H(A — A HOTLYA H(t)’_lu
p N 43t N 43t = i N t t | N t t t .

Following the proof of Lemma A.6(xii) and (xiii) in Su and Wang (2020), and the proof of Theorem 3.3(ii), we
can show that

1. 2 A
max - HAt A HWO Bg”H = Op(CR3InT) + O(max |, — B,]) and

1« B .
max + (A = AHO! = BOYAHO' Y| = Op(CR3InT) + Ofmax |4, - 6,1

2
In addition, max; % HBX) = Op(h*) and max; % HB/(\t)/AtH(t)'_lH = Op(h?). Then

1., 4 1
(NA;At)‘l - H<t>’(NA;At)—1H<t)

max
t

= Op(h*+Cx31InT) +Op (max 18, = B]l) = Op(h? +Cx2InT). M
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